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ABSTRACT. Measurements of wave-lengths have been made by interferometer and 
hot-wire methods, and of absorption by hot-wire methods alone, for supersonic radiation 
at frequencies between 40 and 2000 kc./sec. in carbon dioxide, nitrous oxide and sulphur 
dioxide at various pressures up to two atmospheres. For the hot-wire method, a circuit 
which gives a linear relation between amplitude or particle velocity and response at con- 
stant frequency is described. The velocity-measurements in the former two gases may be 
reduced to a common curve by plotting them against the parameter {frequency/pressure} ; 
although the observed rise in velocity in the region where this parameter lies between 100 
and 1000 is in accordance with the relaxation-time theory, the decrease in velocity at lower 
and higher values is not. In sulphur dioxide the rise of velocity is in the neighbourhood of 
4000. The absorption in all three gases rises sharply at pressures below 400 mm. of 
mercury. 


§1. INTRODUCTION 


density the velocity of sound in a gas was immune from variations due to a 
change of pressure in the gas. Pierce and others having shown that the velocity 
rises above the normal in certain gases at frequencies in the supersonic region, it 
becomes of interest to observe what influence, if any, pressure has on this phe- 
nomenon. As regards absorption, the well-known Kirchhoff formula gives for the 


[ was formerly supposed that owing to the interdependence of pressure and 
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where V is the velocity, m the frequency and A the wave-length of the sound, p the 
density, 7 the viscosity, « the conductivity, s the specific heat, and y the ratio of 
specific heats of the gas. The energy-absorption coefficient would be double these 
values. This formula would indicate that as the pressure is reduced the absorption 
“should increase if the frequency remains constant, but again, coefficients many times 
greater than the Kirchhoff values have been measured in certain gases. Although 
explanations of these anomalies have been put forward and will be considered later, 


it seems desirable that the effects of both pressure and temperature on these phe- 


PHYS. SOC. XLVII, 4 34 


534 W. Railston and E. G. Richardson 


nomena should be investigated, if the experiments on dispersion of this kind are to 
be put on a theoretical basis. The object of the present paper is to report experi- 
mental work on the former of these effects, viz., that of pressure. beige bids in 
this direction has not been extensive. The earlier measurements of Koch” on o 
compressed from 1 to 200 atmospheres and the more recent ones of Spakowski 
on carbon dioxide from 1 to 85 atmospheres relate to a single frequency within the 
audible region, and show a steady decrease of velocity with increasing pressure - 
constant temperature. During the progress of our work Richards and Reid 
published a few results of supersonic velocities at the two frequencies 94 and 
450 kc./sec. and various pressures. 

Apparently the dependence of absorption on pressure has never before been 
investigated. 

§2. APPARATUS 

The majority of the velocity-measurements were made by the Pierce method in 
which the reaction upon the driving circuit of a piezoelectric quartz oscillator due 
to the slow displacement of a reflecting surface in a direction perpendicular to the 
crystal face was used to measure the wave-length, the frequency being measured at 
the same time on a wave-meter. Other measurements, both of wave-length and 
absorption, were made by the method already used by one of us (E.G-.R.) at 
atmospheric pressure“, viz. a method in which the reflector and source are kept 
still, while a hot-wire anemometer is traversed across the space between them. 

One of the difficulties which we have experienced in the use of the Pierce 
method is that the varying reaction which the quartz oscillator experiences as the 
reflector is moved back tends to make the oscillator uncertain in action, so that it is 
difficult to find the peaks of current unless the maintaining circuit is either very 
powerful or very stable. The use of high-power valves, however, brings other dif- 
ficulties in its train, the chief of which is the production of unwanted overtones in 
the crystal with consequent subsidiary peaks. The maintenance circuit finally 
adopted is shown on the right of figure 1. When the switch S, is closed and the 
oscillator circuit LC is tuned, the oscillations of the crystal QO are maintained by the 
high-impedance valve (LS 5) in the fashion of the usual Pierce circuit, and the 
peaks shown by the slight movement of the miHiammeter needle MA as the re- 
flector is moved. But when the switch S, is closed, the oscillatory part of the plate 
current in the first valve is coupled through the h.-f. nickel-cored transformer with 
reaction, 7’, to the second valve LP 2 in such a way that the galvanometer G shows 
quite large peaks. The sensitivity of the galvanometer may be varied by the shunt 
R, and the peaks and troughs in the readings made to lie evenly about the zero of 
the scale by adjustment of the resistance R, connected in series with the backing 
battery B. This circuit has proved to be most satisfactory in use, and we confidently 
recommend it to those who require sufficient power with stability to operate the 
Pierce method. The choke and transformer should be surrounded by earthed 
screens, 


* See reference (3). This author omits to record the fre 
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To the left of figure 1 is shown the hot-wire amplifier circuit. The hot wire 
experiences a cooling which is proportional, at a fixed frequency, to the mean 
velocity in the alternating air current engendered by the supersonic waves; un- 
fortunately the relation between velocity and change of resistance is not a linear 
one. King“ has given two formulae for the loss of heat, H, experienced by a wire 
of diameter d in a fluid of specific heat s, thermal conductivity « and density p, viz. 
_ H=2rk6 log-1(2b/d), when Vd[v<1O waves (2), 

) H={x—(2mxspVd)¥} 0, when Vd[/v>10 9 vveees Vis 
uy which @ is the excess temperature, v the kinematic viscosity of the fluid, 
; b=xe-’ (spV)-, 


and y is the ratio of specific heats. 


Figure 1. Hot-wire and oscillator circuits. 


In the present measurements we are dealing with the first region, and since the 
resistance-change is given in the form 
R=R, (1 +46), while H=2R, 
the relation between the resistance and the velocity is, ceteris paribus, of the type 
R log V=constant 
or V =exp (1/R) + constant. 


In order to amplify the small change in resistance of the hot wire when it is exposed 
to supersonic radiation, and at the same time to get a linear relation between the 
decrease of resistance and increase of velocity, we have adopted a device which 
Luneau” has employed on the ordinary hot-wire anemometer for aeronautical 
research. This consists in putting the wire with its heating-battery in the grid- 
filament connection of a valve, while a galvanometer is placed in the plate-filament 
connection, figure 1. Luneau (7) was concerned with high air velocities and there- 
fore used a valve whose characteristic in the working region was such as to turn a 


relation of the type 
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into one as nearly as possible like 
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where I is the current in the galvanometer. In this instance we use a variable-mu 


valve (VS 24) so that the amplification is proportional to the logarithm of the grid 
resistance. We have calibrated the hot wire, connected in this way, with small 
steady air-velocities and found that a linear relation exists between I and V over 
the range required. Further, the grid-bias battery may be adjusted to such a value 
(—2 V. in this case, with an anode and screen potential of 75 V.) that no anode 
current flows when the hot wire is in a still gas. Both the resistance of the wire im 
still air and its sensitivity to velocity varied with the pressure. The natural con- 
vection current is a function of the density and in fact increases with the pressure 
of the gas, so that the resistance in still gas decreases as the pressure goes pS The 
coefficient of variation with pressure is not constant for all gases; Petavel ©, for 
example, found that whereas in air the natural convection current varied approxi- 
mately as the square root of the pressure, in carbon dioxide the proportionality was 
nearly linear. Certainly in this gas and in nitrous oxide we found, by comparison 
with the manometer, that we could use the resistance when the gas was still as a 
measure of the pressure. In sulphur dioxide the proportionality was less certain. 
As regards change of sensitivity with pressure, it will be observed that in the formula 
for the loss of heat, although the conductivity and specific heat change little with 
pressure, the density occurs along with V in the logarithmic term, so that in a given 
gas the hot wire measures the variations in the product pV. In conformity with this 
deduction it was observed that the hot wire was more sensitive to a given change of 
V, i.e., of displacement-amplitude, as the pressure increased; indeed at pressures 
below about 10 cm. of mercury it was impossible to make readings, partly owing to 
this lack of sensitivity and partly because with the removal of the gaseous load the 
crystal refused to oscillate with sufficient amplitude. 

The vessels used were of steel or glass, 10 cm. in diameter. A steel cylinder was 
used for the Pierce measurements, each end being closed with a plate of thick brass. 
Part of the thickness of the brass was turned down to make a friction fit over the 
steel tube, leaving a projecting lip on to which molten solder was poured to ensure 
gas-tightness. The reflector used was an ebonite disc set accurately perpendicular 
to a steel screw of pitch 0-635 mm. and diameter 6 mm. At the point of insertion of 
the screw in the end cap a gland holding a mixture of vacuum grease and paraffin 
wax was added. Sparking-plugs were found to be the most suitable leads to the 
electrodes which were of staybrite steel. 

The glass cylinder was used for the hot-wire measurements. In this case the 
apparatus was similar to that already used at atmospheric pressure, except that | 
greater care was taken in sealing. ‘The apparatus could be exhausted to 3 mm. of 
mercury and was filled by repeated flushing and evacuation. 

‘The gases used were obtained directly from cylinders after being passed over 
calcium chloride. Pressures up to two atmospheres were used, the pressure being 
read on a mercury manometer connected to a tap on the cylinder. As has been ex-— 
plained above, the pressure could also be checked by reading the resistance of the 
wire when this was heated by the standard current of o-2 A. The temperature was 
also taken at each set of readings. The frequency was measured on a calibrated 
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ave-meter with the quartz crystals in situ during the experiments, since a small 
variation of frequency with the air gap in the holder has been observed. 


§3. RESULTS 


The mode of operation of the apparatus was as follows. The driving circuit being 
turned on, the variable condenser was set for the optimum maintenance conditions 
of the piezoelectric oscillator and the change-over switches operated to set the 
galvanometer into operation at suitable sensitivity and at the zero mark on the scale. 
When the hot wire was used, the current through it and the backing battery of its 
galvanometer were adjusted before the quartz was started into oscillation. The 
reflector was then moved back step by step through some dozen half-wave-lengths 
while readings of one or both of the galvanometers were made. The reflector is 
then brought back while a similar series of readings were obtained. Readings of the 
pressure, temperature and frequency were then made, and the pressure was changed. 


60 


Hot-wir current 


8 9 10 i 
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Figure 2. Hot-wire measurements in carbon dioxide at 165 kc./sec. 


A change of pressure generally involved re-adjustments of both circuits, and below 
ro cm. of mercury the gas load on the crystal was so small that it was difficult to 
get the latter to oscillate. The region adjacent to the crystal face was avoided in the 


measurements. 
Figure 2 shows a typical stationary wave as deduced from the hot-wire measure- 


ments in a dispersive gas, carbon dioxide at 750 mm. and a frequency of 165 kc./sec. 
The supersonic amplitude € at any point x on the curve is given by 


| é |? =2A* [cosh {2% (x —1)}—cos {28 (w—J)}], 
where « is the absorption coefficient, B = 27/wave-length, lis the distance of the 
reflector from the source, and A ‘5 a constant. The amplitude varies between 


2A cosh {a (« —L)} 
and 2A sinh {a (x—l)}, 
so that these expressions define the loci of the peaks and troughs (broken lines) and 
allow « to be calculated a 
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In the tables which follow the results of the wave-length measurements 1n the 
three gases at two frequencies are given as examples. The pressure in mm. of 
mercury appears in the first column; it ranged over nearly two atmospheres in 
carbon dioxide and nitrous oxide, but we had no ready means of compressing the 
sulphur dioxide, and therefore results up to atmospheric pressure only are given 
for this gas. The second column gives the temperature in degrees centigrade, the 
third the measured wave-length in millimetres and the fourth the velocity in metres 


per sec. reduced to 0° C. 


Table 1 
Carbon dioxide Nitrous oxide Sulphur dioxide 
r 9 A Vy | or teehee pe eet 1 | VW 


Frequency 98 kc./sec. 


99 | 21°0 | 2°859 | 270°0 164 | 21-0 | 2°824 | 266-7 | 106 | 20°0 | 2-208 | 208-9 
mie, |) eps} |) waren || Anse 217 | 21°5 | 2:809 | 265-0 | 153 | 20°0 | 2-206 | 208-7 
Ae) || Barre) || Asie) || Aoaen 253 | 21°5 | 2°812 | 265-3 | 217 | 20°5 | 2°207 | 208°6 
Boni 21-0) 22610) e205. 307 | -21°0 | 2°809 | 265-2 | 274 | 21-0 | 2-202 / 208-0 
aise) || Biko) || Ara Corsy |) aleve 368 | 21-0 | 2°798 | 264-2 | 338 | 21-0 | 2°208 | 208°5 


IG) || amici | escoye) || ela eit 479 | 20°5 | 2°782 | 262-9 | 346 | 21-0 | 2-205 | 208-3 


By || Paitey || Boar || eXoprte. Boo Week Ooze 


| 

| 262-0 | 392 | 20°5 | 2-209 | 208-6 
608 | 21-0 | 2°765 | 261-1 634 | 21°0 | 2°769 | 261-5 | 451 | 20°5 | 2-205 | 208-4 
Fld) || Au |) Dass || Poorer: 7ao) | 2E-Onl 272s 257°0 | 507 | 20°0 | 2°202 | 208-3 
we. 21°5 || 2°739.|°258-4) 754 | 2E-0 4 2-7a2 | 256-3 1 563 | 20 | 22aa tesa 
tele |) aes | eed. | AS 5) 819 | 20°5 | 2°703 | 255°6 | 629 | 20°5 | 2-201 | 208-1 
Opn |) Arke. || Gee) || Zot: 875 | 20°5 | 2-701 | 255°4 | 670 | 20°5 | 2-205 | 208-4 
ens || eropty || ey Al || Arex 921 | 20°5 | 2-694 | 254°8 | 717 | 21-0 | 2-205 | 208-3 
1113 | 21°0 | 2°723 | 257°2 | 1063 | 21-0 | 2-699 | 254°8 | 758 | 21-0 | 2-206 | 208-4 | 
L200)| 21-0" || 2-723. | 257-2 | T1147] 2EO | 2-603 | 254-4] —— | — —- | — 
1268 | 21-0 | 2-721 | 257-0 | 1238 | 20°5 | 2°684 | 253°8 | — és Peres vn 
1303 | 21°5 | 2°717 | 256:4 | 1291 | 20°5 | 2°683 | 253-6 | — | — —_— ; — 
1352 | 21°5 | 2°713 | 256°0 | 1354 | 21-0 | 2-682 | 253-4 | — | —- — | — 
1456 | 21:0 | 2708 | 255-8 | 1416 | 21-0 | 2°680 | 253-2 | — | — — | — 
1552 | 21:0 | 2°703 | 255°3 | 1537 | 20°5 | 2°665 | 252-x | — | — — — 


Frequency 1000 ke./sec. 
252 ie LOA) |O'270) | 200%5 264 | 20°5 | 0°278 | 268-5 | 209 | 20°0 | o-219 | 
307)" 19:5 "0-270 |" 200°5 317 | 20°5 | 0:279 | 269°0 | 253 | 20°5 | 0-218 
354 | 19:0 | 0:279 | 269'5 351 | 21°0 | 0-279 | 269°0 | 301 | 21°0 | 0-217 
402, | I9°0 || 0'279 | 269° 392 | 21°0 | 0279 | 269-0 
458 | 19:0 | 0280 | 271-0 476 | 20°5 | 0280 | 270°0 | 422 | 21-0 | o-217 
Be | TES) Penta |) ey aa 558 | 20°5 | 0-281 | 271-0 | 479 | 20°5 | 0-217 
57S |) LOS |O:28r || -27x-5 597 | 20°5 | 0-281 | 271-0 | 564 | 20°5 | o-217 | 
634 | I9°0 | 0:280 | 271-0 645 | 20°0 | 0-281 | 271-5 | 598 | 20°5 | 0-216 
681 | 19°0 | 0280 | 271-0 | 682 | 20°0 | 0-281 | 271°5 632 | 21-0 | 0-216 
785 | 19°5 | 0:280 | 270°5 746 | 20:0 | 0-281 | 271°5 | 697 | 21-0 | 0-216 
837 | 19°5 | 0:280 | 270°'5 831 | 19°5 | 0:279 | 270°0 | 740 | 210 | o-216 | 
886 | 20°0 | 0:280 | 270:0 | 874 | 20°0 | 0-279 269°5 | — — | 

949 | 20:0 | 0:279 | 269'5 930 | 20°0 | 0:279 | 26975 | — a 
1018 | 20:0 | 0:280 | 270:0 | 983 | 20°5 | 0-279 26970 | — 
1063 | 20°0 | 0280 | 270°0 | 1068 | 21-0 | 0-279 269°0 | — 


ww 
uw 
an 
N 
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1127 | 20°5 | 0°279 | 269°0 | 1127 | 21-0 | 0-280 | 269'5 
1232 | 20:0 | 0280 | 270°0 | 1193 | 21°0 | 0:279 | 269°0 
1294 | 20°0 | 0°279 | 269°5 | 1261 | 20°5 | 0:279 | 269°0 | — 
1358 | 20:0 | 0:279 | 269°5 | 1349 | 20'5 | 0279 | 269°0 | — 


Saepeneeeann 
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On figures 3 and 4 (not drawn to the same scale) the results are grouped in the 
form of reduced velocity against pressure for all the frequencies used, in carbon 
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dioxide and sulphur dioxide respectively. The results in nitrous oxide were so 
similar to those in carbon dioxide as scarcely to warrant recording on a separate 
graph, but in figure 5 we have certain of the velocity results in these two gases 


| 270 n =695 


: 260 260 


: 250 
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igure 3. Reduced velocities in carbon dioxide. The figures on the curves give the frequency in kc./sec. 
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educed velocities in sulphur dioxide. The figures on the curves give the frequency in 


4oR 
“ik kc./sec. 


inst the parameter log (n/p), 7 being in c./sec. and p in mm. 
recorded together against the p g ( See cinder an 


i ion 1 ise of velocity 
of mercury. The dispersion is apparent as a rise 0 neij 
of n/p = 100, with a more gradual fall on each side (©). In sulphur dioxide, figure 6, 


this effect is only beginning to occur at the maximum values of n/p attained. The 
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270: 


| 2 3 4 
log (np) ee 
Figure 5. Velocities in carbon dioxide (crosses) and nitrous oxide (circles). 


| 2 3 + 
log (n/p) 
Figure 6. Velocities in sulphur dioxide. 


Absorption coefficient k 


0 
200 400 600 
Pressure (mm. of mercury) 


Figure 7, Absorption in carbon dioxide, nitrous oxide and sulphur dioxide. The observation 
points for the latter gas are enclosed in circles and joined by broken lines. 
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arrows on these two figures indicate the value of Vy at low frequencies. Finally on 
figure 7 we have the absorption coefficient k plotted against pressure at four 
frequencies. In each case the absorption rises as the frequency is increased or the 
pressure reduced, but plotting against /p does not reduce the results to a single curve 
so successfully as it did in the case of the velocities. It must be remembered how- 
ever that « cannot be determined with the same accuracy as A by a hot-wire 
method, or indeed any other method. In table 2 are shown the values of kA* from 
equation 1, which are independent of pressure. 


Table 2 
Pressure (mm. mercury) 200 | 360 | 560 760 | 1000 | 
| 
| 


kd? x 108 (carbon dioxide) 725 4°0 De 2°0 | 
kd x 10° (sulphur dioxide) 55 | Bo | = 55d 


§4. DISCUSSION OF RESULTS 


Two theories have been advanced to account for the anomalous dispersion and 
absorption of supersonics in gases such as carbon dioxide. Either we may suppose 
that there is a lag in the transformation of one type of molecular energy into another, 
e.g. of energy of translation into energy of vibration, or we may suppose that a 
modified form of resonant absorption is taking place.* Kneser % has shown that 
on the first hypothesis there should be a steady value of the velocity below that 
frequency at which the period of vibration is equal to the time of relaxation or of 
lag in the energy transfer, and that there should be a sharp rise of velocity to 
another maintained value at higher frequencies. The absorption also, when «A is 
plotted against log 7, should give a symmetrical curve. With resonant absorption, on 
the other hand, assuming that the resonance is not sharp but broad like that due to a 
number of resonance frequencies spread over a band, we should as the frequency 
rises get a moderate fall of velocity on either side of a steeper rise and again a 
symmetrical absorption curve. We must remember that in either case this absorp- 
tion may be clouded by viscous dissipation, about the mechanism of which at such 
high frequencies little is known. 

As we have shown, figures 5 and 6, the dispersion is a function of the quotient 
{frequency /pressure}. This is explicable on a resonance theory since one would 
expect any molecular dimension or spacing which was responsible for the dispersion 
to be diminished in proportion as the pressure increases, so that if resonance occurs 
at a frequency m, under a pressure p, it will occur at 7, under a pressure p, where 
ny |Py=Ms/P2- On the other hand Richards and Reid (4) who are the first to point out 
the efficacy of plotting the velocity against this parameter, though on the evidence 
of a more restricted range of experiment, suggest an explanation on the relaxation- 
time theory. Since the latter involves the probability of the transition from trans- 
lational to vibrational energy, they assume this probability to be proportional to the 
pressure as a basis for an explanation of the results. 


* Cf, reference (5) and the bibliography given therein. 
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On the absorption results it is less easy to compare the effect of pressure with 
theory since the issue is confused by the viscous absorption, which as equation (1) 
shows increases as the pressure diminishes. Apart from this there is a corre- 
spondence between absorption curves plotted against {frequency /pressure}, although 
the agreement is not so good as that obtained from the velocity curves plotted in this 
fashion. In agreement with Groszmann “” we find absorption coefficients of rather 
higher order than those postulated by Kneser. ‘The crux of the dispersion occurs at 
a value of n/p equal to 100 in carbon dioxide and nitrous oxide, figure 5, and beyond 
n|p = 6000 in sulphur dioxide, in which gas the rise of velocity is slow but is be- 
coming rather more rapid at the limit of our n/p range, figure 6. 

All that we would venture to state at present is that the relaxation theory in the 
form in which it is propounded by its advocates is insufficient to explain our ob- 
servations. Before theorizing further it is desirable to make a comparison with the 
dispersion shown by a medium having resonators of macroscopic dimensions, such 
as a suspension having a known density and a known range of particle-size. Experi- 
mental work on such systems is now being initiated in this laboratory. 
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DISPERSION IN GASES 
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Newcastle-upon-Tyne 
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ABSTRACT. Measurements of wave-lengths of supersonic radiation at frequencies 
between 40 and 140 kilocycles per sec. have been made in carbon dioxide, nitrous oxide 
and sulphur dioxide at various temperatures from room-temperature up to 200° C. The 
velocities at constant density, i.e. reduced to 0° C., have been calculated. When these are 
plotted against temperature, supersonic dispersion is shown by a sharp fall of velocity 
in carbon dioxide at a temperature which increases with the frequency of the source. The 
significance of these results in the light of the theories of supersonic dispersion which have 
been propounded is then discussed. 


§ 1. INTRODUCTION 


time as outlined by Kneser™ has been extended in a recent series of papers 

by Richards and Reid® to cover the effects of pressure and temperature. 
The theoretical treatment and practical results for the pressure effect are discussed 
by Railston and Richardson). The present paper is a report on measurements made 
in a number of gases at various temperatures. 

There is as yet no established theoretical basis for the observed temperature 
effects. Kneser postulated a temperature effect of zero order, that is to say, one 
independent of the change in velocity which results from a density-change. The 
early results obtained by Richards and Reid indicated that at high frequencies 
there was a variation of velocity with temperature and they suggested that it might 
be accounted for by introducing the idea of an activation energy of collision into 
theoretical considerations. This suggestion implies that only molecules having 
higher kinetic energies can cause excitation and de-excitation to and from higher 
vibrational levels. It leads to the conclusion that in the dispersive region the 
velocity of sound in a gas, being greater than the velocity in the audio-frequency 
range at room-temperature, will gradually approach the audio-frequency value as 
the temperature is increased. 

The experimental data available are few. Apart from Richards and Reid’s 
results already mentioned, further results were obtained by the same authors for 
sulphur dioxide and carbon disulphide, and in neither case did they fit the 
theoretical curves. Sheratt and Griffiths“ have published results of measurements 
in carbon monoxide made at frequencies of 7°9 and 27:4 kc./sec. in the temperature 


a HE interpretation of supersonic dispersion in gases on the basis of a relaxation 
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range 1000° to 1800° C. The difference between the velocities at these two fre- 
quencies increases as the temperature rises, the change thus occurring in the 
direction opposite to that predicted by the activation theory. re 

The present paper gives an account of measurements made on carbon dioxide 
at a number of frequencies in the dispersive region and also includes preliminary 
results for sulphur dioxide and nitrous oxide. 


§2. APPARATUS 


Quartz crystals piezoelectrically driven have been used as sources of radiation. 
The electrical driving-circuit was essentially that due to Pierce. A PX 25 valve 
was used with an anode voltage of 200, the crystal being connected between plate 
and grid. A small choke between the plate and the crystal-electrode was found to 
be effective in eliminating high-frequency harmonics and also in reducing the 
effects of hand-capacity. Measurements of wave-length were made in the standard 
way with an acoustic interferometer, a sensitive, suitably backed microammeter 
being included in the plate-filament circuit. Frequencies were determined at room- 
temperature with a wave-meter. 


Tinplate on which furnace is wound 
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Figure 1. Diagram of apparatus. 


Interferometer design. Two tubular containers for the gases have been used. The 
larger one was designed to accommodate the largest crystal employed. Its size 
prevented adequate temperature-control and occasionally there were doubts about 
its gas-tightness. The smaller tube substituted to overcome these objections is 
shown diagrammatically in figure r, 


The j ay ap ie haley : 
e inner tube is of iron, 54 in. long and 2} in. in diameter, One end is per- 


manently closed and carries a thermometer, a gas tap and a long brass screw on - 


which the reflector is mounted. The other end is detachable and on it is mounted 
the crystal-holder, while through it pass a gas tap and two insulated terminals by 


, 
. 
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means of which connexion is made to the crystal electrodes. ‘This end is bolted on 
to the tube, a rubber gasket ensuring a gas-tight fit. 

The crystal-holder is as simple as possible. The lower electrode, which is of 
thick brass with a plane clean surface, is merely a platform normal to the plane 
detachable end of the tube. The upper electrode is of thin aluminium resting lightly 
on the top of the crystal, connexion to the terminal being made through a very 
_ fine piece of fuse wire so that no constraint is imposed upon it. ‘Two cork guides 
orient the crystal so that it vibrates in the direction of the axis of the tube, and to 
prevent the crystal from sliding forward the whole apparatus is tilted slightly, the 
tendency to slide being thus opposed by gravity. 

A glass plate is used as a reflecting surface and is mounted upon a brass frame 
with levelling-screws and springs. This brass frame is carried on the end of a 
screw of pitch 1 mm., the other end of which carries a circular scale by means of 
which the traverse of the reflector is measured. With this arrangement it is possible 
to ensure that the reflecting surface shall be perpendicular to the screw and thus 
remain parallel to the vibrating surface of the crystal as the screw is turned. 

Furnace. The experimental tube telescopes into a second iron tube of greater 
length round which several turns of 1-in. copper tubing are wound. Over this is 
wrapped an enveloping sheet of tinplate, providing a core upon which the wire of 
an electric furnace is wound. The copper tubing is connected at one end to the gas 
supply and at the other to the tap at the fixed end of the experimental tube. While 
observations were in progress a slow flow of gas was maintained through the coil, 
the gas becoming heated in the process and being then passed through the inter- 
ferometer tube. The temperature of the gas in the latter was read at the same time. 
This arrangement maintained a small pressure-gradient from the experimental tube 
outwards, so preventing a possible leakage of air inwards. 

Gas-supply. ‘This was obtained from cylinders as supplied commercially ; 
carbon dioxide was also obtained from a Kipp’s apparatus. ‘The only impurity 
deliberately removed was water vapour, which was disposed of by passing the 
gases through sulphuric acid and over calcium chloride. Before readings were 
taken the gas was allowed to flow fairly quickly for about half an hour through the 
apparatus, to drive out air, and then the flow was cut down until a bubble passed 
every second or so through the sulphuric acid. 

Measurements of wave-length were made in carbon dioxide at frequencies of 
41°5, 94, 98, 111 and 145 kc./sec. Richards and Reid’s results for 92 ke./Sece. 
published while this work was in progress, are included in the diagram for the sake 
of comparison. The curve drawn in figure 2 through their points is not that which 
they regard as the best. Results for nitrous oxide and sulphur dioxide have been 
confined to two frequencies, viz., 94 and 111 ke./sec. All velocities have been 
reduced to 0° C. by the usual reduction formula assuming Charles’s law. This 
reduction enables changes in velocity other than that due to change of density of 
the gas with temperature to be studied. 

There are three factors depending on the form of the apparatus which may 
affect the measured wave-lengths and should be considered. There is first the 
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finite width of the tube, the effect of which is only appreciable however when the 
tube is narrow and the frequency low. In the present case the Kirchhoff oe 
from this cause amounts to only one part in 10,000. It has therefore been neg et : 

We may take the effects of temperature on the pitch of the screw and 7s be 
frequency of the quartz together. The wave-lengths are measured in terms o = 
pitch of the brass screw at the bush in the fixed end of the experimental tube. As 


260 n=41'5 ke./sec. 


: n=92 kc.jsec. 
260 (Richards and Reid) 


ee Se n=94 ke.Jsec. 
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Figure 2. Reduced velocities in carbon dioxide at various frequencies (7). 


the temperature rises the pitch of the screw increases, making the distance between 
successive nodes in the stationary wave system appear too small. The temperature 
coefficient of frequency of the quartz is negative and therefore tends to oppose the 
other change. The coefficient of reduction of frequency with rise of temperature as 
measured by Gibbs and Thatte“?, being of the same order as that of the expansion 
of brass, the two effects have been held to be self-compensating. 


The results for carbon dioxide are given in table 1 and figure 2; and those for 
nitrous oxide and sulphur dioxide in table 2. 


Table 1. Velocity in carbon dioxide. 


r 
0 
(mm.) (m./sec.) | (m./sec.) (m./sec.) (m./sec.) 
Frequency 41°5 kc./sec. Frequency 98 kc./sec. 
17 6:40 266°5 258°5 10 2°740 268°5 263°0 
60 6:86 285°5 258°5 20 2°785 2'72°5 263°0 
100 Girls 3020 258°5 54 2'940 288:0 263°0 
118 7°42 309°0 258-0 86 3°075 301°0 263°0 
149 7°65 318°5 257°0 97 3175 305'0 262°0 
it7 7°87 B25 257.0 IOI 3°110 304°0 260°0 
190 8:09 336°5 258°5 103 3°080 3020 257°0 
Frequency 92 kc./sec.* ie 3109 042 258:0 
- si 368° en. 10 37110 304°5 257°5 
* a, feee Bb 120 3:160 309'5 258°0 
BS =e ae Te 130 3°205 314°0 258°5 
30 — 274°5 260°5 Pes ae oe ee 
50 — 280°0 257°5 : e ae el ope 
74 3°400 333°0 260°0 
Frequency 93°8 kc./sec. 188 3°450 338°0 260:0 
17 2°895 271°5 263°5 Frequency 111 kc./sec. 
31 2°990 280°0 263°5 : os : 64: 
37 3°000 2810 263°5 7 Bes ioe ae 
44 37010 282°0 262°0 oe 2p eee aie 
48 3°020 283°0 261°5 472 kd a ve 
60 2°655 294°5 267°0 
50 3°030 284°0 261°0 : ‘ : 
51 37030 284:0 260°5 Oh F ae a ‘ 2° 7k 
56 3-045 285°5 2605 requency 145 kc./sec. 
64 37090 289°5 261-0 15 1°870 2'72°0 264°5 
67 3°105 291°0 261°0 49 1°955 284°0 262°0 
71 3°125 293°0 261°5 89 2055 2.98°5 259°5 
84 3°195 299°5 261°5 127 2°55 31370 259°0 
95 3°240 303°5 261°5 147 2°200 319°5 258°0 
166 2°250 327°0 258°0 


* Results due to Richards and Reid). 


Table 2. Velocity in sulphur dioxide and nitrous oxide. 


a n (kc./sec.) B(eC;) d (mm.) V (m./sec.) V, (m./sec.) 
93°8 18 2°325 217°5 2k -O 
(SOs) Be 2°360 221°5 212°0 
35 2°405 225°5 212'0 
47 2°455 230°0 213'0 
57 2°495 234°0 213°0 
67 2°550 239°0 214°0 
76 2°590 243° 214°5 
88 2'630 246°8 214°'0 
93 2°645 2480 214°0 
108 2°685 251°5 212°5 
III 20 1°995 Pepys 2135 
(SO,) Bi 2°045 22/70 213°0 
52 2'110 234°5 215'0 
54 2°120 235°5 215'0 
79 2°195 2.43'5 216°5 
89 2215 246-0 21395 
100 2°240 248°5 22 
I1t 2'270 2520 212°5: 
124 2'230 259°5 215°5 
11) 2'280 264°0 216°5 
93°8 19 2910 27240 263°5 
(N;0) 35 2°990 280°0 263°5 
45 3°035 284°5 2.63°5 
56 3°075 288°5 263°0 
66 3°135 294°0 263'5 
77 37180 2980 263'0 
95 3°250 304°5 262°5 
109 3°305 310°0 262°0 
128 3°380 316°5 261°5 


Ng 
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§3. DISCUSSION OF RESULTS 


It is proposed to confine discussion to the results for carbon dioxide, since the 
other two gases do not show so marked a dispersion within the small range of 
frequency covered. The chief interest in the curves centres round the relatively 
sharp falls of velocity at certain temperatures for the sources having frequencies 
near 10° c./sec. It is interesting to note that a similarly-shaped curve can be 
obtained from Smith and Hitchcock’s™ results for the variation of the dielectric 
constant ¢ of ice with temperature. By plotting <4, which is a quantity corresponding 
to a velocity, against temperature for a frequency of 300 c./sec. a curve is obtained 
not unlike those for supersonic frequencies of 94 and 98 kec./sec. Possibly the 
theoretical interpretation of the two results will be found eventually to move along” 
parallel lines. ' 

The temperature at which the sharp fall in velocity takes place obviously 
increases with the frequency nearly in linear fashion, although the number of 
curves available hardly warrants an attempt to connect these two variables by 
means of an empirical formula. By trying parameters of the type —m/(@—4), 
where 0 is the temperature and m the frequency, @ and m) being constants, it is 
possible to bring the maxima of dispersion into coincidence, but the effect on the 
remaining portions of the curves is not so fruitful as the corresponding process in — 
the pressure results“. The curve for 145 kc./sec. shows a gradual fall to a value” 
close to that for 41-5, i.e. towards that for audio-frequencies. This form of curve 
satisfies the theoretical deductions of Richards and Reid and it may be that their — 
conclusions are only valid for the higher frequencies in the supersonic gamut. 
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ABSTRACT. The direct impact of two cylindrical jets of liquid causes the liquid to 
emerge radially in a plane at right angles to the common axis of the jets. The maximum 
diameter of the disc of moving liquid so formed is shown to depend on the surface tension 
of the liquid. 
A method of measuring surface tension is developed and is applied to measure the 
surface tension of water, giving 
73°83 +0°13 dyne/cm. at 15° C. 


The liquid surface is renewed about 80 times per second, contamination being thus 
prevented. The only other method in which such rapid renewal of the surface takes place 
is the Rayleigh oscillating-jet method. The angle of contact is not involved in Rayleigh’s 
method, nor in the present method. 


§1. INTRODUCTION 


two advantages. In the first place, the experiment does not depend on the 

angle of contact. Secondly, the liquid surface on which the experiment is 
performed is completely renewed about 80 times a second, and is consequently 
prevented from becoming contaminated. Of the methods that have previously 
been proposed, the only one in which rapid renewal of the surface takes place is 
the vibrating-jet method that was originally used by the third Baron Rayleigh” 
and later by Pedersen® and by Bohr“. That method also is independent of the 
angle of contact. 

Before considering the details of the present method, it will be well to describe 
its essential features. Let us suppose that liquid can be squirted from a nozzle of 
suitable shape, so that instead of emerging as a cylindrical jet it emerges radially 
in all directions in a plane. In this way a flat disc of liquid will be obtained, as 
indicated in figure 1. If the rate of supply of liquid at the centre is kept constant, 
we expect from continuity that the liquid disc will get thinner and thinner as we 
recede from the centre. However, if the disc is thin near to the centre, it may be 
regarded as almost parallel-sided at points that are not near to the centre. If the 
liquid were all at rest (and if its weight could be neglected) it would require forces 
acting outwards at its periphery to maintain it in equilibrium. Such forces are not 
applied externally, but are caused by the loss of outward momentum of the moving 
35 


Ts method of measuring surface tension that is described in this paper has 
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liquid. If the volume of liquid supplied in unit time be Q, if its density be p and its 
initial velocity v, then the momentum of the liquid entering the wedge of inde- 
finitely small angle «, figure 1, in unit time is («/27) Qpv, measured radially out- 
wards. If the liquid came to rest at the outer edge of the disc, it would exert an 
outward force of («/2m) Opv. The outward force required to keep the sheet in 
equilibrium is 2«2.S, where R is the radius of the outer edge and S is the surface 
tension of the liquid surface. Hence the maximum radial distance to which the 


Figure 2. 


moving sheet can extend (if no other forces are applied at its outer edge) is given 
by 2a.RS = (2/277) Opv; that is to say, R= Qpv/47S. Hence, if there were no cor- 
rection factors to apply, the surface tension would be given by 
_ Qpv 
S= aR ee (3) 

where R is the maximum radius of the moving liquid sheet. 

In the experiments that I have performed, two equal cylindrical nozzles were 
arranged facing one another with their common axis vertical, as shown in figure 2 
Water was passed through the nozzles, forming a pair of nearly cylindrical ick 


) 
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These two jets meet at some point on the common axis, the water then diverging 
radially in a plane at right angles to the axis of the system. In order that the weight 
of the disc of liquid shall be small in comparison with the momentum of the liquid 
delivered by either nozzle in unit time, we must have 


ree Sop. 1 a ee ee Fee Sens (2) 


- where 7 is the internal radius of the cylindrical nozzle and g is the gravitational 


acceleration. In the case of water, therefore, the effect of gravity will be small 
when r=0'05 cm., but will be large when r=o-5 cm. 

Experiments were carried out with nozzles of radius as small as 0-04 cm., and a 
sensibly plane disc of water was obtained. The peculiar shape of the edge of the 
disc is indicated in figure 3. The liquid accumulates in a roll aa at the edge of the 
disc, but irregular cusps c rather frequently occur. A spray of drops is shot off 


ee 
Te 
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oO 

° 

° 
a = © 
Figure 3. 


tangentially from the two edges of each cusp; and sometimes drops 5 of liquid 
form on the roll and move slowly along it or drop off below. The cusps may be due 
to slightly more liquid emerging in some directions in the plane than in others. 
If a pin or the tip of a knife be inserted into the water sheet a similar cusp is formed. 

Measurements of the diameter of the disc showed that, for a particular pair of 
nozzles, R is proportional to Q?. The values of Q2/R for different pairs of nozzles 


“were found to be proportional to 7. These two results can be deduced from 


equation (1). Thus, if the velocity in the disc be assumed equal to the mean velocity 
in the nozzle, we have Q =2 (7r?v), and hence 
Bi pete me poe 
(2k) 7? (2r)? 
The external radius of the disc was found to be given approximately by equation (3). 
It was not possible to test the equation very exactly, because the cusps in the outer 
edge of the disc prevented precise measurement of R. 

With nozzles of rather larger radius (r=0°06 to 0°15 cm.), the effect of gravity 
is still small, but not negligible. With the common axis of the nozzles vertical, the 
horizontal disc curls down under the action of gravity, in the way indicated in 
figure 2.* The maximum diameter of the bubble-shaped sheet of moving water 


* This diagram is drawn for r?=0°2 (S/gp). In the case of water, that implies a nozzle whose 


internal radius r=0°1I2 cm. 
35-2 
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was susceptible of much more precise measurement than was the maximum 
diameter of the flat disc, with cusped edges. Calculations and measurements were 
therefore carried out for such cases. The object of the investigation being to develop 
a method for the measurement of surface tension, it was not necessary to calculate 
exactly the effect of gravity on the water sheet, provided that this effect was kept 
fairly small. 


§2. THEORY OF THE METHOD 


Let us consider a part of the sheet, figure 1, of indefinitely small angle x. At 
a point at a distance x from the axis let the velocity be a, in a direction making an 
angle of 6 with the horizontal, figure 2. From continuity we find that the thickness 
of the sheet is Q/amxv. Considering a portion of the wedge lying between x and 
x+dx, and equating the rate of gain of downward momentum to the nett effect of 
the surface tension forces acting at the inner and outer boundaries of the element, 
together with the weight of the liquid in the element, we obtain 


a Opg dx 


a . : 
57 GPa (v sin #)=20S.d (x sin 6)-+ >. > cosh (4). 
A similar equation is obtained by considering the horizontal momentum: 
Oo dx 
55 EP du cos 6) =2aS.d (x cos 0)—20S 4 ee (5). 


Provided that r? is small compared with S/gp, the last term of equation (4) is small. 
We may therefore approximate by assuming wv to be independent of the value of x 
in this small term. Substituting the value of dx/cos @ from equation (5) in equation (4) 
and integrating we obtain 

Qp [v sin 6] = 47S [x sin 6]+ a [x cos 6] — ee [vw cos ay! : 
Let the velocity near the central horizontal part of the sheet (not in the jet) be u 
and let the velocity at ~=R, where 9=90°, be u,. The rate of gain of deren 


momentum for the whole of the upper part of the sheet is then equal to either side 
of the equation 


Opu,=4nSR+€ Sis bh. (6). 
The effective value of v in the correction term for the weight of the sheet must be 
between uw, and uy in value. The buoyancy due to the air is quite negligible; and we 
shall assume that the frictional and inertia effects due to the air are also = small 
. eee of i mS In that case u, can be deduced in terms of u, and the 
ence in level o 
ES oe cae outer edge of the sheet, which we will denote h, 
a eaie habe: be slightly greater than the velocity u, in the jet, because 
Aveo ie ewe ce is cas than atmospheric on account of the surface tension 
erie ten, é : or Is excess pressure is equal to S/r. Hence, by Bernoulli’s 
we have ypu,"= ypu’+ S/r. Collecting these results we obtain 


Ua = /(u?+2¢h+2S/pr). 
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Before substitution of this result in equation (6), there is one further correction 
to apply to that equation. It has so far been assumed that no vertical force is applied 


to the sheet where the water enters it from the two jets, but this is not quite true. - 


If the centre of the liquid disc is stationary at some point on the common axis of 
the jets, the pressure just below the central point of zero liquid velocity must be 
equal to the pressure just above that point. By Bernoulli’s theorem we find that 
this is equivalent to saying that, if the jets had not been on the same axis, the 
velocities in the two jets would have been equal and opposite at points at the same 
level. The velocity at the lower nozzle will therefore be slightly greater than at the 
upper, by an amount corresponding to the difference in level. Consequently the 
mass of liquid emerging from the lower jet per second will be slightly greater than 
that emerging from the upper jet. When the two jets impinge, they meet with equal 
and opposite velocities, but there is a nett rate of supply of upward momentum. 

If the difference in level of the tips of the two nozzles be small in comparison 
with the head of liquid that is effective in giving kinetic energy to the liquid in the 
jets, the nett rate of supply of upward momentum to the centre of the disc of 
liquid may be written zr2pgA, where A is the difference in level between the two 
nozzles, figure 2. Equation (6) may now be modified and becomes 

272 

ar*pgAh + Opu / € + aa + 2) =4nSR+ vee ees (7); 
In view of the fact that OQ =2 (aru), equation (7) may be simplified, most second- 
order corrections being neglected. We obtain 

Oe rep (S’_ Ah 
peach) m(ar) 2 (5 2RR) nat (8). 

Here S’ represents the approximate value of S that is given by equation (3) in which 
there are no correction terms. 

It will be useful to recall the origin of the various correction factors that have 
now been applied to the original equation (3). The term 72gpS'/2S is due to the 
weight of the liquid disc. ‘The term (2R—r) owes the r to the pressure in the jets 
being more than atmospheric because of surface tension. The term in A is due to 
the nett upward momentum supplied by the jets. Finally, the term in h may be 
ascribed to the downward acceleration of the liquid as it passes round the 
curved edge of the disc of liquid. In the present experiments, the only correction 
that exceeded 2 per cent was that due to the weight of the film. As this correction 
amounted to more than 5 per cent in some of the experiments, it was carried to the 
second order in equation (8). If an accuracy of 1 per cent had not been sought, 
equation (8) could have been simplified by writing S’=S. By an investigation of 
the solution of equations (4) and (5) it was found that h/R is approximately equal 
to rgp/S. When this estimate did not quite agree with the experimental deter- 
minations of h, the mean of the two methods of estimation was used in evaluating 
the correction factor h/R of equation (8). 

Before the experimental work is described, two other possible sources of error 
will be considered. In the first place, there might be an appreciable conversion of 
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kinetic energy into heat as the liquid flows from the jets into the sheet. It would be 
very difficult to calculate the exact amount of this error, but it can be shown that 
the fractional error produced in the estimate of S is of the order p./orp, where pis 
the viscosity of the liquid. In the present experiments we have approximately 
jp=0°01 gm.cm:" sec.* 
v= 200 cm. sec.t 
7=0'08 cm. 
p=1 gm. cm? 
Hence the error produced in the estimates of S is probably of the order of 0-06 per 
cent and can be neglected. 
The possible source of error that still remains to be considered is that due to 


the velocity in either jet not being quite the same at points near the surface and 
near the centre of the jet. This error will be discussed in the following section of the 


paper. 


§3. APPARATUS AND EXPERIMENTS 


The general arrangement of the apparatus is shown in figure 4. The two nozzles 
were placed with their axes vertical; and held in position by four clamps. If the 
disc of water is horizontal, as at a, figure 4, the tangent plane at its centre being at 
right angles to the two jets, and if it remains at right angles when the disc moves 
up or down to a new position, then the two nozzles are accurately aligned. This 
method of testing the alignment is quite satisfactory, though the adjustments that 
have to be made to achieve accurate alignment are rather troublesome. It would 
be of considerable advantage to have the clamps fitted with fine adjustments giving 
movements in two horizontal directions. 

Concentric with the lower nozzle, and fastened to it, was a conical sheet of 
metal m, figures 2 and 4. The function of this is to make the water sheet stable. The 
metal cone gives a rigid boundary to which the lower part of the water sheet can 
cling by surface tension. The water in the lower half of the sheet no longer meets in 
a rather jumbled way near the supply pipe to the lower nozzle. Moreover, the 
lower part of the conical metal sheet is pierced by several large holes, to ensure that 
the pressure inside the water sheet shall be atmospheric. Care must be taken that 
these holes shall not become covered by films of moving water. It might be possible 
to prevent the formation of such films by having the tops of the holes fitted with 
baffles. 

Round the whole of the nozzle system was a metal can, to collect the water and 
deliver it to a glass vessel so that it might be weighed. The can was open at the top 
and had a slot down one side for the lower clamps and supply pipe to pass through. 
After removal of the support from below the can, the latter could be lowered clear 
of the nozzle system, to enable adjustments to be made. 

A mirror scale 7, engraved in millimetres, was placed horizontally on the top 
of the can, figure 4. The scale being viewed from above, the maximum diameter of 
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the water sheet could be measured in several directions two or three times during 
the course of any experiment. 

Tap water was used in the present experiments. The water passed through two 
constant-level tanks arranged in series, before it came to the apparatus. Con- 
sequently the water was supplied at a constant rate, and few air bubbles reached the 
nozzles. This method of supplying the water was satisfactory, but devices such 
as that described by Pedersen™ might be better. 
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Figure 4. 


From the second constant-level tank the water passed to a T piece. On the 
rubber tubes that connected the T piece to the two nozzles were screw clips 7, 
figure 4. By aslight adjustment of these clips the discharge through the two nozzles 
could be controlled so that the water sheet floated freely about half way between the 
two nozzles. If this condition were not fulfilled, the nett upward momentum 
supplied to the sheet by the pair of jets would not be known, and equation (8) would 
not be applicable. 

It is essential that each nozzle shall deliver a jet which is nearly cylindrical, the 
velocity of the liquid being nearly the same throughout the jet. It is known that 
these conditions can most nearly be realized by having a short nozzle consisting of 
a well-rounded entrance ending in an extremely short cylinder. The method 
finally adopted for making the nozzles was as follows. A piece of thick-walled 
capillary glass tubing was selected, the bore of which was nearly circular and of the 


desired diameter. One end of the tube was closed in a blow-pipe flame and blown 
out into a small bulb. Then the end of the bulb was blown out, and sealed onto 
the end of a wider glass tube. Finally the capillary was cut off at a point very near 
to where it began expanding to form the bulb, so that the required nozzle was left 
at the end of the wide tube. The cut end may require a little grinding. 

A nozzle of rather poorer design was arranged to deliver a jet of water hori- 
zontally. The velocity of the water as it left the nozzle was calculated from the 
curved form assumed by the jet under the action of gravity and also by dividing the 
rate of discharge by the area of cross-section of the nozzle. The two sets of results 
did not differ by more than } per cent; thus the velocity of the water as it left the 
nozzle was nearly uniform over the transverse section of the jet. 

The internal diameters of the tips of the four nozzles that were used in the 
final experiments were measured by means of a Hilger travelling microscope. Each 
nozzle was then arranged to deliver a jet of water horizontally, and the diameter of 
the jet was measured with the microscope at points distant 10 to 15 jet-diameters 
from the nozzle. These diameters and those of the corresponding nozzles did not 
differ by more than about o-1 per cent, which is about equal to the probable error 
of the measurements. Tests made at about 50 jet-diameters from the nozzle (but 
arranged to be at the same level as the nozzle) showed agreement with the other 
measurements; the probable errors were rather greater than o-1 per cent, owing to 
slight sideways movements of the jet during the course of measurement. 

Close to the nozzle the jet has a larger diameter, owing to the action of surface 
tension, the main stream of water being surrounded by a ring-shaped eddy system. 
In the present experiments we require to find the total rate of supply of momentum 
from the jet to the liquid disc. This will be the same at all transverse sections of the 
jet apart from gravitational action and a very small surface tension effect. The rate 
of supply of momentum may be written }Qpu or O%o/4z7r?, but r must be measured 
where the jet has become sensibly of constant diameter, for it is only there that the 
velocity is sensibly the same all over the transverse section. 

During the preliminary experiments certain tests were made to confirm the 
correction terms in equation (8). The term (2R—r) was estimated experimentally 
as {2R — (1-0, + 01g) 7}. An approximate test of the A term was obtained by finding 
the rate of discharge of the two nozzles separately. The experimental values of 
h/R were sometimes greater than and sometimes less than the value predicted from 
an investigation of equations (4) and (5), namely r2go/S. The mean result from 
twenty-five experiments was h/R=(1-08 + 0°06) r2gp/S. 

I will now give a short description of how the final experiments were performed. 
‘The water was set running through the constant-level tanks, and the nozzles were 
aligned till the water disc remained horizontal not only when midway between the 
nozzles but even when it moved up or down to positions nearer one nozzle. The tips 
of the nozzles were separated by a distance of from 34 to 5} jet-diameters, in order 
that the A correction should not be too great, and yet a free floating motion of the 
water disc should be permitted over a small distance midway between the nozzles. 
The water-supply to the nozzles was controlled separately till the disc floated freely 
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in this way, the adjustment being slightly altered during the course of the test, if 
that became necessary. The metal can was raised till it surrounded the whole 
nozzle system, and was fixed in position. The mirror scale was placed on the top 
of the can, and a vessel was placed to collect the water as it flowed from the can. 
The time during which water was collected was measured with a stop watch such 
that 10 seconds corresponded to one revolution of the hand. A single test lasted 
for about 8 minutes. During the test, the diameter of the water sheet was measured 
in 4 or 5 directions, a total of about 12 determinations being made. Directly the 
water had been collected, its temperature was measured. Before the water was 
weighed the values of h and A were found with a mirror scale. The weight of water 
was corrected for buoyancy. 


§4. EXPERIMENTAL RESULTS 


Two pairs of nozzles were used, and nine experiments in all were carried out. 
The results are given in the table. The density of water at the various temperatures 
was assumed. The estimates of the surface tension were reduced to TSA Cepy, 
assuming“ a temperature coefficient of —0-157 dyne cm: (°C.)-1 between 14° 
and 20° C. Tap water was used in all the experiments. 


Table 
Nozzle 
Mass | Dura- 
cate of ar piemcon ire ere | A hee) WR oe Foe 
(cm.) water | of test = (°C.) | (em.) | (cm.) | mean Ss 
a5 (aot \aheiece) Hoscae 
Pp He, 
1b 1a | 4616 | 573°3 .| 4548 | 17°° 0:58 | 0:09 | 
1a 1b |\ 01399 4100 | 50576 | 4°61, | 17°7 o'60 | o18 |l Bo iec004 
On a peeeee 5219 | 6485 | 4°529 | 19°2 0°56 | 0-14 | 
Tih ata) 5425 | 656-2 | 4°745 | 15°4 027.01) O27, 
2a. 2D BETO) 447-00 eS eis e270) 2009 0°34 
2a 2b a ee 5679 | 506°6 | 4°954 | 15°4 | 9°79 | 9°30 
2b 2a |r, 5 5535 512°8 | 4°565 $52. | O'77 | O35... 7 O' 133 o'116 
2a) 20 FO00Cls|| 5468 | 422°8 | 6°50, | 14°4 060 | 0°43 
2a 2b 5242 | 411°0 | 6276 | 14°3 0:60 | 0°43 
Extra Tem- 
Op y2go | correction | h r*gp A r’gp | perature Sis 
( = 2 Pil on account | R’ 2D cor- 
peas 2") z of S’/S#1 a : rection 
"16 031 031 ea 
ioe a ih Ors t 0°42 43°53\. 73°73 
75°30 ae 49 ican ea 0°30 0°65 73°90) + 0°10 
75°78 0°39 0:06 73°04 
6:88 o'81 0°45 74°32 
ee | 0°67 0°06 73'43| 73-06 
77-09 — 4°18 —o'16 0°52 o'71 0°03 eae) ores 
hae | 0°38 —o'09 o/8} | 
77°87 0*40 —orll 74°34. 


The second half of the table gives the values of the correction terms of equation 
(8). Each of the nine experiments has a probable error of about +4 per cent, due 
almost entirely to uncertainty in the value of R. The probable errors given in the 
last column do not include the uncertainty due to the measurement of 27. When 
amended to take this into account, and also to take account of the small discrepancy 
between the two methods of estimating 4/R, the values become 


For nozzles 1 a and 5, 73°73 + ial 
For nozzles 2 a and b, 73°96 40-20 


giving a final estimate of 
S (15° C.)=73-83 40-13 dyne/cm. 

This value may be compared with the values collected from many sources by 
Pedersen, by Bohr and by Warren. In particular we have Pedersen’s own deter- 
mination 

143° 
that of Bohr (reduced to 15° C.) 

72°78 
and the value that Warren takes as the best mean of thirteen determinations by 
various workers 

73°65. 

The present estimate compares quite satisfactorily with these values. I will only 
make two comments. Firstly, it is unlikely that the surface tension of tap water, 
such as was used in the present experiments, differs appreciably from that of 
distilled water, for no difference was detected by Pedersen or by Bohr. Secondly, 
I consider the present method worthy of comparison with the Rayleigh oscillating- 
jet method, even if the present work happens to contain some defects, so far un- 
discovered, in the details of the theory or experiments. 
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ABSTRACT. Measurements on the paramagnetic susceptibility of cerium chloride 
CeCl,.6H,O in aqueous solutions have been made over a wide range of concentrations 
(8 to 37-5 per cent of the anhydrous salt) and for the temperature-interval a? to 70°C. 
by means of a slightly modified Quincke ascension method. The variation of the molecular 
susceptibility with temperature is found to follow, for the interval considered, a Curie- 
Weiss law 

x-(T+A)=C, with C equal to 0-762. 


The value of C appears to be unaffected by the variation of the concentration of the 
solution. On the other hand, A varies with the number of ions present in the unit of 
volume and increases from 45 to 63 for the range of concentration considered. 

The effective magneton number p, or 14:07 V (x, 1) of the ion Ce+** at room tem- 
perature is calculated and is found to vary, for this same interval of concentrations, from 
1-41 to 11°16. If, on the other hand, the magneton number is deduced from the modified 
form of the above formula, p,=14:07 V{xe(T+A)}, a value is obtained which is in- 
dependent of the concentration and of the temperature and is equal to 12°26. 

These results are compared with the values obtained experimentally by other workers 
and with the theoretical numbers deduced by Hund and Van Vleck from the study of the 
spectroscopic ground states of the rare-earths group. 

Some measurements on the densities of the solutions under investigation areincluded. 


§1. INTRODUCTION 


magnetic behaviour of the sons of the rare-earths group appears to be of 

special interest. This is due to the fact that in all these ions the incomplete 
group of electrons responsible for the paramagnetism, instead of being in an outer 
shell as is the case for the ions of the first transition series, lies deeper in the ion 
(4, electrons), which implies that the magnetic carriers are less liable to be affected 
by the field from neighbouring ions and molecules. The rare-earths ions are thus 
the best substitute available for the ideal monatomic gas for which the theoretical 
formulae have been established. Consequently, one might expect the theory to 
apply to them anda good agreement to be found in their case between experimental 
data and theoretical calculations. 


S= the recent development of the theory of paramagnetism, the study of the 


* Part of a thesis submitted for the degree of Ph.D. to the Birmingham University on October 1, 
1934- 
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The new quantum mechanics leads™, for the susceptibility x of an ideal mon- 
atomic gas, to the well-known formula 
Sue 
AO BRT 
where N is the number of molecules per cm’, » the permanent magnetic moment 
of the molecule, 7’ the absolute temperature, k the Boltzmann constant and Na the 
joint contribution to the expression for x of the high-frequency elements of the 
paramagnetic moment and of the diamagnetic effect. 

This general formula takes different forms according to the value of the width 
of the multiplet intervals as compared to kT. When the multiplet intervals are large 
in comparison with kT, as is assumed to be the case for the ions of the rare earths, 
formula (1) for the susceptibility becomes 

2 2 
yak Ppt Na Wr (2), 
where J is the resultant of the orbital and of the spin moments, 8 the Bohr magneton 
and g the Lande splitting factor. For most of the ions of the rare earths, moreover, 
the second term Nz« is small and negligible when compared with the temperature- 
dependent term Ng?6?/ (J +1)/3AT. 

Hund, assuming the electron-distribution proposed by Stoner, predicted 
the values of the respective quantum numbers /, S, L, and the value of g for all the 
ions of the rare-earths group; he computed the corresponding Weiss magneton 
numbers from the formula p,,=4:97/¢ /{(J +1)/J} and compared the theoretical 
values thus obtained with the experimental values deduced from the measurements 
of magnetic susceptibilities then available. The agreement appears at first sight to 
be very satisfactory with two or three exceptions. Hund’s values for samarium and 
europium are much too low. Van Vleck’s estimations, however, calculated with the 
assumption that the multiplet intervals for these two ions are not very large com- 
pared with kT, are in better agreement with experiment. 

However, the experimental values of the magneton numbers recorded by Hund 
were all calculated on the assumption that the susceptibilities of all rare-earths ions 
varied with the temperature according to a Curie law, as gadolinium was then 


known to do; they correspond to the effective Weiss magneton numbers as defined 
by the formula 


AN ee eee (1), 


Me = 4°97 V (3x RT/LB?) 


where 8 is the Bohr magneton, y, the susceptibility per gram-ion, and L the 
Avogadro number. In numerical terms 


Me = 14:07 V(x-T). 
The measurements of susceptibilities have been made only at room temperature, 
in most cases in the crystal state. 
In reality, accurate measurements of the susceptibilities at different tempera- 
tures are absolutely necessary if a really convincing comparison is to be made 
between experimental data and the theoretical values deduced from formula. Some 
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such measurements have been made recently by Cabrera and Duperier™ for some 
of these ions, most of them on oxides and on the anhydrous sulphates in the solid 


state. Most of the ions under investigation are found to follow the Weiss generaliza- 
tion of the Curie law 


x (T+A)=C. 

Recently, too, measurements have been made for samarium in Sm,(SO,);.8H,O by 
S. Freed, and for neodymium by P. W. Selwood™. 

In Hund’s tables, cerium (Ce*++) appears as one of the ions for which there is 
a definite discrepancy between the theoretical and the experimental values of the 
magneton number, and an investigation of the influence of temperature on the 
paramagnetism of this ion seemed to us to be of interest. It will be remembered 
that Ce+++ is the simplest amongst the paramagnetic ions of the group and has only 
one electron in the incomplete group, the structure of its different shells of electrons 
being assumed to be the following: 


Cet*** electronic shell 1, 21 22 31 32 33 41 42 43 44 51 52 
Number of electrons 2 7 6 2 QO 2 6 To I 2 6 


This configuration is the one which serves as basis to Hund’s deduction of the 
moment. 

In the present paper, and as a preliminary to a more extensive investigation on 
cerium salts, a study is made of the paramagnetic susceptibility of one salt of 
cerium, CeCl,.6H,O, in aqueous solution, for different concentrations and for 
different temperatures so as to ascertain whether the variation of the susceptibility 


of the trivalent ion Ce+*++ follows a Curie law xT=C, or whether there is a mole- 
cular field, which would lead to the Weiss formula x (T+A)=C. 


§2. PREVIOUS MEASUREMENTS ON THE SUSCEPTIBILITY 
OF CERIUM SALTS 

Some estimates of the magnetic susceptibility in a few compounds of trivalent 
and quadrivalent cerium are already available. The older measurements are those 
of St. Meyer, Du Bois and Du Bois and Liebknecht. St. Meyer‘? investigated, 
amongst other salts of cerium, cerium chloride in aqueous solution, for a concentra- 
tion of n= 4-4 moles per litre and found for the gram susceptibility of the solution 
the value 5:20.10-*. In a more recent paper the magneton number of Cet+++ is 
given as equal to o°8 but there is no mention of any experiment on Ce***; the value 
given for the magneton number of Cet++ is in reality that for Prt***, assuming the 
Sommerfeld-Kossel rule that ions with equal numbers of electrons have the same 
susceptibilities. 

Du Bois® found for the molecular susceptibility of cerium sulphate the value 
2330.10-®. Du Bois and Liebknecht'™ give for the molecular susceptibility Xn 
of CeCl, and CeBr; respectively X¥m= 243° 10-6 and y,=2400.10-%. In their ex- 
periments the values taken for the susceptibility of water is rather different from the 
one which is now assumed, and the sample of cerium investigated was not free from 


lanthanum. 


Xm 
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More recently Decker“” measured the susceptibility of cerium nitrate and 
found that it was the same for the solid state as for the salt in solution, the suscepti- 
bility per gram-ion being 1890. 10~°, which yields a value 10-46 for the magneton 
number j,. Decker’s measurements were made only for small values of the con- 
centration and the correction applied to the molecular susceptibility in order to 
obtain the susceptibility of the ion Ce*+*+ does not include the underlying dia- 
magnetism of the ion itself; the magnetic number calculated from these measure- 
ments is much too low. 

So far no attempt had been made at measuring the susceptibilities at different 
temperatures. 

I. Zernike and C. James“ investigated, amongst other sulphates, 
Ce, (SO,);.5H,O in the solid state, and as they had not the adequate equipment 
they tried to obtain a qualitative insight into the temperature coefficient by varying 
the temperature of the room in which the experiments were made. This was only 
a rough attempt which did not lead to any definite conclusions. These authors 
give Xm =2377.10~° for the susceptibility per gram-atom at 20° C. 

E. H. Williams"® found a remarkably low value for cerium probably because 
he had, in the sample investigated, a mixture of Ce,O; and CeO,, where Ce is 
tetravalent and diamagnetic. As a whole the main difficulty in these measurements 
is to find a very pure chemical. 

In his first investigation on the rare earths, Cabrera“* found the value 11-89 
for the magneton number of Ce+++ from measurements on the solid hydrated 
sulphate Ce, (SO,),.8H,O, the experiments being made only at room-temperature. 
As there was good agreement between the results obtained for the solid and for the 
dissolved states, that is to say for very different degrees of magnetic dilution, most 
of the authors cited above concluded that even in the crystal the ions are mag- 
netically free and that the 4, electrons are not influenced by any molecular field. 
In an addition to their earlier work Cabrera and Duperier™ have recently measured 
different oxides and anhydrous sulphates of the rare-earths ions for a range of tem- 
perature; no value, however, is given for cerium. 

The different values given for the magneton number of Ce+*+ in Weiss mag- 
netons are summarized in table 1. 


Table 1. Weiss magneton number of Ce*+++ 


| | Theoretical | Experimental value 
No. of 44 | Basic Te CS hs cal 


electrons | level ba 3 : 
an Nm St Ale k d | 
Hund | Wieck Cabrera | Meyer ap ss Decker 


We | | | | 
10°4, 


5 6 | | 

I °F a7 at t4 | 12s 12°7 | 11°8 | 13°8 | 11-7 
On the whole, the values given for the magnetic susceptibility of cerium do not 
agree and no measurement has been made of its temperature coefficient. Also, in 
works cited above, the corrections which have been applied for the diamagnetism 
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of the acid radical are not stated and no correction is mentioned for the underlying 
diamagnetism of the ion Cet++* itself. 


§3. METHOD OF EXPERIMENT 


The Quincke ascension method, as improved and described by Piccard", has 
been adopted, the temperature of the solution under investigation being controlled 
by circulating water from a thermostat. A minor improvement, however, has been 
introduced in the present apparatus with regard to the water jacket surrounding the 
capillary tube at the level of the meniscus. 

As is well known, a U-tube containing the liquid investigated is employed in 
the Quincke method, one limb being of wide and the other of narrow bore. The 
narrow tube passes between the poles of an electromagnet, the meniscus of the 
liquid being placed in a region where the field is uniform. When the current is 
applied, a displacement h of the meniscus is observed. If H is the value of the field 
and if the magnetic susceptibility of the air is neglected, the gram susceptibility of 
the liquid is given by the relation: 

x = 2hg/H?. 

Actually, the displacement of the liquid is not observed but the meniscus is brought 
back to its original position by raising the reservoir R, figure 1, by means of a 
suitable micrometric device. The various readings are thus all made strictly for the 
same value of the field. The value of H is not measured directly, the apparatus being 
calibrated instead by measurements on distilled water, the value — 0-72. 10~® being 
taken as its specific susceptibility y,, with respect to air at 20° C. and 76 cm. If, for 
the same value of the field H, h,, is the displacement observed for water, x is given 
by the formula: 


h 
eg 


The U-tube employed is similar to the one used by Piccard but has a better jacket 
arrangement, see figure 1. In Piccard’s apparatus the space available between the 
pole pieces being small (5 mm.), the water jacket is interrupted at the level of the 
meniscus so as to avoid having too capillary a tube; as a result the region of the 
liquid which is under investigation is the one which is unprotected. In the present 
experiments we used an interspace of 8 mm. which made possible the use of a con- 
tinuous water jacket J round the meniscus portion of the tube, the bore of the inside 
tube being still sufficiently wide. The meniscus is observed through the layer of 
circulating water, and this can easily be done as long as the circulating water is free 
of air bubbles. 

The temperature of the water is recorded in (a) before being admitted into the 
thermostatic jacket and in (6) immediately after leaving it by means of two precise 
thermometers which are graduated in tenths of a degree C. and are fitted in glass 
water jackets. As there is necessarily a certain length of rubber tube between (a) 
_ and (b), the water cools down slightly and there is a small difference between the 
readings of the two thermometers. For temperatures not exceeding 40° this dif- 
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ference does not exceed 0°4°, but it may attain o-8° for higher temperatures. The 
average value between the two readings is taken as the value of the temperature T 
at the level of the meniscus and can be considered to be known to o-r° or at the 
worst 0:2”. 

The electromagnet employed is of the Weiss type and gives a field of 15500 G. 
when a current of 5 A. is applied. The meniscus of the liquid being always brought 
back to the same position, the uniformity of the field is not fundamental; however, 


—_\!_— 
To air bulb } 


» 


To water pump 
U 


Qa 


Figure 1. Detail of U-tube and water jacket arrangement. 


an exploration of the field with a Gauss fluxmeter and a search coil proved it to be 
uniform over a considerable portion of the space between the pole pieces. In order 
to avoid the error which can be introduced by the hysteresis of the iron, a second 
reading is taken with the field reversed and the average of the two seni is taken 
as the apparent value h’ of the displacement of the liquid in the field. The setting 
of the micrometric screw which was used to adjust the level of R could be repeated 
to 0-02 mm. for all the measurements recorded below. ; 

In order to obtain the real value of h which figures in the above formula, some 
corrections are necessary. ‘he outside diameter of the tube U being an a sociale 
fraction of the diameter of the reservoir R a correction must be applied aA the part 
of the tube which is immersed when the level is adjusted. Moreover, the forall 


Water outlet 
» 


Water inlet 
-— 
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applies only when the temperature of the liquid is uniform. In the present ap- 
paratus there is an appreciable difference between the temperature Tin m and that 
in R which is kept at room-temperature ¢; consequently, the difference of density 
in mand R must be taken into account. In the present case, the respective diameters 
of the tube and of the reservoir being 6 mm. and 48 mm., the true rise of the liquid 
is given by the following expression: 


In order to check the method of experiment and the working of the apparatus, 
a first set of measurements has been made on a solution of anhydrous manganese 
sulphate in water, for which the variation of susceptibility with temperature has 
already been accurately measured by Theodorides“®. This author, using the Gouy 
method, has found that anhydrous MnSO, follows a Curie-Weiss law C=y (T+A), 
with a value of the Curie constant C = 4:267, which yields for the magneton number 
of manganese j1,,= 29°05. The chemical used in the present measurements has been 
analyzed so as to ascertain that it was free from water. The concentration of the 
solution investigated was 18-05 per cent. The value of the correction for the dia- 
magnetism of the anion has been taken as equal to 37. 10-* since yg9, = — 37. 107°. 
The value found for the Curie constant C is 4:136 and the corresponding magneton 
number j1,, is 14:07 1/4°136 or 29:02. These two numbers are in remarkably good 
agreement with the results of Theodorides cited above. 


§4. MATERIALS 


The cerous chloride, CeCl;.6H,O, used in the present investigation was ob- 
tained from two sources. A first sample A was provided by The British Drugs 
Supply, a second B was obtained from Johnson Matthey & Co. Chemical analysis 
did not show any traces of lanthanum, praseodymium and neodymium which are 
- likely to be present with cerium. The observation of the absorption spectrum has in 
both cases been made on a layer of the saturated solution of chloride 1 cm. thick. 
For sample A some lines belonging to praseodymium and neodymium showed very 
faintly; no absorption spectrum could be seen for B. 

Careful analysis of the crystals showed the presence of 6H,O per molecule, 
as indicated by the formula for sample A. Sample B contained a small quantity of 
extra water which was evaluated to within 1 per cent. To prepare each solution of 
a given concentration, the necessary weight of salt is added to the corresponding 
weight of distilled water; the value of the concentration which can then be cal- 
culated is always checked by chemical analysis; the Cl is determined by precipitation 
of silver chloride and the Ce by precipitation of the oxalate. The concentration of 
each solution in anhydrous salt is given as c in grams per gram of solution. 


§5. EXPERIMENTAL RESULTS 


When the gram susceptibility y of the solution is known, the gram susceptibility 
of the anhydrous salt is computed from the following Wiedemann formula, assuming 


PHYS. SOC. XLVII, 4 36 


™~ 


bw 


Xs 


566 Feanne Liquier-Milward 


that the susceptibility of the solution is the sum of the susceptibilities of its com- 


ponents: 


y+(1—c¢) 0°72.107°* 
Ye C 

The values obtained for the anhydrous sait are then converted to molecular 
susceptibilities by multiplying by the molecular weight 246°6. Corrections must 
then be applied for the diamagnetism of the acid radical and for the underlying 
diamagnetism of the paramagnetic ion itself. For the acid radical, the value 
Xa = —20.10- given by Pascal (as deduced from molecular susceptibility) was 
taken. The value of the diamagnetism of the ion itself is more difficult to compute. 
Pauling gives for the molecular diamagnetism of Ce*+**, xa:= —33-10*. Since 
the diamagnetic susceptibility is given by the Langevin formula 


DO oe (e?/4mc*) x oe 


where 7,2 is the time mean square of the radius of the resolved electronic orbit 
perpendicular to the field and m the number of electrons, it can be assumed that 
the diamagnetism of Ce+++ is slightly larger, for this ion has an extra outer electron. 
We adopted as a reasonable estimate of the susceptibility the value — 35. 10-* which 
is also in good agreement with the Thomas and Fermi numerical formula 


Xat= —10->.Z% 


in which Z is the atomic number. 

Thus, the total quantity which is to be added to the molecular susceptibility to 
obtain the susceptibility per gram ion is +95.107°. 

In the following tables, y, is the specific or gram susceptibility of the anhydrous 
salt, y,, the molecular susceptibility and y, the susceptibility per gram-ion corrected 
for the diamagnetism of the crystal water and the diamagnetism of both anion and 
cation. The values of x, are believed to be known within 1 per cent. 

In figure 2, the reciprocal 1/y, of the ionic susceptibility is plotted against the 
absolute temperature, and in each case a straight line is obtained. The experimental 
points do not lie off the straight line by more than 1 per cent. Assuming that the 
Curie-Weiss law is followed, we have for each experimental point the relation 

aoe bys 
x. se x = C 


The values of C and A corresponding to each solution have been calculated by — 


application of the principle of least squares to the four sets of relations thus ob- 
tained. For each of the four solutions investigated, values of A are found which are 
not zero. Consequently it may be concluded that the variation of susceptibility of 
Ce*** with temperature does not follow a Curie law as it has so far been assumed 
to do, but that there is a molecular field whose constant remains at about 45 even 
for the most dilute solution investigated (c=0-0857). 

A notable variation of A with the concentration is observed, A increasing from 45 
for c= 0:0857 to 63 for c= 0-375, as is shown in figure 2. Consequently, the suscepti- 


pee 
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Table 2 
CeCl;.6H,0; c=0:08573 dygy°=1'083; A= +45. 
Seq iley NaeLOr > xXo-(L+A) 
1084 . 22,34, 2329 429 0:758 
1'082 8°89 2192 2287 437 0'759 
1'082 8-89 2192 2287 437 0'759 
1'073 8°34. 2057 2152 465 o-761 
1062 ig hy/ 191° 2011 497 0°756 
1057 7°55 1862 1957 are 0°757 
1'056 7°58 1869 1964. 509 0°763 
Table 3 
CeCl,.6H,0; c=0°12403 dogs? = 1°1233 A= +. 46°4. 

T °K.) d Xs. 10° Xm 108 Xe. 108 = aT A) 
282°1 Tet23 9:08 2239 2334 428 0:767 
283°6 I°122 9°03 2227 2322 430 0°766 
291°6 I‘l1g 8-71 2148 2243 445 0758 
299°! ‘116 8°51 2098 2193 455 0:758 
307°0 I‘II4 8-31 2049 2144 466 0758 
BESO 1-110 8-23 2029 2124 472 0-768 
323°5 1106 8-00 1972 2067 484 0°765 
328-6 I°I03 7°83 IQ31 2026 493 0-760 
331°5 I‘IoI 7°80 1923 2018 495 0-762 
334°4 I'099 7°74, 1909 2004 499 0°763 
336°9 I'0Q7 7°70 1898 1993 502 0°763 

Table 4 
CeCl,.6H,O; c=0°2247; dags*= 1'234; A= + 48°7. 
: 
I 

AE (aK d VeelOr Le LOe Sanity! = Xe (T+A) 
281°7 1'239 8:86 2185 2280 439 0°753 
288°1 1°2365 8-78 2165 2260 442 0-761 
288°5 1°2365 8°78 2165 2260 442, 0°762 
289°3 1236 8°71 2148 2243 446 0'758 
289°4 1°236 8°70 2145 2240 446 0°757 
290°8 T2345 8-67 2138 2233 448 0°758 
293°1 I°234 8-64. 2131 2226 449 0-761 
294°8 1233 8:58 2116 2211 452 0°759 
2988 1242, 8°43 2079 2174 460 0°756 
302°0 I°231 8-40 2071 2166 462 0°760 
316°9 1'223 7:97 1965 2060 485 0°753 
319°7 i228 7°06 1963 2058 486 0'758 
324°2 1:218 7°85 1936 2031 492 0°'757 
331°5 1'213 77% I9OI 1996 501 0°759 
332°0 1-253 7°69 1896 1991 502 0°758 
336°6 I'210 E2, 1853 1948 513 o'751 

1°207 TAT 1842 1937 516 0°755 
I°205 7°48 1845 1940 515 0°760 
1°203 7°32, 1805 1900 526 o-751 
I'202 741 1827 1922 520 0-762 
I°200 gfeyg] 1817 1912 523 0763 
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Table 5 
CeCl,.6H,O; ¢=0°37503 dog? =1°453; A= +63. 
IE (OA) d V,610° FP Rae 7¥,210° = Xe-(T +A) 

c 
283°7 1°453 8-62 2095 2190 
292'5 1°449 8°42 2076 2171 
307°6 I°441 8-o1 1976 2071 
3168 1°437 7°88 1943 2038 
322°6 1433 i a 1902 1997 
32571 1°432 7°79 1898 1993 
339°3 1°424 7°38 1819 1914 

Table 6 
a 
Hy OT 
e - | 14°07 VT +A). x0 

rT +45°0 | 12°26 

"762 + 46-4 12°28 

0°757 +48-7 | 12°24 

o772 + 63:0 / 12°36 


Figure 2. Variation of 1 /x_ with temperature and concentration. p=0'0857 O; 


p=0°2247 A; p=0'3750 ©. 
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bility and the corresponding effective magneton number are a function of the con- 
centration. The fact that, for the high magnetic dilution corresponding to c=0-0857, 
A has the value 45 shows that the molecules of the solvent itself exert an appreciable 
influence on the magnetic carriers. 

For the four solutions investigated, C has been found to be constant within 1-5 
per cent, its average value being 0-762. 

It must be noted that a similar change in the Curie point without a corresponding 
change of the Curie constant has been observed also on neodymium compounds by 
Selwood®? who found that A, as in the present case, is a function of the con- 
centration. 

If we calculate the effective magneton number at room-temperature as defined 
by the relation p,=14:07 »/(x, 7), the following values are found: 


Moles per litre H, at 19° C. 


0°56 I1‘41 
iz TI'27 
2°21 Ir‘16 


The value corresponding to c=0-1240 is in good agreement with the ionic magneton 
number, ,=11-8, given by Cabrera from measurements at room-temperature on 
the solid sulphate. As a whole the numbers obtained are much smaller than the 
theoretical numbers given by Hund and by Van Vleck (respectively 12°5 and 12-7). 
It is noteworthy that if the magneton number is deduced from experiment by using 
the modified form of the above formula 


w= 14°07 V {Xe (T+A)}, . 


a value is obtained for jz, which is independent of the concentration and the tem- 
perature and is equal to 14:07 »/0°772 or 12°36. ‘This last result is in good agreement 
with Hund’s theoretical value 12:5; however, one must bear in mind that the 
theoretical value has been computed with the assumption that there is no molecular 
field, and consequently this is only a spurious agreement. 

As the range of temperature available for aqueous solutions is very limited, 
further experiments are being made on solutions of CeCl; in other solvents. Some 
measurements are being made also to evaluate the molecular field constant in solid 


compounds of cerium. 
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ABSTRACT. The magnetic susceptibilities and electrical conductivities of cobalt, nickel 
and palladium and of their alloys with copper, silver and gold are discussed on the basis 
of the quantum theory of metals. It is shown that the number of electrons in the outer- 
most s state must be about 0-6 per atom in the transition metals and one in the noble 
metals; certain magnetic properties of the alloys are explained on the basis of this fact. 
A quantum-mechanical explanation of the relatively high resistance of the transition 
metals is given and is shown to be supported by measurements of the resistance of alloys. 


§1. INTRODUCTION 


IGNER AND SEITzZ™ have recently shown that the quantum theory is 
\ x / capable of accounting quantitatively for the cohesive forces in a typical 
metal (sodium); the purpose of this paper is to give a qualitative dis- 
cussion, based on the same theory, of some properties of the transition metals and 
in particular of the elements nickel and palladium, which come immediately before 
copper and silver in the periodic table. After an introductory discussion of the 
electronic structure of these metals and a comparison between the binding forces 
of nickel and copper, we shall consider (i) the saturation moments of the ferro- 
magnetic metals and alloys, and the reason why they are not equal to integral 
numbers of Bohr magnetons per atom (§§2 and 3); (ii) the paramagnetism of 
palladium and of its alloys with copper, silver and gold (§§ 4 and 5); and (iii) the 
electrical conductivity of the transition elements, and the reason for their low con- 
ductivity as compared with that of the noble metals. The resistance of alloys of the 
transition metals with copper, silver and gold is also discussed (§ 6). 

To obtain an approximate solution of the Schrédinger equation for the electrons 
in a metal we may start from one or other of two models; we may picture the 
electrons as bound to individual atoms (method of Heitler and London and of 
Heisenberg) or we may think of them as belonging to the crystal as a whole (method 
of Bloch). It is to be emphasized that these two models do not correspond to 
different physical states of the crystal; both lead to wave functions of the whole 
system which are approximations to the true wave function. Insulators, as well as 
conductors can be treated, to a certain degree of approximation, by the use of either 
model, In this paper we shall use that of Bloch not only for the outermost s 
electrons, which are responsible for the cohesion and for the conductivity, but also 
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for the d electrons in the incomplete shells, which are responsible for the ferro- 
magnetism of nickel and for the high paramagnetism of palladium. We do not, 
of course, consider that the Bloch approximation is the better of the two when the 
overlap between the wave functions of two atoms is as small as it is for, say, the 
3d states of nickel’? ; we use it because with this model one may include, in the 
zero order of approximation, the possibility that an atom may be ionized, or may 
contain a non-integral number of electrons.* To take these possibilities into 
account in the Heisenberg model would be much more complicated. 

In the Bloch approximation, each electron is described by a wave function vy, 
which is a solution of the Schrédinger equation 


2 
ks V? dct (Lx—V) fe =0 


where V is the potential of a periodic field extending throughout the crystal. The 
subscript k denotes the state of the electron; owing to the exclusion principle, not . 
more than two electrons may be in each state. The allowed energies Ex lie in zones 
or bands; if the atoms are a long way apart, the zones are extremely narrow, but 
as the atoms are brought nearer together the zones broaden out and may overlap. 
Each zone corresponds to a stationary state of a single electron in the field of the 
isolated atom; the number of states in any zone is always equal to the statistical 
weight of the atomic state to which it corresponds, multiplied by the number of 
atoms NV, in the crystal. For the transition elements we are interested in the bands 
which correspond to the ms and (m—1) d states of the free atom, » being the principal 
quantum number of the outermost s electron, i.e. 4 for nickel and 5 for palladium. 
The ns band contains one state per atom and the (m—1) d band five. Two electrons 
may be in each state. Since these elements have 10 electrons which must be shared 
between the two bands, and since the ferromagnetism shows that in nickel at any 
rate the 3d band is not full, it is clear that the two bands must overlap. 

In the elements nickel, palladium and platinum the states with the electron 
configurations {(m—1) d}° and {(m—1) d}* (ns)! have energy differing by an amount 
considerably less than the binding energies of the crystals (approximately 4 electron- 
volts per atom). The energies are given in table 1 in electron volts. 


Table 1 


Nickel Palladium |} 


Platinum 


Energy required to raise atom from the 
lowest state with the configuration 
{(m— 1) d}* (ns) to that with {(m— 1) d}"° 


—o'81 


I°4 0°76 


* Cf., for example, the work of H. Jones on alloys which obey the Hume-Rothery electronic 
rule, reference (3). 

+ The simplified model with which we are working does not include exchange forces, and there- 
fore from our point of view the singlet and triplet states of given quantum number in, for instance 
a two-electron system must be regarded as the same state. ; j 


} The {(m—1) d}8 (ns)* configuration, which is the lowest f fi i i 
importance in the metal, as will appear below. iol gitiseaer en! rt =P 
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Thus the work required to take an electron from the s state to the d state is 
small and, in so far as it is legitimate to refer to the energy of a single electron, we 
may say that the energy of an electron in the (m—1) d state is nearly the same as 
in the ns state. 

: For our discussion of the transition metals the essential assumption is that the 
interaction energy between the d shells of neighbouring atoms is small. As has been 
pointed out by Slater this is probable, because the overlap between the wave 
functions is small. The d band will therefore be narrow (less than 1 e-V.) and its 


Nickel 


CSS 


Figure 1. Density of electronic states N (E) as a function of the energy E for a transition metal 
(nickel) and noble metal (copper). The shaded areas represent occupied states. The total number 
of states, N (E) dE, is 5Na in a d band and Ny in an s band, where N, is the total number of 


atoms. 


mean energy will not be displaced very much from the position of the d state in 
the free atom. The s electrons will therefore be responsible for nearly all the cohesion. 
The number of electrons in the s band will not change with temperature, except 
by a small quantity of the order of magnitude k7/(binding energy per atom). 

We denote by N (£) dE the number of states in a given band with energy 
between E and E+dE. Figure 1 shows the general form of N (£) plotted against F 
for two such metals as nickel and copper which, having nearly equal atomic volumes 
so that they are adjacent in the periodic table, probably have similar internal fields. 
There are five times as many states in the d band as in the s band. In copper the 
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3d band is full* with ro electrons and the 4s band half full with one electron per atom. 
In nickel, with one electron fewer, there will be a certain number p of ee per 
atom in the s band and an equal number p of positive holes in the d band. I rat 
assumes that the energies of the bands in copper and nickel are the same, it is clear 
from the figure that p is less than unity, i.e. that nickel will have fewer s oa 
than copper. If copper is alloyed with nickel we should on the basis of this mode 
expect that the number of s electrons will increase only very slightly with increasing 
copper content until the d band is full, when the ratio of the number of copper to 
that of nickel atoms will be p:(1—p). In the next sections, we shall refer to the 
abundant experimental evidence showing that this is so, and that analogous results 
hold for palladium alloyed with noble metals. 


Figure 2. Energy E of the electrons in copper, as a function of the atomic radius r, calculated by the 
method of Wigner and Seitz. The unit of energy is the ionization potential of hydrogen; (I) the 


energy of the lowest s state; (II) the energy of the occupied state with maximum energy; 
(III) the mean energy of the electrons. 


The considerations of the next section show that for nickel the number p of 
electrons in the s band is about 0-6 per atom. In order to gain a better under- 
standing of the energies involved, we have carried out a Wigner-Seitz calculation 
for the neighbouring element copper, using the atomic field calculated by Hartree. 
We have only made the calculation to the degree of approximation adopted in 
Wigner and Seitz’s first paper, and have therefore made no allowance for the 
correlation between the positions of electrons either with parallel or with anti- 
parallel spin; and we have made no allowance for the effect on the 3d electrons of 
the alteration in charge-density of the 4s electron. The Fermi energy was calculated 
by a method similar to that of Slater and found to be about 1-4 times greater 
than the value given by the Sommerfeld formula. 

The results of this calculation are shown in figure 2. The curve (1) gives the 
energy of the electron in the lowest state, (II) that of the electron in the highest 

* The considerations set forth in this paper show that if this were not the case copper would 


have the low conductivity and large magnetic susceptibility characteristic of a transition metal. 


+ Further evidence of the existence of unoccupied d states with large values of N (BE) is afforded 


pie work of Veldkamp (5) on the fine structure of L-edges in the X-ray absorption spectra of Ta 
an : 


a on erate 
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state, and (III) the mean energy—i.e. the energy of the lattice. The abscissae r are 
defined by 


4qr°=the atomic volume. 


The calculation gives r= 3-15 atomic units, as against an observed value 1 = 2°66, 
and a binding energy 0-14 Rydberg units, as against 0:25 observed. The agreement 
with experiment is not good, but the calculations illustrate our point that the 
electrons with maximum energy have greater energy than in the free atom, so if 
the 3d shell had in it any vacant places of energy about the same as in the free 
atom (shown by the horizontal line), the electrons would be in a state of lower energy 
if they occupied those places. 

If these ideas are correct, we should expect the binding energies of nickel, 
palladium and platinum to be greater than those of copper, silver and gold. The 
values in table 2 are given by Grimm and Wolff”. 


Table 2. Binding energies (kilocal./gm.-atom) 

Nickel IOI Copper 76 

Platinum 122 Gold 83 
The fact that the work function of all metals is less than the ionization potential 
of the free atom shows that the top electrons of the Fermi distribution are con- 
tributing a negative amount to the cohesion, and will go into the 3d shell if there is 
any room there. From the considerations given above, we should expect the 
difference between the work function and the ionization potential to be Jess for the 


transition metals than for the noble metals. The values observed are given in 
table 3. 


‘Taple-3 
Work function Tonization 
(e-V.) potentials (e-V.) 

Nickel 5°O1 Gass 
Copper 4°38 7°68 
Palladium 4°96 fae 
Silver 46 GBS 
Platinum 6°3 8-9* 
Gold 48 9:2 


§2. SATURATION MOMENTS OF THE FERROMAGNETIC ELEMENTS 


It is a well known fact that the saturation moments of ferromagnetic elements 
do not correspond to integral numbers of Bohr magnetons ef/2mc per atom. 
The saturation moments for the three ferromagnetic elements® are as shown in 
table 4. 

It is generally recognized that the ferromagnetism is due to 3d electrons. From 
the point of view of the Bloch theory there will exist in the solid a band of statest 


* The values given are the energies required to ionize an atom in the lowest state having the 
configuration {(n—1) d}? ns’. 
+ Cf. figure 1. 
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corresponding to the 3d states of the atom, and another band corresponding to the 
4s; in nickel the bands must certainly overlap, or the 3d shell would be full and the 
4s band empty, and the metal would be an insulator. There will thus be for each 
metal a certain number p of electrons per atom in the s band, and 10—p, 9—p, 8—p 
in the d band for nickel, cobalt and iron respectively. 

Bloch, and more recently Wigner have discussed ferromagnetism starting 
from the model used here; they have shown that under certain conditions the 
exchange forces may be such that the state of lowest energy is reached when 
some of the electrons have their spins uncompensated, i.e. when more spins are 
parallel to a given direction than are antiparallel. 


Table 4 
Saturation intensity 
Element per atom (units of 
eh/2mc) 
Tron a 
Cobalt 7 
Nickel 0-6 
Table 5 
Number of electrons 
per atom in 4s band 
Nickel 0-6 
Cobalt I-7—I1=0°7 
Iron 2°2—2=0°2* | 


We must now enquire why it is that the state of lowest energy is reached when 
(in nickel) 0-6 electron per atom have their spins uncompensated. There are two 
possibilities ; either a balance is then reached between the exchange forces and the 
Fermi force,f so that the total energy of the 3d electrons is then a minimum with 
respect to the magnetic moment; or all states in the 3d shell with given spin- 
direction are then full. The former assumption has been made by Stoner;{ if, 
however, it is correct, the work required to reduce the intensity of a saturated 
magnet by an amount 8/ is proportional to (8/)?, instead of to 8/, as in the Weiss 
theory; the first assumption therefore leads at low temperatures to a very rapid 
decrease of magnetization with increasing temperature, and is thus incompatible 
with the observations. We therefore assume the second alternative to be true. 
The work done in decreasing the magnetization by 85J is then proportional to 8/, 
as in the Weiss theory, except in so far as electrons may make transitions from the 
4s to the 3d band; but since the mean kinetic (Fermi) energy E; of a 4s electron is 
of the order of magnitude of 6 e-V. and increases rapidly with the number of 4s 


For iron this conclusion can hardly be accepted, since 02s electron is too few to account for 


the bindi i i i 
Eee Ha rane Probably the d band is split by the structure of the crystal, and one of the sub- 


t I.e. the force which keeps the electron spi i i 
Mca tecisnnecren cae spins antiparallel in normal metals. 
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lectrons (see below), the number which can make such a transition is of the order 
of magnitude kT/E, and is therefore negligible. 
| We thus deduce that the saturation intensity is the maximum possible for the 
umber of positive holes left in the 3d band. The number p of electrons in the 4s 
and is therefore as shown in table 5 for the three elements. 

We shall see in § 4 that palladium like nickel and cobalt has also about 0-6 
lectron per atom in the outer s band; the evidence for platinum is less definite. 


§3. ALLOYS OF NICKEL AND COBALT WITH OTHER METALS 


The theory given above accounts at once for the remarkable results of Alder”, 
ho has found that in the copper-nickel alloys, which have a face-centred cubic 
tructure over the whole range, the saturation moment at low temperatures is 
ecreased by one Bohr magneton for each copper atom which replaces a nickel 
tom in the lattice. This rule has been verified up to 40 per cent of copper; by 
xtrapolation the saturation intensity will reach zero for an alloy containing 60 per 
ent of copper, and 40 per cent of nickel. Sadron”” has found, moreover, that in 
the alloys of nickel with zinc, aluminium and tin, the replacement of a nickel atom 
by an atom of one of the three elements mentioned decreases the moment by approxi- 
mately two, three and four Bohr magnetons respectively. 

On the model given above, this is to be explained as follows. In all these alloys 
the maximum binding energy will be obtained when the number of electrons 
in the 4s band is about 0-6 per atom, as for nickel. The extra electrons will therefore 
go into the 3d band, as long as there is room for them there. But in the 3d band, 
at low temperatures all the states with spin parallel to the direction of magnetization 
are already occupied (hypothesis of § 2). Therefore the electrons must go into states 
having the opposite spin. Thus if a nickel atom is replaced by an atom of copper, 
zinc, aluminium or tin, the saturation intensity of magnetization will be decreased 
by one, two, three or four Bohr magnetons as the case may be. 

This explanation does not necessarily imply that the 3d shells of copper, 
zinc, etc., are to any extent ionized when alloyed with nickel. In zinc, for instance, 
the 3d levels are much lower than in nickel, and so the 3d band will split into two; 
wave functions corresponding to energies in the lower band will be small except 
in the neighbourhood of zinc atoms. If the number of zinc atoms is Nyx and of 
nickel atoms Ny (1—%), the number of states in the lower and upper bands will 
be 10N, x, 10Ny, (1—*) respectively. The lower band will always be full, so that 
the mean magnetic moment in the neighbourhood of a zinc atom is zero. 

We have seen that cobalt and nickel have about the same number of 4s electrons. 
Experiment* shows that the saturation intensity of cobalt-nickel alloys plotted 
against atomic composition gives a fairly straight line. This shows that the number 
of 4s electrons remains between 06 and o-7 throughout the range, while the 
magnetic moment of the 3d shells remains as great as the number of positive holes 


allows. 
* Cf, reference (8), p. 532. 
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Sadron”) finds that the replacement of one nickel atom by an atom of man- 
ganese increases the magnetic moment by three Bohr magnetons, this finding being 
valid up to about 6 per cent of manganese. ‘This is to be expected, because manganese 
has three less electrons than nickel, and, assuming always that the firmest binding 
(lowest energy) occurs with 0-6 electron in the 4s band, the replacement of a nickel 
atom by one of manganese will decrease the number of electrons in the 3d band 
by three. If as many electrons in the 3d band as possible have their spins paralle 
to the field, Sadron’s result follows. 

On the other hand, it is not easy to see why the addition of manganese to cobali 
decreases the moment. 

The addition of palladium to nickel leaves the saturation moment unchanged 
up to about 50 per cent of palladium. This shows that in these alloys the numbei 
of electrons in the s band is also about 0-6, as for nickel. Similarly, the addition o 
palladium or platinum to cobalt gives a curve for the saturation moment very li 
that of cobalt-nickel; the cobalt-palladium alloys have a saturation moment a 
o:s Bohr magnetons per atom of both kinds even for only 15 per cent of cobalt? 


§4. PARAMAGNETISM OF PALLADIUM AND PLATINUM 


The transition metals palladium and platinum have paramagnetic susceptibilities 
which vary with temperature much less than a normal paramagnetic substance b 
are large compared with those of the other metals. This paramagnetism is certainly 
due to the uncompleted shells: definite evidence to this effect is given below. We 
consider it extremely improbable that orbital motion is responsible for any significan 
part of the susceptibility ; the gyromagnetic effect shows that in the ferromagnetics 
even above the Curie point“), the magnetism is at any rate mainly due to spin, and 
thus that the interaction between the spins is sufficient to quench the orbital motion 
Now Slater has pointed out that the overlap for the incomplete d shells is Jess fo 
the ferromagnetic than for the similar non-ferromagnetic elements. We should there 
fore expect, a fortiori, that the orbital motion would be quenched for the non 
ferromagnetic elements. 

We shall therefore assume that the paramagnetism is a spin paramagnetism. 
Pauli“ has given a theory of the paramagnetism of free electrons, which may be 
modified* to apply to the case when the electrons move in a periodic field. The 
formula for the susceptibility y is 


X= 2p? N (Emax) p=eRfome- nae (1), 


where N (Emax.) is the number of electronic states per unit energy range at the 
surface of the Fermi distribution—i.e. in the occupied state of highest energy 
Since NV (E) is very large for a narrow band, one can always obtain agreement witll 
experiment by assuming the breadth of the band to be sufficiently small. 

We shall make an estimate of the breadth of the band for palladium, assuming 


“* Cf. Sommerfeld and Bethe, reference 
+ Cf., for instance, reference (16). (4), Dp. 473. 
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that the d shell is full except for 0-6 electron per atom. At the head of a band N (£) 
will have the form* 
NG) SAEs LE) eee ee Stes? (2), 
E, being the energy of the highest state in the band. 
Now the number 2 of positive holes per unit volume is 


Eig : 
% N (E) dE= e (E>—Emax.J® wen (3). 
Hence, by equation (1) 2A), 


With n equal to 0-6 (atomic volume) this gives for the energy interval between the 
surface of the Fermi distribution and the top of the d band 

Pee Eee OOS CSV, ine (4). 
Since we have at present no a priori knowledge of the breadth of the band, it is 
not impossible that it should be as narrow as this. On the other hand, the specific 
heat of the free electrons is given, according to the usual theory, byt 


2 
a = N (Emax. k? T, 


so that, if in palladium and platinum the large paramagnetism were entirely due 
to a large N (E), there would be a considerable contribution to the specific heat 
from the d electrons. The relation between the specific heat and the susceptibility 


would be re 
(ae e ol ce ero (5); 
which gives for palladium (y=64:10-°) and platinum (y=28-10-°) the values 
0-009 T and 0-004 T, in calories per gram atom. Such large values are incompatible 
with the experimental observations, since they give, for palladium at room tem- 
peratures, a specific heat greater than R from the electrons. 

We therefore conclude that, for palladium and platinum, the density of states 
N (E) for the d band, though considerably greater than for free electrons, is not 
sufficient to give the observed paramagnetism, but that the latter is due to an 
» exchange force of the same type as is responsible for ferromagnetism. We shall 


therefore assume Vo Eee) ies (6), 
where A is in general greater than unity, and depends in some unknown way on the 
distance apart of the atoms. 


§5. PARAMAGNETIC SUSCEPTIBILITY OF ALLOYS OF PALLADIUM 
WITH COPPER, SILVER AND GOLD AND OF PALLADIUM 
SATURATED WITH HYDROGEN 


Experiments have been carried out by Svensson"? on themagnetic susceptibility 


of the copper-palladium and silver-palladium alloys, by Vogt on gold-palladium, 


* Cf, Sommerfeld and Bethe, reference (@); D473: Tp ets reference (4), P. 430. 
t Note added in proof. Keesom and Clark 32) have recently found for nickel below 4 K. a value 


for the specific heat of 0-0019 T, which suggests that E,)— Emax. is about 0-2 e-V. for this element. 
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and by Aharoni and Simon“ and by Svensson on palladium saturated with 
hydrogen. If our interpretation of the paramagnetism is correct, the effect on the 
susceptibility of substituting an atom of a noble metal is twofold; by altering the 
interatomic distance the exchange forces, and hence A in equation (6), may be 
changed; and by filling up the d band N (Emax.) will be decreased. Since we are 
not in a position to calculate A, we shall discuss the change in N (Emax.). 

For any nearly full band of a pure metal, N (Emax.) is equal to the cube root* 
of the number of unoccupied ‘‘holes” in the band considered (4d for palladium). 
If we assume the same to be true for the alloy, this would give us, for an alloy 
consisting of Nx atoms of copper, silver or gold and N (1 —) of palladium, 


N (Emax.) = const. x (p— sy eee (7), 


where p is the number of positive holes per atom in pure palladium. On the other 
hand, as explained in § 3, if the d levels have different energies in the two atoms 


N (E max,) 


0 
x ——> 0-6 


Figure 3. The density of states at the surface of the Fermi distribution (I) from equation (7); 

(I]) from equation (8). ’ 
concerned, the d band will split into two, and only the upper band, corresponding 
to the 4d states of palladium, will have positive holes. In this case, the number of 
positive holes per palladium atom is 

I—x’ 
and hence for N (Emax.) we should write 
—x\} 
N (Emax.) = const. x (1 —x (= 
(Emax.) ( ) ere (8), 


N ees according to equations (7), (8) is illustrated in figure 3 with p equal to 
0-6, 

This formula, moreover, is only accurate if the palladium atoms are arranged 
in a regular way in the crystal—i.e. if they form a superlattice, which is not in 
general the case. For a random distribution of the palladium atoms, we should 


* This is easily seen from equations (2) and (3). 
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expect the upper limit of the band to be less sharp. In consequence, N (Emax.) 
will not disappear so suddenly with increasing x as equations (7) and (8) suggest.* 
In the case of hydrogen dissolved in palladium, it is probable that the hydrogen 
atoms give all their electrons to the 4d levels of palladium, since the proton does 
_ not replace a palladium ion in the lattice. ‘Thus for Ny hydrogen atoms dissolved in 
N atoms of palladium, we shall have 


N(Emax.)=const.(p—yJB sates (9). 
Figure 4 shows the observed susceptibility of palladium-silver plotted against « 
(where 100x is the number of silver atoms per 100 atoms of both kinds), and of palla- 
dium-hydrogen against y (where rooy is the number of hydrogen atoms per 100 
palladium atoms). As the equations (8) and (9) lead us to expect, the susceptibility 


Xx i) 


0°5 1-0 


COL y= 


Figure 4. The full lines shows the susceptibility of palladium-silver, and the crosses the sus- 
ceptibility of palladium + hydrogen. x denotes the ratio of silver to atoms of both kinds ; y denotes 
ratio of hydrogen to palladium atoms. 


for palladium-hydrogen falls to zero more sharply. Neither curve follows at all 
» exactly the theoretical curve; this may be ascribed to the variation of the exchange 
force, and to lack of sharpness of the edge of a band mentioned above. 

We deduce that in palladium the number of 5s electrons per atom is about 
o-5.t That the number (0°5) of s electrons in palladium is less than for nickel (0-6) 
is to be expected, because in atomic palladium the (4d)" state is the lowest, whereas 
in nickel the (3d)" state is 1-4 e-V. higher than the lowest state with the configuration 
_ (3d) (48)!. Therefore in palladium more electrons will go into the d band. 

If the view given here of the absorption of hydrogen by palladium is correct, 


* Svensson (17) has found that for the copper-palladium alloys, where the susceptibility dis- 
appears at about 50 per cent of copper, the disappearance is sharper for annealed alloys in which the 
atomic arrangement is ordered than for quenched alloys, where the arrangement, as the electrical 
conductivity shows, is disordered. 

+ The relation between the disappearance of paramagnetism of palladium for 50 per cent 
noble metal or hydrogen, and the disappearance of the ferromagnetism of nickel for about the 
same amount of copper, was first pointed out in an interesting paper by Dorfmann (21). 


PHYS. SOC. XLVII, 4 37 
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the fact that palladium becomes saturated at the composition Pd,H is not to be 
attributed to the formation of a compound, as suggested by Linde and Borelius° 
and others. It must be interpreted as meaning that a hydrogen atom can only 
enter the lattice if its electron goes into the d shells of the surrounding palladium 
atoms, so that when these d shells are full, no more hydrogen can be absorbed. The 
saturation at a composition near Pd,H follows from the fact that palladium has 
about 0:5 positive holes in the d shell. 


§6. ELECTRICAL CONDUCTIVITY 


All the transition metals are comparatively poor conductors; the conductivities 
of nickel, palladium and platinum are compared below with the conductivities of 
the elements that follow them in the periodic table, namely copper, silver and 


old. 
: Table 6. Conductivity o (cm! Q2! x 10-4) at 0° C. 


Nickel 161 Palladium 10°3 Platinum Io2 | 
Copper 64°5 Silver | 66-7 | Gold 49°70 | 


According to modern theories, a perfect lattice has infinite conductivity ; but when 
the atoms are displaced from their mean positions owing to thermal motion, the 
electrons may be scattered and the metal has a finite resistance. 

In a recent paper? the author has compared the conductivities of the elements 
for equal mean displacement of the atoms from their positions of equilibrium; 
the results («/M?) are shown in table 7, © being the characteristic temperature. 


Table 7. o/M02? (arbitrary units) 


Nickel Oe Palladium 0°24 | Platinum —| O05 
Copper 1°05 Silver | 4-32 Gold 0-82 | 


In the paper quoted it was suggested that the scattering power of two ions, for 
given atomic displacement, would only differ by a few per cent for atoms near 
together in the periodic table, and having nearly equal atomic volume, such as for 
instance nickel and copper. It was therefore suggested that the difference between 
the conductivities of two neighbouring metals was due to the different effective* 
numbers of free electrons. Experimental results on the resistance of dilute solid 
solutions were quoted to show that this is the case for such metals as silver, cadmium, 
magnesium, etc., which have no incomplete shells. For nickel and palladium, 
however, we have found the actual number of electrons in the s band to be 0-6 
and o:5, and so the effective number of free electrons should not be less than half 
that for copper, silver and gold. The reason for the big difference in c/ MQ? must 
therefore be sought elsewhere. 

The positive holes in the d band make a certain contribution to the conductivity 
—1.e, they are free to move through the lattice. But since the atomic d wave functions 
* Cf. Sommerfeld and Bethe, reference (4), p. 378; or Mott 3), 
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do not overlap much, the positive holes will take a much longer time to move from 
one atom to the next than would be taken by an s electron, and so the contribution 
to the effective number of free electrons is small. The positive holes, however, 
will increase the resistance in the following way. The resistance of a metal is pro- 
portional, among other things, to the number of times per second an electron 1s 
scattered—i.e. to the number of times per second that it makes a transition from a 
state specified by a wave vector k to any other state k’. Now the probability for 
such a transition is proportionalft to N (Emax.), the density of states; for if N (EZ max.) 
is big, there are more states into which the electron can jump. In the transition 
metals, N (£) is big in the d band; and therefore electrons will jump more frequently 
from the s to the d band than from one s state to another. ‘The time of relaxation for 
such metals is therefore shorter, and the conductivity smaller than for the noble 
metals, in which only s—s transitions can take place. 

In order to convince ourselves of the truth of this hypothesis, we must show 
that the transition-probability from a given state in the s band to one in the d band 
is comparable with that between two states in the d band. The transition-probability 
between two states with wave functions ,, % is proportional to the square of a 
matrix element of the type] 3 


fdy-* (vr) grad V oy (7) dz, 
where V is the potential energy of an electron in the lattice. For dy, the wave 
function of the final state of the electron, we may take, to a sufficient approximation, 
the wave function ,”"1 in an unperturbed atom in the (m — 1) dstate. The perturbing 
energy, grad V, is the change in the potential due to moving an atom through unit 
distance from its position of equilibrium; the perturbing energy in the neigh- 
bourhood of any one atom will therefore be of the form 


f (r) cos 6. 


Therefore if were an s function (i.e. spherically symmetrical) the transition- 
probability would be zero. For a wave function at the surface of the Fermi dis- 
tribution, however, ?, will be of the form) given by 
Pe=Ap t+ Byrt+ Cpt terres (10), 
where #,, ,, fa are supposed normalized and have the symmetry of s, /, d wave 
functions with principal quantum number 1 and A>B=C. The transition- 
probability between two states in the s band will be of the order of 
| ABS $,” grad Vp,” dr |?, 

and between two states, one in the s band and the other in the d band, 

| | Bf pa" grad Vp," dr |°. 
These two expressions contain the same power of the small coefficient B, and may 


be taken to be of the same order of magnitude. A 
Evidence of the truth of the hypothesis that the high resistance of the transition 
metals is due to the large density of states, NV (E), in the d band can be derived from 


t Cf. reference (4), Pp. 512. 
37-2 


+ Cf. reference (4), P- 519+ 
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the electric resistance of the gold-palladium and silver-palladium series of alloys. 
Both have the face-centred cubic structure throughout the range of composition, 
and do not form a superlattice. 

The resistance of any disordered alloy is made up of two parts; the resistance Ry 
due to disorder, and the resistance R, due to thermal motion of the atoms. The 
latter may be taken to be given by 
dR 
aT 
In figure 5 we have multiplied the right-hand side by a constant differing slightly 
from unity, to obtain the correct resistance of the pure metal. 


Rat. 


Atoms of palladium (per cent) 


Figure = A alente of palladium-gold and palladium-silver alloys. The crosses denote the experi- 
ee % ues of R; for palladium-gold; curve (I) is drawn through these points. Curves (II) 
and (III) show the total resistance of palladium-silver at 20° C. and —273° C. respectively. 


. Since R, may be as little as one-tenth of the total resistance, its accurate estima- 
tion is difficult. Figure 5 shows the values deduced from measurements of the 
resistance and temperature coefficient due to Giebel®®, for palladium-gold. The 
behaviour of palladium-silver is similar.* . . 

According to our hypothesis, if palladium is added to gold, the number p of 
s electrons will decrease to a limiting value of about 0-55 at 45 per cent of palladium 
This should increase the resistance, but since the palladium ion has probably ied 
scattering-power than that of the heavier gold, we may expect the thermal part R 
of the resistance to remain roughly constant up to this composition. For less shat 
55 per cent of gold, however, the d band has vacant places in it, and we should 
expect R, to increase, and the increase in the resistance to be proportional to 
N(E max,)- As figure 5 shows, the variation of N (Emax.) that one deduces from this 
curve 1s very similar to that given by the paramagnetic susceptibility of palladium- 


* Since the total resistan i 
‘ , : 
Sane erlgpelices e Ro+R, is greater for this alloy, the experimental values of R; are 
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‘silver, figure 4. Again, the disappearance of N (Emax.) at about 50 per cent of 
silver is not so sharp as the theoretical equation (8) suggests. 

In figure 5 we show also the total resistance at room temperature of the silver- 
palladium alloys, and further the resistance at the absolute zero of temperature, 
_obtained by subtracting the observed values of TdR/dT. The curves for gold- 
palladium and copper-palladium are similar, but the maximum occurs nearer to the 50 
per cent composition. For the copper-nickel alloys” the dependence on temperature 
is complicated by the fact that the alloys are ferromagnetic, and the change in the 
temperature coefficient in the neighbourhood of the Curie point, which for about 50 
per cent of copper is in the neighbourhood of room temperature. At low tempera- 
tures, however, the measurements of de Haas and Krupkowski?7 show a curve very 
similar to that of figure 5 with the maximum at 45 per cent of copper. ‘The sharp 
maximum of the resistance curves is in sharp contrast to the resistance of, say, 
silver-gold or palladium-platinum at low temperatures, which follow a curve of the 


pes CCIE Ted ogee Oe en Nal come, (a1); 


with a much flatter maximum; cf. figure 6. 
We give in table 8 the increase AR in the resistance of the noble metals due to 
admixture of 1 per cent of a transition metal and vice versa.* 


Table 8. AR (uQ./cm?) 


Gold in palladium I'o Palladium in gold 0°407 
Silver in palladium 1:28 Palladium in silver 0°436 
Copper in palladium 1277 Palladium in copper 0°82 
Copper in nickel Tet Nickel in copper 1215 | 


As the author has pointed out in a previous paper 3), the scattering-power due 
to 1 per cent of a metal A in solid solution in B is the same as that due to 1 per cent 
_ of B in solid solution in A, and for pairs of metals of similar valency and structure 
(silver-gold or palladium-platinum), the increase of resistance AR is the same. If 
however atoms of a foreign metal can cause transitions from a state in the s band 
to the d band, we should expect AR to be much greater for, say, copper in nickel 
» than for nickel in copper. This is not the case, and, even for the silver and gold 
alloys with palladium, the difference is only such as may well be accounted for by 
the fact that silver and gold have one s electron per atom in the s band and palladium 
only about 0-5. It is known from other evidence that the s electron of copper 1s 
rather less free than for silver and gold,t so that the effective number of free 
electrons per atom is rather less than unity. We deduce that the transition pro- 
babilities from s to d states in the metal are small, probably smaller than the 
s—s transition-probabilities. This is to be expected for the following reason: the 
possibility that in a transition metal an electron will make a transition from the s 


* The values are due to Svensson (7) and Linde'?8), except for copper-nickel, where they are 


taken from (29). ee 
+ From the measurements of the optical constants (27), and also from the fact that o/MO? is 


less for copper than for silver, in spite of the smaller ion of copper and the larger number of electrons 
per unit volume. 
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band to a d state under the influence of an atom of copper, silver or gold in solid 
solution is proportional to 


[fygtt (vr) AV de (dr Pe (12), 


where #,"-! and ys, are defined above and AV is the change in the potential in the 
lattice due to the addition of an atom of copper, silver or gold. But this integral 
will only have a finite magnitude if the wave function pant of the final d state of the 
electron is finite in the region where AV is different from zero; 1.¢. in the immediate 
neighbourhood of the foreign atom. This will only be so if the d shell of the 
foreign atom is actually ionized, and we have seen in § 3 that this is probably not 
the case. Thus, so far as the resistance due to impurities is concerned, nickel and 
palladium behave like copper or silver or gold. 

On the other hand, this argument cannot apply to alloys containing comparable 
amounts of the two metals, because here AV must be taken to be the difference 
between the potential in the real lattice and the periodic potential which approaches 
most nearly to it'S”, and so will be finite in the nickel or palladium atoms as well as 
those of the noble metal. Hence scattering of the electrons from s to d states will 
occur, so that the resistance rises more steeply than it otherwise would for increasing 
concentration of the noble metal. 

This is the probable reason for the surprising sharpness of the maximum of 
the curve (III) of figure 5 as compared with that for silver-gold, palladium-platinum, 
EC. 

A quantitative theory may be given as follows. If V4 (7) is the potential energy 
of an electron in a palladium atom, and Vz (7) in an atom of copper, silver or gold, 
and if x is the concentration of the noble metal, then, according to Nordheim, the 
periodic potential which approaches most nearly to the true potential is 


V=(1 — x) Va + V3. 
The difference between this and the potential in a palladium atom is 
V—Va=x AV, AV=V3-Va, 


and since there are 1 —wx of them, the probability of being scattered by a palladium 
atom is proportional to 


(1—x) x? | fue AVthedr 
Similarly, the probability of being scattered by a silver atom is proportional to 
x (1 =x)? | foie AV pede |*. 


If now the d shells are full, we have simply to add these two terms, whence we see 
that the resistance is 


Bi(i—x) atte (1—a)}=Be(r—x) eae (13), 


where f is a constant, which is Nordheim’s result. 
If, on the other hand, the palladium atoms have incomplete d shells, the pro- 
bability of scattering by a palladium atom is greater than by a silver atom. Assuming 
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in rough agreement with the experimental results shown in figures 4 and 5, that 
for the d band N (Emax.) is proportional to 


(p a x)? x<p, 
and zero otherwise, we see that the resistance due to transitions of the electrons 
_ into the d shells is a (p—x)? x? (1 —x) (14) 
Ca ae Oh tr Pe ; 


where « is another constant. 

In figure 6 we show the two terms which contribute to the resistance ; curve (II) 
is calculated from equation (14); curve (I) has the general form of equation (13), 
but we have shifted the maximum slightly to the right to take account of the fact 
that palladium has fewer electrons than silver. It is seen that with suitable choice 
of the ratio « : 8, the general form of the experimental curve of figure 5 can be 
reproduced, curve (III). 


Tilia 


0 50 100 
Atoms of palladium (per cent) 

Figure 6. Theoretical curve for the resistance, at o° K. of silver-palladium alloys: (I) due to s—s 
transitions; (II) due to s—d transitions ; (III) total; (I) plus an arbitrary multiple of (II). 
The constants « and f cannot be calculated without a detailed knowledge of 

the wave functions. 

The experimental resistance curves show, however, that the effect of the d shells 
cannot increase the resistance by a factor of more than about two, as against a 
factor of five to ten for thermal agitation ; this may be explained by the fact that AV 
is spherically symmetrical in the neighbourhood of any atom, and so formula (12) 
may be written in the following form, which should be compared with equation (10): 


EU eA CN A a ees gee me (15), 
whereas the transition probability from one s state to another is 
[AR pe AV be dr |® tte (16). 


Since C <A we may assume the quantity (15) to be small compared with (16). 
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ABSTRACT. The present memorandum discusses methods of determining the electrical 
resistivity of the earth, particularly from the point of view of the correlation of a.-c. and 
d.-c. methods. Various experimental methods are discussed together with the theory of 
current flow in homogeneous and stratified media. The topics considered are illustrated 
from experiments made to confirm the Carson-Pollaczek formulae for alternating currents 
in the earth and from surveys made from time to time in connexion with the problem of 
telephone interference. Various alternative methods are recommended for use in different 
circumstances. 


§1. INTRODUCTION 


being telephone interference”, require a knowledge of the distribution of 
an electric current, generally alternating, in the earth. This depends among 
- other things on the electrical resistivity of the earth. The authors have accordingly 
been led to experimental investigation of various methods of determining this 
resistivity. Within certain limits it has been found possible to correlate values 
_ obtained respectively by a.-c. and by d.-c. methods, which had previously proved 
- adifficulty. Although the accuracy is adequate for the practical problems involved, 
the more fundamental aspects can be treated with only a relatively low degree of 
accuracy. he methods employed are described in this paper, together with field 
experiments which help to establish the Carson-Pollaczek theory for the dis- 
tribution of an alternating current in a homogeneous earth. 


A NUMBER of problems in electrical engineering, one of the most important 


§2. HOMOGENEOUS CONDITIONS 


Alternating currents with parallel flow. When an alternating current flowing 
in a line returns through the earth, the distribution of the return current depends 
largely on its inductive effects, as does the skin effect in large metallic conductors. 


* Report M/T 31 of the British Electrical and Allied Industries Research Association entitled 
‘Experiments relating to the Distribution of Electric Currents in the Earth”. 
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Maxwell’s electromagnetic equations are applicable to the problem in the following 

steady-state form: i. 
curl H=470E } 
curl E= —joH 


where o is the conductivity of the medium. From the solution of equations (1), 
a group of expressions is obtained which may be related to various eddy-current 
and skin-effect phenomena, as has previously been shown by one of the present 
authors“). In practice, when interference between electric power and com- 
munication circuits is concerned, the problem usually resolves itself into a deter- 
mination of the mean axial electric intensity along the communication line due to a 
given earth-return current flowing in the power line. Theoretical investigation of 
this problem is simplified by three assumptions, namely (i) that the earth is a 
semi-infinite homogeneous mass of uniform resistivity; (ii) that the current-flow 
in the earth is everywhere parallel to the disturbing line; and (ii) that the current 
in this line is constant throughout the section under consideration. 

The second assumption neglects the crowding together of the lines of current- 
flow at the points where the earth connexions are made, and so limits the strict 
application of the resulting formulae to sections of a long straight line remote 
from its ends. The formulae are further restricted in their application by the fact 
that displacement currents in the earth have been neglected, but recent work 
indicates that the effect of the latter only begins to be apparent at frequencies above 
60 kc./sec. In 1926, each starting with the above assumptions, F. Pollaczek® and 
J. R. Carson independently derived formulae for the self and mutual impedance 
of parallel earthed wires. The two sets of formulae may be regarded as limiting 
cases of the solution of equations (1), in terms of cylindrical and rectangular co- 
ordinates respectively. ‘Their equivalence corresponds to the expression of Bessel 
functions as Fourier integrals. For a given set of conditions, Pollaczek’s and 
Carson’s formulae give numerical results which are identical. 

The coupling between two parallel lines, being partly resistive and partly 
reactive, is best expressed in terms of a mutual impedance. This is the practice in 


America, but in Europe the coupling has always been given as a generalized co- 
efficient of mutual induction, thus 


; kei’! y—j ker’ 
M= -+4 eo ee (2),* 


where M is the generalized coefficient of mutual induction per cm. between the 
inducing and the induced line in c.g.s. units; 


y=x/(4770w) ; 
w is 27 times the frequency f of the inducing current; 
o is the conductivity of the earth in c.g.s. units; and 
x is the separation of the two circuits in centimetres. 
* ‘Tables of ker’ and kei’ functions are given with the British 


also as table 1 of ‘Bessel Functions for A.-c. Problems”’, 
elect. Engrs, pp. 812-20 (1929). 


Association Report of 1915, pp. 36-383 
by H. B. Dwight, Trans. Amer. Inst. 
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Although expressed as an inductance, M is a complex quantity, and is in reality 
the total mutual impedance per unit length divided by jw. 

Experiments were carried out on Shap Fells, Westmorland, with specially 
constructed lines and measuring apparatus contained in testing vans which had 
been loaned by the German Reichspost. The site was selected as being free from 
stray currents owing to its remoteness from other power systems, and also because 
there is a close and very long parallel in that neighbourhood between a Central 
Electricity Board 132-kV. transmission line and a main Post Office trunk route. The 
lay-out of the lines used for the tests is shown schematically in figure 1. A light 
V.LR. insulated and braided cable (3/0-029) was used for the primary line, which 
was 5 km. long. At first laid on the ground, this was later, owing to variations in 
its measured impedance, raised on 10-ft. poles, when consistent results were obtained. 
A cable containing one twisted pair of conductors within an earthed lead sheath 
was used to connect the line with the generators. Table 1 shows the results of 
impedance-measurements on the primary line after poling. The d.-c. resistance of 
this line with its earth plates was about 105 2. Approximately 70 Q. of this was in 
the line itself and the connexions to the testing point. 

The secondary lines were 3 km. long and consisted of light army field cable 
laid on the ground, at separations of 10, 100, 300, 1000 and 2000 metres from the 
inducing line. The secondary lines were terminated by lead earth plates, but a long 
length of buried copper strip was used at each end of the primary line. Owing to 
the rocky nature of the ground special precautions were necessary in order to 
reduce the resistance of all the earth connexions, and considerable quantities of 
salt were used for this purpose. 

In all the experiments the total mutual impedance Z between the lines was 
derived from a measurement of the induced voltage e on a secondary line for a 
given current /, in the primary line. The majority of the measurements were made 
with the Franke machine for the higher frequencies (2000 to 300 c./sec.) and a 
Larsen potentiometer for the lower frequencies (300 to 163 c. /sec.). A complete 
series was also made with the Campbell potentiometer for all frequencies. ‘The 
results obtained in this way agreed very well with those obtained by the other 
‘methods. 

The Franke machine is essentially a generator having two armatures, the 
e.m.fs. generated in which can be varied in magnitude and phase with respect to 
one another. The circuit is shown in figure 2. A current of about 1 A. was supplied 
to the primary line from the lower (phase) armature through an amplifier when 
necessary. For tests at the highest frequencies a series condenser, set to yield 
resonance with the inductance of the line at the test frequency, was used to increase 
the current in the primary line. The upper (amplitude) armature of the Franke 
machine was connected to a potentiometer, and the measurements were then 
made as follows. The resistance R, in series with the ammeter in the primary line 

‘being set at some suitable value, of the same order as 4, for each series of tests, the 
phase angle ¢, between the two armatures and the setting of the amplitude armature 
were varied until the potential-difference across some convenient fixed value 7 
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Figure 1. Map of test site and lines at Shap. 
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on the potentiometer was equal and opposite to that across R. The potential- 
difference across the resistance R was then replaced by the induced voltage in 
the secondary line, and the fraction tapped off the potentiometer resistance r. and 
the phase angle 4, were varied until balance was obtained. Then 
.: Z=(rolry) R 

‘since the current in the primary line and that in the potentiometer were the same 
for the two measurements. The phase angle between the induced voltage and the 
inducing current is given directly by (¢,—¢,). A telephone was used to determine 
the conditions of balance, the filter shown in figure 2 being adjusted to cut off all 
harmonics of the test frequency. 
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Upper 
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Figure 2. Franke machine method used for measurements at high frequencies. 


The Larsen potentiometer circuit is shown in figure 3. A measured current J, 
of about 1 A. was fed into the primary line from one of two small motor alternators 
having complementary frequency-ranges. As the secondary of the variometer was 
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Figure 3. Larsen potentiometer used for measurements at low frequencies. 


virtually on open circuit when balance was obtained, the voltage induced in it 
was 9o° out of phase with respect to the current in the low-resistance slide wire. 
The induced voltage in the secondary line was balanced by varying the position of 
the slide-wire contact for the in-phase component, and by adjusting the variometer 
for the out-of-phase component. If 7 is then the slide-wire reading and m the 
mutual inductance between the two coils of the variometer 
Zana (fet wm) 6 sano (4), 

# being the known transformation ratio of the transformer in the primary line. 
é is given by arc tan wm/r. A vibration galvanometer, tuned to the frequency of 
the inducing current, was used as a detector. 

The Campbell-Larsen potentiometer shown in figure 4 is a modification of the 
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meter just described. By incorporating the loop shunt 
the current in the primary of the mutual inductometer 
nt in the resistance portion in such 


Dees 


simple Larsen potentio 


shown diagrammatically, 
can be varied with respect to the reference curre rtion 
a way as to enable the out-of-phase component of the measured potential-difference 


to be read off directly in volts. This potentiometer has been found suitable for 
tests at all frequencies. Current at the lower frequencies was supplied to the primary 
line from a small alternator through the primary of a transformer and appropriately 
fixed resistance R. A tuned galvanometer was used as detector. For the higher 
frequencies the Franke machine was used as a generator. One armature (with 
amplifier if necessary) supplied current to the primary line, the other providing the 
reference current for the potentiometer. A telephone was then used to indicate 
balance. In both cases the potential-difference across the resistance R was first 
measured, then the induced voltage in a secondary line. If V,,, Vm, and V,,; Vins 
are the potentiometer readings (1) for the voltage across R, and (2) for the 
induced voltage, then 
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Figure 4. Campbell-Larsen potentiometer used for tests at all frequencies. 


and the phase angle between the induced voltage and inducing current is equal tc 
(arc tan V,,/V,,—are tan V»,/V,,). 

Measurements were made for each of the five secondary lines at the following 
frequencies: 2000, 1600, 1200, 800, 600, 400, 300, 200, 140, 100, 65, 45, 30 amc 
162 c./sec. Repetition of the measurements at the lower frequencies gave result: 
which agreed, but some difficulty was experienced in obtaining such agreement a 
frequencies between 600 and 2000 c./sec. It was shown later that the insulate: 
cable used for the secondary lines had a large variable earth-capacity under changin 
weather conditions. This had a complex effect on the measurement owing to th 
joint effects of capacity leakage and capacity coupling. The mean values for a give’ 
frequency and separation were consistent, and are shown on figure 5. 

By virtue of equation (2) the conductivity of the earth, assumed to be uniform 
may be deduced from the coefficient of mutual induction. Measurements made 2 
frequencies below 100 c./sec. being neglected, the results obtained from th 
secondary lines at 300, 1000 and 2000 metres separation (Cc, Dd and Ee on figure 1 
are consistent with an earth conductivity of 4-5 x 1o-™ c.g.s. u., ie. a resistivit 


_of 222,000 Q.-cm. For the lines at 10 metres and 100 metres separation (Aa an 
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Bb) slightly higher values of the conductivity, equal respectively to 6-5 x 10-15 and 
5°5x 107° c.g.s. u. (corresponding to resistivities of 150,000-180,000 Q.-cm.) 
would have given better agreement with the observations. At close penarrccne, 
however, variation in the earth-conductivity does not so greatly affect the coupling 
between two lines, and the value of the conductivity may be altered without causing 
much change in the theoretical value of the coefficient of mutual induction. 

Assuming a uniform conductivity equal to 4:5 x 10-* c.g.s. u. for all the lines, 
the theoretical variation of the mutual inductance with frequency is shown on 
figure 5. For all the lines there is fairly close agreement between the measured 
values and the calculated curve from 2000 to 100 c./sec. At lower frequencies 
the observed values were greater than those given by the theory. This was due to 
the primary line being of finite length, and is discussed later. 


Mutual inductance (wH./km.) 


Frequency (c./sec.) 


Figure 5. Variation of M (mutual inductance) with frequency. O Measured value; 
——O--— experimental curve; calculated curve for o=4'5 xX 10°" c.g.s. 


Referring to equation (2), it is observed that the mutual inductance is a function 
of the separation multiplied by the square root of the frequency for a given uniform 
earth-resistivity ; so that, if plotted against this parameter, all experimental results 
should fall on one curve. That this was largely the case at Shap (apart from the 
correction due to the finite length of the inducing line) is shown by figure 6. It 
may be taken as a criterion of current-flow according to the Carson-Pollaczek 
theory. 

A further verification of the theory was obtained at Eltham where the earth is of 
low resistivity. Measurements were made with the Campbell-Larsen potentiometer 
circuit, already described, and with the lay-out shown on figure 7. In this case, 
however, the current was led into the earth from an underground cable and it was 
necessary to correct for the part of the current that returned in the sheath of the 
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eo ; ; 4 ; : 
cable and by adjoining buried conductors. The fraction varied with frequency and 
was determined experimentally by supplying current to the outer secondary line 
and comparing the induction from this with that from the cable. It was found that 
when the screening effect of the cable sheath was allowed for, the results from both 
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Figure 7. Map of test site and lines at Eltham. 


sets of experiments were consistent with one another and with theory, and with a 

ae of the earth equal to 1-5 x 10-8 c.g.s. u. or a resistivity of 667 Q.-cm 

e induction from the cable corrected for i lid 
the effect of t 

oe. he sheath is shown by 


Re far, attention has been confined to the longitudinal e.m.f., that is, the e.m.f 
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induced in a long straight conductor parallel to the inducing line. In addition to 
this, a search coil placed on the ground will have a transverse e.m.f. induced in it 
owing to the vertical component of the magnetic field. The transverse e.m.f. is 
proportional to dM/dx and if measured at different frequencies and separations 
will enable the resistivity to be deduced. Collard has developed this method and a 
publication describing it is anticipated. Collard obtained by this method a value of 
1500 {2.-cm. by displacements along the Shooter’s Hill By-Pass Road, figure 7, 


and a value of 1000 2.-cm. at the north-west end of the test section by displacements 
normal to the cable. 
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Figure 8. Mutual induction as a function of «+/f. 


Both the longitudinal and transverse methods can be and have been used to 
measure an unknown earth current of any suitable frequency by the variation of 
e.m.f. with separation from the source. 

Alternating currents with divergent flow. The lines of flow of an alternating 
current between two point electrodes is roughly indicated in figure 9. Between 
the broken lines is the region of parallel flow already considered. Outside the 
broken lines the flow is divergent and usually complicated. The problem has been 
treated by a number of authors and a solution by Foster in terms of Fourier 
integrations may be consulted. In practice, however, lack of uniformity of the 
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Figure 9. End effects with alternating current. 
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conditions has usually rendered the application of general theory uncertain. Certain 
approximations may sometimes be made. 

Referring to the tests carried out at Shap with the frequency of the inducing 
current decreased below 100 c./sec., the experimentally-measured total mutual 
impedance was divided into its resistive and reactive components, as indicated by 
the measured value of its angle. The resistance components have been plotted on 
figure 10. In the same figure the theoretical values of this component have been 
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Figure 10. Mutual resistance of lines at Shap—variation with frequency 


plotted for each of the secondary lines, an infinite primary line and a constant value 
of the earth conductivity equal to 4:5 x r0-" c.g.s.u. being assumed 

At 16§ c./sec., the measured values of the mutual resistance ers in excess of 
the ete values by the amounts shown in column 2 of table 2. Now a measure- 
aia cata the primary-line earth plates and those terminating 
nite eae pea made with direct current. The results are given 
Teena at eae : : gures in the two columns are seen to correspond 
ae s of experimental error. Thus in practice a limit to the error, 

roduced by divergent flow at the ends of the line, can be fixed experimentally. 
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Alternatively the mutual resistance R between the two sets of earth plates could 
have been calculated from the Wenner formula, thus 


rd 5 Sie (6) 

27 | Mg Gog Ay Ag 5; 

where current flows in the earth between points 1 and 2 and the potential difference 
is measured between 3 and 4. a,,, is the distance between two points m and n, 
and p the resistivity of the earth assumed to be isotropic and homogeneous. Actually 
it will be noted from table 2 that this last condition did not hold exactly for the test 
lines at Shap, where owing to some geological irregularity the earth-plate coupling 
between the primary line and sj9) was greater than that for either of the two nearer 
lines. Equation (6) applies strictly to direct current only, but can be used for 


Table 1. Impedance-measurements made on the inducing line. 
Length of line, 5 km. 


Impedance 
Frequency L R 
QO. $ (mH./km.) total (Q.) 
2000 239 By? Bie’ 2°rT 138°6 
1600 204 Eloy Ay Roe 129°6 
1200 165 Asa5 On 3°03 119 
800 134 330351 2°94 II14 
600 122°5 26° 40’ 2°91 109'5 
400 E132 19° 00’ 2°93 107 
300 III‘4 oa 2°91 108 
200 109 9° 45° 2°94 1074 


Table 2. Mutual resistance of earth-plate system. 


Mutual resistance (2.) 
; Excess measured 
Line over calculated Measured 
value at d.-c. coupling 
16% c./sec. 
Sio o'22 0°235 
Si00 0°24 0'250 
S300 0°28 0310 
S2000 oO'215 0°255 
$3000 oro 0°135 


alternating current in the absence of skin effect. Where skin effect can be avoided, 
the freedom of alternating current from troubles due to polarization and spurious 
ground potentials has led to its frequent use. Generally the problem is to determine 
p from a measurement of the mutual resistance between two pairs of electrodes. 
For convenience the four electrodes are uniformly spaced in a straight line, 1 and 2 
being at the ends of the line. If a is the spacing between adjacent electrodes, 


equation (6) reduces to (Dk hr (7). 
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The general features of the method based on equation (7) will be considered 
later in connexion with d.-c. measurements, but the conditions for avoiding a.-c. 
difficulties are important. Skin effect is reduced by decrease of electrode spacing, 
decrease of frequency, and increase of resistivity, but it will introduce a large error 
at most practicable frequencies if K is less than o-r 2. Owing to high electrode- 
resistance it is necessary to use a null method or a high-impedance circuit to 
determine the potential between the points 3 and 4. A.-c. potentiometers are 
usually expensive and rarely suitable for the type of field work required. A simplified 
potentiometer circuit which has been employed is shown in figure II. At low 
frequencies the detector used in the potentiometer circuit offers difficulties. If it 
is non-synchronous and non-linear (for instance of the metal rectifier type) it 
will be insensitive and subject to stray alternating currents. If the detector is 
tuned, as in the case of a vibration galvanometer, portability is difficult. Also the 
balance will be imperfect owing to phase-displacements. If linearity is obtained 
by the addition of an alternating e.m.f., as in bridge and valve methods, a phase- 
changing device is usually necessary. In various early investigations, made by the 
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Figure 11. A.-c. earth tester—null method. 


Electrical Research Association, in which the stray a.-c. was serious, it was necessary 
to use a heavy alternating current and to measure the potentials with a valve 
voltmeter having an input impedance of o-1 megohm. 

An apparatus of greater portability in which an amplifier valve voltmeter is 
used as a transfer standard has since been found satisfactory in eliminating the 
effect: of stray alternating and continuous e.m.fs. The current electrodes are 
supplied with current at 30 c./sec., through a fixed series resistance having a 
variable potentiometer across it. The amplifier valve voltmeter is switched from the 
potential electrodes to this potentiometer, which is adjusted to obtain equality of 
reading. The mutual resistance in ohms may then be read from the potentiometer. 
Ihe amplifier stages are coupled by low-pass filters so that e.m.fs. of frequencies 
of 50 c./sec. and upwards are eliminated. They can be several times as great as 
the test e.m.f. of 30 c./sec.. without error.-The instrument can be used for e.m.fs. 
greater than 1 mV. and is designed for current-ranges of 1 and 10 A., giving anil 
sensitivity. It is shown schematically on figure 12, but a fuller description will be 
published later. It is possible to rectify part of the main current and use the equip- 
ment as a null instrument, but certain difficulties as regards permanence and 
accuracy, which have not yet been finally investigated, arise under these conditions. 
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Stray d.-c. and polarization e.m.fs. are avoided by means of a condenser input to 
the valve voltmeter. 
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Figure 12. Electrical Research Association earth tester (a.-c.) for use in tuned transfer method. 


The handy and portable megger earth tester is well known. This utilizes the 
ohm-meter principle and measures the mutual resistance directly. A more sensitive 
instrument, also employing commutation and rectification but utilizing a potentio- 
meter and galvanometer in the measuring circuit, is now on the market. 
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Figure 13. Four-electrode tests at Shap. 


Skin effect is absent with direct current so that attention is 


confined to end effects. The same principles apply as with alternating current 
under conditions such that the skin-effect region is negligible. It is again convenient 
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to consider the earth as a four-terminal resistance with two current are I 
and 2 and two potential electrodes 3 and 4, and equation (6) may be used to deter- 
mine the resistivity p from a mutual-resistance measurement. 

If the points 1, 2, 3 and 4 are not on the same straight line, eae are a 
and topographical peculiarities have a greater and more ap e _— — e 
Shap experiments already referred to, the special lines were used for determining 
the mutual resistances of various groups of earthing-points and the resistivity 
deduced therefrom. Table 3 shows some of the results, the designation of the current 


Table 3. D.-c. measurements on special electrodes at Shap 


’ | Mutual Resistivity 
Series Current Potential- resistance | (2.-cm.) 
supply measurement | (Q.) x 108 
I S to N Atoa 0°235 I°O 
Btob 0°250 1°15 
C toc 0°310 1°35 
Dtod 0255 1°85 | 
2 S to N E toe 0-135 2°05 
etoA —0°255 1-6 / 
etoB —0°255 1°65 i 
etoC —0'245 1-7 
eto D —o'1g 1-75 
3 Sto A etoB 3°46 2°55 
etoC 1°03 2°65 
eto D O15 3°7 
etoE 0-06 — 
4 etoA Eto D orl4 1°65 
EtoC 1°20 2°5 
Eto B 3°61 2-5 
dtoc 0°39 085 
dtob °S7 0°95 
dtoa — 3:10 32 
dto B 3°78 2°05 
Stace I'205 2:2 
5 Eto A Dto-C 1035 2°25 
DtoB 3°87 2°25 
etod 0°09 —— 
é to. ¢ 0°94 mer 
etob OrIO0s a 
etoa 0-165 — 
6 Dto A EtoC I'00 25 
Eto B 3°43 2°05 
Cto A Eto D — 0°09 16 
Eto B 1°90 Io 
Bto A Eto D —0°03 =a 
EtoC —0'52 2'I 


supply and potential points being shown in figure 1. On the same site a resistivity- 
survey was made with electrodes equally spaced in a straight line and with either 
a megger earth tester or d.-c. potentiometer. The results obtained have been 
plotted against electrode-separation on figure 13. Some of the values given in 
table 3 have also been inserted on figure 13, the effective spacing in this case being 
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taken as the geometric mean of the electrode-intervals. In view of the type of 
geological structure, there is a reasonable measure of correlation. The location of 
the straight-line survey measurements can be seen from the map of the site, figure 1. 

The more important difficulties inherent in the measurements are as follows. 
(i) All four contacts of the four-electrode resistance formed by the earth are of 
high and sometimes variable resistance; (ii) a potential-distribution in the earth 
may arise from natural causes; (iii) stray and sometimes rapidly varying e.m.fs. 
may arise from neighbouring d.-c. supply or electric traction systems; (iv) polari- 
zation of the potential electrodes may cause spurious potential-readings. It is not 
easy in one method to overcome all these difficulties. The Kelvin double bridge 
overcomes (i), but must be of excessive resistance in the secondary circuits, and is 
precluded by the remaining difficulties and by the magnitude of supply voltages 


Silver stem in 
one piece with 
electrode. 


I mpregnated 
cork. 


4 } 

; ; NaCl. solution 

f f 

Y $ 

H j 

H j 

Ly 

| 
Silver foil 4 ; Impregnated 
bent to a 6 6g with wax. 
cylindrical form. H 

y ‘ 

j ] Porous pot 


Figure 14. Simple form of non-polarizable electrode. 


used, so that a potentiometer or high-resistance galvanometer has generally to be 
used as a voltmeter. The e.m.fs. under (ii) are usually steady and may be com- 
pensated with an added e.m.f., or an initial zero reading may be taken. Unless the 
potential-difference between the potential electrodes is made fairly large, non- 
polarizable electrodes must be used to overcome the difficulties under (iv). A 
form used by the authors, similar to that designed by Broughton-Edge, may be 
quickly constructed from easily obtainable components; it is shown in figure 14. 
The porous pot is of the type used in primary cells. The protruding stem is made 
long enough for the connexion, which may be a clip, socket or terminal, to be kept 
dry and clean as far as possible. Stray leakage e.m.fs. under (iii) can only be 
overcome by the use of sufficiently heavy main currents or by waiting for the 
occurrence of steady periods. In the latter connexion the damping of the gal- 
vanometer employed should be as nearly critical as possible subject to the period 
not exceeding the order of 1 or 2 sec. A double suspension or semi-suspended type 
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is suitable. There are several types of potentiometer available, for both special 
and general purposes. A type used by the Electrical Research Association is shown 
in figure 15. It has the advantage of a wide range, the lowest range being 0-300 BV., 
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Figure 15. Electrical Research Association fixed-contact potentiometer for field and 
thermoelectric measurements. 
while the 3-volt voltmeter can be used directly for the highest range. The accuracy, 
although only that of the voltmeter, is sufficient for these purposes. The contacts 
are fixed, moving contacts causing difficulty in potentiometer circuits for field work. 
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(2) Test site 45° to cable. (3) Test site perpen- 
dicular to cable. ---~ (4) Along Shooter’s Hill By-Pass Road. —-—- (5) Adjacent to sub- 
Station parallel to cable. —-—- (6) Adjacent to substation perpendicular to cable. 


(1) Test site parallel to cable. 


Figure 16. Four-electrode tests at Eltham. 


Figure 16 shows the result of a resistivity-survey at Eltham made with a d.-c. 
potentiometer. ‘The site, shown on figure 7, was of unusual difficulty owing to the 
very low resistivity and the presence of an electric railway. Resistivity-values 
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deduced from a.-c. mutual-inductance and search-coil measurements have already 
been given and on the whole the agreement is satisfactory. 

Figure 17, prepared from the geological survey map, shows in vertical section 
the approximate geological structure along a route between Carlisle and Lancaster. 
Measurements of the resistivity were made at various points along this route by 
the megger earth tester and a.-c. search-coil methods. Values obtained from the 
two methods agreed with one another and with the geological formation. They also 
agreed fairly well with measurements of the induction from a power transmission 
line at various points along the route. 

The examples which have been given in this section of the paper illustrate 
(i) the order of agreement between different methods which may be obtained even 
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Figure 17. Estimated rock section: Lancaster-Carlisle test route. 


under unfavourable conditions; (ii) the difficult condition produced by a structure 
which, though of high resistivity, is folded and broken with a very uneven contour. 
We observe that some d.-c. results in the north-to-south direction at Shap gave 
values suggesting a lower insulating layer which is not observed with a.-c., whereas 
the d.-c. results in the east-to-west direction are more consistent. This may be due 
to local faults and cleavage planes which have a low a.-c. impedance but high 
d.-c. resistance; (iii) the difficulties associated with a low resistivity and extraneous 
disturbing currents. 

It has been further confirmed by the authors that measurements on outcrops 
offer no clue to the resistivity of strata. Electrodes were inserted in pneumatic 
drill holes in granite and other stony outcrops, but the results could not be corre- 
lated with the main observations. Measurements of the electrode-resistance of 
cylindrical electrodes by the three-electrode method agreed with four-electrode 
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tests, but the accuracy with which the resistivity can be deduced therefrom is very 


much less. 


§3. NON-HOMOGENEOUS CONDITIONS 


Alternating currents with parallel flow. ‘The German Reichspost co-operated 
with the Commission Mixte Internationale* to carry out two extensive series of 
field experiments in 1928. One of these was in the Oldenburg fen district, the 
other in a limestone district at Munsingen in Wiirtemberg. In both places test 
lines, 5 km. long, were specially constructed at different distances apart up to 
3 km., and use was made of the specially equipped testing-vans which were later 
loaned for the Shap experiments. 

At any one given frequency of the testing-current the observed mutual in- 
ductances for all the lines were consistent with the same value of the earth-con- 
ductivity. On the other hand the observed values were found to decrease more 
slowly with frequency than was predicted by the Carson-Pollaczek theory, especially 
with large separations between the lines. According to the theory the measurements 
indicated that the conductivity of the earth, assumed homogeneous, decreased 
with increasing frequency. As this was found to occur in both sets of experiments, 
the Comité Consultatif International+ directed in 1929 that, in the absence of other 
information, in calculations in connexion with telephone interference the con- 
ductivity should be taken as that given by the empirical formula 


Urea 

ne 
where f is the frequency of the inducing current. The coefficients in this formula 
were chosen to give agreement with the experimental results at Munsingen, figure 18. 

It will now be shown that a physical explanation can be found for this apparently 
anomalous variation. As the frequency of the earth current is increased its depth 
of penetration becomes progressively less owing to skin effect. Therefore if, 
although regarded as homogeneous, the conductivity of the earth in reality changes 
with depth below the surface, its mean conductivity will appear to vary with 
frequency. 

A recently published note from H. J. Josephs, a colleague of one of the 
authors, extends the Carson-Pollaczek formula, equation (4), to the more general 
case of the mutual impedance between two wires on the surface of a stratified earth. 
It is assumed that the earth consists of an upper layer of depth b and uniform 
conductivity o,. Below this layer the earth is supposed to have a uniform con- 
ductivity o,. Neglecting end effects the mutual impedance per unit length between 
the two wires is given to a close approximation by 


Z=4a{(P+P)+7(Q+Q)} wenn (9). 
P and QO are one quarter the imaginary and real parts respectively of the right-hand 
side of equation (2) and are obtained on the assumption that the conductivity o, 


Commission Mixte Internationale pour les. Expériences rélatives A la Protection des Lignes 
de 'Télécommunication et des Canalisations Souterraines. 


t Comité Consultatif International des Communications ‘Téléphoniques 4 Grande Distance. 
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extends uniformly downwards without interruption. The terms P, and Q, correct 
for the change in conductivity from o, to o, at the depth 5,* and are given by 


Qn 
P=| N, e728 cos gy dg | 
0 
Qn [ 
=| N',e7#¥8 cos gy de| 
0 


where N’, and N, are the real and imaginary parts respectively of 


m 2U 
lay w= | 
and V B= V/(470) 
a=V(g?+j), p=V(s?+jK) 
K=oc,/o; 


a (P=%)* ,- 2a vB 
j(K-1) 

and the other symbols have the meaning assigned to them in equation (4) with the 
conductivity taken as that of the uppermost stratum. 

Similar expressions for the mutual impedance of earthed wires in the case of a 
horizontally stratified two-layer earth, which include the effects due to divergent 
flow at the terminations, have been published by J. Riordan and E. R. Sunde®.+ 
These cannot readily be evaluated in a closed form and, for numerical calculation 
of the mutual impedance with a stratified earth, methods based upon graphical 
integration become necessary, whether these expressions or those due to Josephs 
are used. In this way the curves shown in figures 18 and 19 have been calculated. 
The values of the three variables o,, 0, and b were chosen by trial to give agree- 
ment between the calculated curves and the values of the mutual inductance 
observed at Munsingen and Oldenburg respectively. Considerable assistance, 
. however, was obtained from a scrutiny of the manner in which the conductivity, 
calculated on the assumption of a homogeneous earth, varied with frequency. ‘The 
values chosen were as follows: 

For Munsingen, o,= 40 x 107", ,=400 x 107”? C.g.8.U. 

b=250 metres. 

For Oldenburg, o,=80 x 1071*, o,= 800 x 10—° ¢.g.5.U. 

b=200 metres. 

In the case of Oldenburg, the agreement could be improved by assuming a 
rather greater depth 4 for the plane of stratification, with a corresponding increase 


in the conductivity of the lower layer, in order to annul the effect of this change on 
mutual inductances calculated for the lower frequencies. At the higher frequencies 


* When o,=0, K=1, and P,=Q,=0. — 
+ M. Gray‘®) has also given expressions when the earth-resistivity varies exponentially with 


depth. 
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Figure 18. Effect of stratification on alternating currents (Munsingen tests). 
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Figure 19. Effect of stratification on alternating currents (Oldenburg tests). 
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the result would have been to give agreement with the values calculated for ‘ 
homogeneous earth. The measured values gave approximate agreement = 
homogeneous conditions from 800 to 2000 c./sec. The mutual inductances cal- 
culated for a homogeneous earth have been inserted in figures 18 and 19, on the 
assumption that the conductivity is that of the uppermost layer. The effects of 
stratification are apparent. 

Direct currents and divergent flow. A number of solutions have been given from 
time to time for current-flow where the resistivity varies with depth, but in practice 
it is rarely possible to distinguish with certainty the constants of more than two 
layers. This, however, does not impose too severe a limitation since it corresponds 
to the common arrangement of glacial drift or other overburden superimposed 
upon older sedimentary or igneous rocks. For the two-layer case the well-known 
formula applies: 


palpr=1+4 R" {[1 + (2m hfa)?]-#— [4+ (2m hla)... (11), 
nT . 


where p, is the apparent resistivity determined by a four-electrode measurement at 
an electrode interval a; 


h is the depth of interface; 
p, and p, are the resistivities of the upper and lower layers respectively, and 


k=(p2—p1)/(p2+ pi): 


Tagg has shown an ingenious graphical method of analysing results on the ~ 
basis of this equation. A simpler but more qualitative method has been employed — 


by the authors. If we plot log (p,/p,) against log (a/h) or log (p,/p,) against log (h/a), 
we obtain a series of curves, figure 20,* corresponding to different values of pg/p,. 
If now we superpose an experimental curve of log p, against log a on the curves of 


figure 20 (a) so as to obtain the closest fit, then the unity abscissa will pass — 
through the value of p, in the scale of p,, the number of the curve chosen will give — 


P1/P2, While the unity ordinate of a/h will cut the scale of a at h. Similarly, with 
figure 20 (b), we can determine p,, py/p, and h. The mean of the two sets of values 
can be taken unless, for example, p, is more variable than p,, in which case p, can 
be found and a mean value of p, can be deduced from the ratio p,/py and wice versa. 
This method is useful with complicated results where the assumption of two layers 
is to some extent arbitrary, although it approximates to the facts more closely 
than the assumption of homogeneity. 

The site at Shap has hitherto been assumed to be homogeneous, but actually 


the four-electrode survey gave very variable surface readings and was analysed by © 


the above method, giving the results shown in table 4. 

The results for unequal separations being included, a general mean amounted 
to 250,000, while the mean for the unequal-spacing tests was 210,000 (low resistance 
tracks being neglected), and this was in reasonable agreement with the a.-c. measure- 
ments. 


* The method is described for the case when P2>p,. When p,>p2, K is negative. A similar 


re can still be employed but the fundamental curves calculated from equation (11) will be 
erent. 
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Table 4 
Surface Intermediate Low PLU Nes 

Test No. soil layer jayerd Sires 

(Q.-cm.) (Q.-cm.) (Q.-cm.) (metres) 
I and 2 35,000 35,000 250,000 30 
3 85,000 85,000 — — 
5 100,000 45,000 400,000 20 
aa 250,000 150,000 300,000 45 
8 110,000 160,000 250,000 40 
9 50,000 50,000 150,000 40 


hla 


Figure 20. Variation of apparent resistivity with depth for two layers. 


Variation of resistivity in a horizontal direction is not so easily dealt with by the 
four-electrode method. A simple case is that of an earth of resistivity p, separated 
by a vertical surface of separation or fault from an earth of resistivity p.. If 
p;=Ap2, the line of electrodes is normal to the fault, p, is the apparent resistivity 
for an electrode-interval a, and J, is the distance of the fault from the first current 
electrode situated in the direction of the medium that has the resistivity p,, then 


the following results can be proved: 


A; Pa 
a 
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(i) All electrodes in medium tr. 


po 8a} Dy ee ee ee (12.1). 
py N41 axt1 2xt+5 2(x+1) 2 (x42) 


(ii) Boundary between first two electrodes. . 
Po__ At3 at 1 a ) 
p, 2(A+1) LD \2(2—~) 5—2K) (13-4 

(iii) Boundary between two potential clarence: 

Pe +I ae I I 1} 
=X(h42) Ade Vee 3) ee (12:37 
(iv) Boundary oe last two electrodes. 
ae We toot Oy oe I 
p, 2A(A+1) +X(A+i) |ax—-1 2 — ase (12-4) 
(v) All electrodes in medium 2. 
pe tas I i eee 
as Cen aera 2 (x—1) ea ame. (12.5). 
= L,/a. 

Figure 21 (a) shows the variation if A=4 when the line of electrodes is moved 
across the boundary, the interval being kept fixed. In practice the boundary could 
not be determined to within a distance much less than the electrode-interval. 
Figure 21 (b) shows the effect of increasing the electrode-separation in the neigh- 
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Figure 21 (a). 
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Figure 21 (6). 
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‘bourhood of such a discontinuity. We observe that its effect is very much less than 
the difference in the resistivities would suggest. For this reason the method of 
variable separation, although valuable for exploring horizontal stratification, is not 
-Satisfactory-as regards vertical boundaries. If two fixed current electrodes are 
employed and if the equipotential lines are explored, then such a discontinuity 
| can be located with relative ease and accuracy, as has been shown by Schlum- 
berger“. 

The complexity of most geological formations has led to the use of empirical 
rules rather than analysis. The best known is that which states that a horizontal 
surface of discontinuity occurs at a depth corresponding to that separation for 
which the curve showing apparent resistivity against electrode-separation has a 
maximum curvature. In the simple case of two layers, which can be tested, this 
rule is not valid, but in more complicated cases it is useful in making rough estimates. 
In the authors’ work, which was mainly concerned with the prediction of the linear 
flow of alternating currents from surveys made with d.-c..or divergent flow, the 
arbitrary assumption of two layers generally gave a sufficient approximation. 


§4. GEOLOGICAL STRUCTURE 


Although the method of sampling from borings and testing outcrops yields 
little information of value, the resistivity of a given rock formation in situ has a 
fairly constant value irrespective of geographical situation and, to a large extent, 
of depth. Furthermore, a wide range of values is observed extending roughly 
from 100 to 1o® Q.-cm. The determination of the shape and nature of geological 
formations by electrical methods requires methods of a higher accuracy than those 
described here. On the other hand prospecting, which is mainly concerned with 
the location rather than the recognition of bodies by absolute values, does not 
offer such great difficulties. 

The converse, the estimation of resistivity from geological structure, is usually 
easier. Problems in connexion with telephone interference, with which the authors 
-have been concerned, require only a low accuracy, since the mutual impedance 
between two lines is only sensitive to the resistivity where it is small, owing to 
‘separation and low resistivity. In addition the effective a.-c. resistivity for linear 
flow is much less affected by local irregularities and surface peculiarities than for 
d.-c. or divergent flow. Accordingly the Electrical Research Association with the 
assistance of Mr Broughton-Edge have prepared a map of Great Britain showing 
the resistivity corresponding to about 500 ft. in depth subdivided into ranges of 
(i) less than 1000 Q.-cm., (ii) 1000 to 3000 {2.-cm., (iil) 3000 to 30,000 @.-cm., 
(iv) 30,000 to 300,000 Q.-cm., (v) greater than 300,000 Q.-cm. 'T his map, now 
published in two sheets, is based mainly on geological structure and measurements 
made by Mr Broughton-Edge and the authors, and on the results obtained by other 


workers. 
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§ 5. CONCLUSIONS 


(a) Field experiments have shown that when the geological structure approxi- 
mately furnishes the conditions for uniform resistivity, the distribution of alternating 
currents in the earth is that given by theory in the region of parallel flow. This being 
so, the average value of the earth resistivity over a large tract may be determined 
from measurements of the induction. Either the longitudinal e.m.f. induced in a 
second parallel line or the transverse e.m.f. induced in a search coil may be used. 


(b) Divergent-flow methods, such as the four-electrode method, will give 
results agreeing with (a) subject to a rather wide margin on account of topographical 
variation leading to a dispersion of results. Skin effect must be avoided if a.-c. is 
employed, while polarization of the electrodes and ground causes corresponding 
limitations with d.-c. 


(c) Within limits the resistivity can be related to the geological formation, and 
where the latter is uniform the resistivity has been shown to be independent of 
frequency up to 3000 c./sec. at least. The anomalous variation of apparent resistivity 
with frequency observed in earlier continental tests has been shown to be due to 
horizontal stratification. 


(d) Stratification, at least as regards two horizontal layers, can be satisfactorily 
investigated by the methods of either (a) or (6). 
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ABSTRACT. The fundamental problems in the direct measurement of the Peltier 
coefficient are discussed with reference to the various methods available. A new apparatus 
is described which includes all-metal calorimeters, separate from the specimens, and a 
differential platinum resistance thermometer. With a sufficiently good thermostat this 
would just detect a steady heating of the order of 107 cal./sec. The high sensitivity of 
this arrangement has permitted a strict test of the proportionality of the Peltier effect to 
current to be carried down to o-o12 A., with copper-constantan junctions. The error due 
F aay losses along the leads has been especially studied, and estimates of the loss have 
een made. 


§z1. INTRODUCTION 


in the electronic theory of metals; but the technique of measurement of the 

Peltier effect, in particular, has been very little advanced for nearly two decades. 
Moreover, no adequate critical account of the problem appears to exist. It there- 
fore seemed advisable to include in this study of the problem a review of previous 
‘methods, not for historical interest so much as to help to direct attention to the variety 
of methods available, and more especially to the faults to which they are subject. 

The bulk of this paper, however, consists of the description of a new method 
of measurement developed by the author. 


[awe in the thermoelectric effects has been revived by recent developments 


§z2. FUNDAMENTAL PROBLEMS 


Before considering any methods in detail, it will be useful to glance at the 
difficulties which are of most general occurrence. 

Let us suppose that the apparatus used has each junction to be studied enclosed 
in some form of calorimeter. This will also contain a length of each of the specimens 
joined, and may also have a heating-coil and some thermometric device. 

A single measurement with such an arrangement will not discriminate between 
the contributions made by the Peltier effect and those due to any other thermal 
effects arising inside the calorimeter. The following are the characteristics of the 
various phenomena concerned. 

Ideally, the Peltier effect is localized, and is reversible with current. In practice, 
however, in making a junction, transition layers are created through which the 


effect is more or less diffused. 
39-2 
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The Joule effect is irreversible and is diffused. 
The Thomson effect is diffused: but while it is reversible with current when 


the temperature-gradient remains the same, it also reverses with the latter. Hence 
+t will make an irreversible contribution when the Peltier effect is the most 1mpor- 
tant within the calorimeter. In this case it will be indistinguishable from Joule 
effect. 

Finally we must remember that there will be a greater loss of heat along a given 
lead when the effect concerned takes place in that lead than when it does not. 
In particular, the apparatus will not be equally sensitive to heat supplied by the 
heating-coil and to that developed at the junction. In this connexion also, the 
presence of transition layers causes some of the evolution or absorption of Peltier 
heat to occur nearer the ends of the calorimeter, so that a larger fraction will be 


conducted along the specimens. 
These points should be borne in mind when considering any particular design. 


§3. REVIEW OF METHODS 


There are various methods which are of historical importance but are either 
only qualitative, or not capable of any high accuracy. We may quote Peltier’s cross, 
and the use of a differential air thermometer. 

Le Roux used mercury thermometers in water calorimeters. His results are 
still sometimes quoted, although much more accurate methods have been devised 
since. 

Jahn used the Bunsen ice calorimeter, studying one junction at a time. The 
Peltier effect was disentangled from the Joule heating by reversing the current, the 
latter effect being in fact much the larger. This is in itself a disadvantage and 
diminishes accuracy, while the limitation to one temperature is serious. 


Figure 1. Pellat’s apparatus. 


Figure 1 illustrates apparatus described by Pellat in 1901“, but apparently 
never used. It is indeed not very practicable as shown, but it introduced some new 
features which have reappeared in later work, and are worthy of discussion. Stout 
leads L, L’ of the materials to be studied are joined to blocks of the same substances 
of large cross-section, the whole being in an evacuated enclosure to reduce heat- 
losses. Embedded in one block near the junction is a heating-coil C (leads at H, H’); 
while a set of thermojunctions is disposed in some such manner as that shows 


The current in the heating-coil is to be adjusted so as just to- compensate the 
Peltier cooling at the junction. 
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Since there will be a general Joule heating in each specimen, the thermo- 
junctions are connected to give the difference between two mean temperatures: the 
average at the centres of the blocks, and that in the immediate neighbourhood of 
the junction. Pellat was prepared in addition to have cross-sections proportional to 
resistivities in an effort to eliminate more completely the effects of Joule heating. 
Even this precaution would probably prove inadequate with the currents such 
apparatus would require before measurable temperature-gradients could be 
established. It would also take a long while to reach the steady state. 

There is yet another defect in this and similar methods. Thermoelectric 
properties of a material are very susceptible to changes in the mode of preparation 
and treatment, and there will in general be an appreciable Peltier coefficient between 
a wire and a block of the same metal. Thus Pellat’s arrangement has virtually three 
junctions making unequal contributions to the recorded result. ‘This leaves con- 
siderable doubt as to how far the value is representative of block metal, and how 
far of wire. 

Cermak“ made use of a thermoelectric calorimeter, figure 2, due to Lecher™, 
in which a ring of thermoelements surrounded the junction (/) and served to 
indicate the temperature-difference between the liquid A and the reference-plane 
B. The heating-coil K was used to calibrate the arrangement. The leads 7, L were 
of the one material and C of the other. A modification having liquid metals in 
hard glass tubes enabled Cermak to investigate the change in the Peltier coefficient 
ensuing on change of state of one component. ‘The results obtained were of con- 
siderable value, especially as the range of temperature was very extensive. ‘The 
measurements were not of the greatest precision, as shown for example by the 
variations in successive values at the same temperature. This method, like most 
others, is liable to serious systematic error arising from preferential thermal con- 
duction along the leads. 

Another method using calorimeters containing liquid was introduced by 
Barker and by Caswell, the two junctions being each immersed in a Dewar 
yessel containing also a stirrer, a thermoelement, and a heating-coil. The coil was 
used on the side of Peltier cooling, the adjustment aiming at a net evolution of heat 
equal to that arising in the other calorimeter. ‘This requires a supply of energy 
double that involved in the Peltier effect. 

The work was carried out necessarily in a restricted space and presented some 
difficulty in consequence, although it was hoped to obtain great sensitivity by the 
use of Dewar flasks. Stirring is of very great importance, and irregularities in 
stirring are very serious. For example, Caswell reported that one recorded 
value fell to one-half when stirring ceased, while irregularity seriously upset the 
steady temperature-distribution. Depth of immersion was another factor which 
affected the results, while evaporation proved troublesome when mobile oils were 


used. 
Caswell also tried another method, in which resistance coils were wound in 


e was shunted so as to carry less current. ‘The 


series with each junction, and on 
te the Peltier cooling 


extra Joule heating at the other junction was to compensa 
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there. The method was abandoned on account of stirring and other troubles, no 
because of anything inherently wrong with it. 

Beck introduced an indirect method in which the steady temperature-dis- 
tribution in a system of rods carrying a current was analysed to give the Peltie: 
coefficient, the thermal conductivities being assumed. Later workers seem to have 
avoided the method, which is difficult and tedious, apart from its dependence on 
other experiments for some of its data. 

Figure 3 represents one half of a symmetrical apparatus used by Jordan 
arranged for measurements for copper against bismuth; the block B and the lead L 
were of copper, the rod R of bismuth. It was found convenient to make the heating- 
coil C share one lead (L) with the junctions. Temperature-differences between 


(10) 


Figure 3. One side of Jordan’s apparatus. 


Figure 2. Part of Cermak’s apparatus. 


the pair of blocks were indicated by thermojunctions set in grooves Th. Fo 
thermocouples were used in series to give greater sensitivity. The principle of 
method of measurement is the same as that described above for Barker and Caswell. 
‘This is a compact and sensitive form of apparatus, and was actually designed for use 
between pole-pieces. The actual temperature of each block was given by a further 
thermojunction (not shown). 

‘This method does not differ essentially from that used later by Gottstein®. 
‘This worker treated the heat-flow at the ends of the rod (corresponding to R above) 


: iat the convenient and rapid relative method of Borelius“” must be men- 
Oe - his uses blocks with a wire of the specimen ¥ spanned between them. 
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n terms of the Peltier coefficient between reference metals A and B, the measure- 
ents yield the coefficients of X against both A and B, and the thermal conductivity 

of X. 

This selection of methods, while not exhaustive, is representative of the methods 
n use up to the commencement of this research. Quite recent work on single 

crystals, for example, has been carried out by the Barker-Caswell method. 


$4. SYS LEMATIC ERRORS 


Probably the most serious systematic error in most methods is due to the 
preferential thermal conduction mentioned in § 2. The usual methods are valid 
only if the body (calorimeter) whose temperature is studied receives a constant 
fraction of any heat developed within it whatever the source. For example, in many 
methods the leads to the junction are comparatively stout and are good conductors ; 
and there will usually be a much greater tendency for heat to pass along them to or 
from the junction than when the energy is dissipated in a heating-coil more or less 
remote from them. This will affect especially the Cermak and Barker-Caswell 
methods, and others with similar arrangements. Most frequently the preferential 
transfer will be greater along the junction-leads than along the heating-coil leads, 
and the measured Peltier effect will then be too low. 

Where intermediate metal is used a further complication is introduced by the 
multiplication of junctions and hence of Peltier effects. A fairly complete knowledge 
of the heat-flow is then necessary in order to predict the connexion between the 
various Peltier effects and the temperature or temperatures of the selected point 
or points of the calorimeter. The Pellat, Jordan, Gottstein and Borelius arrange- 
ments can all be criticized on this score. It is important to realize also the advantage 
of measuring average temperatures rather than temperatures at a point when a 
complete account of heat-flow cannot be given. Thus Jordan’s use of several thermo- 
junctions scores on this account as well as by virtue of the increased sensitivity. 
A platinum resistance thermometer would be a still further advance. 

It will be realized that it is extremely difficult to estimate the error arising in 

the Jordan-Gottstein type of apparatus from preferential thermal conduction. In 
methods in which liquid calorimeters are used, it is somewhat easier to investigate 
the matter, at least qualitatively, by making arrangements to change the depths of 
immersion of the various sources of energy. In general less heat will escape pre- 
ferentially when the appropriate heating-source is immersed more deeply. 
The liquid calorimeter provides another method of varying the proportion of 
heat escaping along the leads, namely by altering the efficiency of stirring. In 
point of fact the stirring provides one of the main difficulties of the method, as 
violent agitation is often awkward to arrange and to maintain constant, and the 
energy involved may easily exceed the Peltier effect to be studied. 

The method described in the next section deals with most of these points; and 
although preferential thermal conduction is not entirely eliminated, it has been 
found possible to estimate it approximately, and to control it to some extent by 
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modifications of the apparatus. No intermediate metal is involved, except that 
to soldering or welding, and the specimens remain straight and undeformed. 
is no liquid in the calorimeter ; and an average temperature is recorded by a platin 


resistance thermometer. 


§s5. THE AUTHOR’S METHOD 


The general arrangement may be understood by reference to figure 4, which 
a horizontal section through the thermostat used. This was of copper (B), lagge 
and surrounded by a wooden box W. Close parallel copper tubes TT” ran hori- 


Figure 4. Plan view of thermostat. S, stirrer; GG, regulating lamps; J, immersion heater for rapid 
heating; R, spiral aniline-mercury regulator. 


Scale of centimetres 


Figure 5. Calorimeter. 


zontally right through it, being jacketed by a cylindrical water bath J. The calori- 
meters were placed centrally in these tubes at KK’, and the various leads passed 
out in bundles EL’. 7 represents the bulb of a thermometer giving the temperature 
of the jacket at a point between the tubes. The other symbols are explained beneath 
i ade The wie arrangement is not ideal, and this did in fact severely 
amper the work; i i 
te ae ork; but it was good enough to enable the merits of the method to be’ 
The latest form of calorimeter used is r 1 
: epresented in figure 5. A co t 
(length 5-5 cm., external diameter 6 mm., thickness ‘gaat 0-6 meer 
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pecimens A, B lying along its axis, with the junction at J. A glass tube G, drawn 
own very thin and shaped so as to fit the wires snugly, carries the manganin 
eating-coil C. Current and potential leads for this coil pass out at H. 

The calorimeter is supported coaxially in the copper tubes (T'7" of figure 4) by 
tiffened paper discs DD’, and between these is wound the platinum resistance 
oil P. This is of fine silk-covered wire (s.w.g. 44, resistance 20 Q. per metre), 
nsulated by a layer of pure well-baked shellac from the copper calorimeter K. The 
eads are shown at 7. FF is packing of high thermal conductivity, consisting of 
in-foil and copper spirals insulated with shellac. 

A reliable thermoelectric potentiometer (made by the Cambridge Instrument 
0.) formed the basis of the electrical measurements, in conjunction with a galvano- 
eter of sensitivity quite adequate for the purpose, since it gave a deflection of 
2°8 cm. per microampere at about 2} metres. Its resistance was 12:8 ohms. 
otential differences up to 90 mV. could be estimated to about rpV., the limit of 
eading of the dial. The makers’ certificate claimed that the instrument was not 
ubject to errors greater than this. A Weston cell, checked against a standard cell, 
as used for this potentiometer. 

Currents were determined by measuring the potential-differences across two 
tandard coils, a one-ohm and a tenth-ohm coil respectively. ‘The platinum re- 
istance coils were used differentially, being adjacent arms of a Wheatstone bridge. 
he same galvanometer was used in this bridge as for the potentiometer ; a system 
f keys enabled currents and potential-differences to be measured during the 
ourse of an experiment. Preliminary readings of currents were made on milliam- 
eters to avoid giving the galvanometer violent kicks in the middle of readings, 
ith consequent shift of zero. 

It was also possible to switch the two platinum coils, in series, into another 
ridge for studying their mean temperature. Recorded temperatures were, however, 
lways referred to a sub-standard mercury-in-glass thermometer which had been 
hecked against an instrument with National Physical Laboratory certificate. ‘The 
ccuracy of temperature-measurement was actually somewhat greater than was 
essential. 

The method of making a determination is broadly as follows. The thermostat is 
et to the required temperature, and left to settle down. Meanwhile the currents 
re adjusted approximately, if a rough value of the coefficient is known. When the 
alvanometer spot is steady, indicating that the fluctuations in temperature of the 
ath and other disturbances have died down, readings of the galvanometer are 
ade against time. The current through the junctions and the current through the 
appropriate coil are started simultaneously, and rough measurements of them are 
made in between the deflection-time readings. The Peltier heating and cooling 
take a little longer to affect the calorimeter than the heating-coil, and consequently 
the initial movement of the spot is followed by a reversal and a final settling down 
to a steady value after a period of 10 to 20 minutes. ‘The final readings of current 
are then made. The currents are next switched off, and the calorimeters allowed to 
regain their initial temperatures. ‘he experiment is now repeated with the current 
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in the junctions reversed and the other heating-coil in use. If time presses, this 
may follow the first part at once, but the intermediate reading of the zero position 
is useful. 

A second experiment is then made with one current altered. If possible the 
deflection should be of the same order as before, but in the opposite sense; both 
deflections being small. Interpolation then gives the current for a perfect balance. 
This corresponds to equal net heating on the two sides, and, as in similar methods, 
the Peltier effect is equal to one-half the energy supplied by the coil. 

In practice there are several variants which may be made in the procedure. 
For example, a rough adjustment of the currents may be made during the course 
of an experiment. Again, it is usually advisable to obtain figures for the (steady) 
deflections with given currents in one coil and with no junction-current, as these are 
useful in estimating the change in current necessary to produce a given change in 
deflection. 

Earlier arrangements were somewhat different from that described, and a 
comparison of results is of some value as the progressive reduction of thermal 
conduction losses is clearly shown. The set of results in table 1, for the Peltier 
coefhicient of a }-mm. pure copper wire against a 1-mm. wire of pure constantan 
at 20° C., refers to a series of different forms of calorimeter. 


Table 1 


Apparatus no. I 2 | 3a | 3b 
Coefficient (volts) 0-00990 O-01007_ =| = oro 1058 | O-O1100 


Between 1 and 2 the modifications could not be expected to affect the con- 
duction very greatly, although there should be some improvement; considerable. 
reduction in the losses should have resulted from the change to 3, the form described 
above. 3a and 36 refer to successive improvements in the packing at the ends of 
the calorimeters. The figures quoted are entirely in agreement with what would be 
anticipated from considerations of design. 

It was arranged in the later work that the thermal contact between the one 
(copper) wire to the junction, the leads to the heating-coil, and the walls of the 
calorimeter, should be as intimate as was practicable consistently with electrical 


insulation. Hence it was hoped to reduce thermal losses along these wires to very 
small values. 


; ‘ ; 
Now the residual loss presumably varies according to the local temperature | 


conditions in the calorimeters. The design left little likelihood of any appreciable 
leakage along the heating-coil leads; so that we have to consider only the copper 
wire. (‘The other wire, of constantan, would be of relatively small importance.) 
Now when there is Peltier cooling, and compensation from the coil, it is very 
unlikely that the junction will gain appreciable heat along its lead, owing to the 
close Proximity of a source of heat. However, when there is Peltier heating at the 
junction this no longer applies, and one would expect some loss. 

In the same way, experiments on single junctions, with and without com- 
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pensation by heating-coil, provide results differing by a factor representing the 
fraction of heat transferred along the copper wires on the two sides. Thus it proved 
possible, by a series of experiments, to obtain an estimate of the order of magnitude 
of this fraction, as well as separate values for sensitivity and for Joule and Peltier 
effects on the two sides of the apparatus. It was, for example, possible to detect 
differences in recorded Peltier effect due to projection from one calorimeter of a 
short length of wire heated during the soldering of the junction. 
The fractions of heat lost, as given by this method, ranged about 2 per cent; 
but the true values are probably somewhat larger. According to this argument, 
the results of the usual null method should be too low by about half this fraction. 


§6. NUMERICAL RESULTS 


Peltier coefficients of the order of a o-o1 V., such as those of copper-bismuth 
and of copper-constantan, must be reckoned large. Hence most workers have 
found it necessary to make measurements with currents from about 4 A. upwards. 
This means that the Joule heating effective in the apparatus is usually of the same 
order as the Peltier effect, and may even be considerably greater. It can be de- 
monstrated that the usual repetition of the experiment with current reversed only 
‘eliminates error due to the irreversible heating if there is perfect symmetry. 
Moreover, very small Joule heating ensures fulfilment of the condition of § 2 for 
neglect of the ‘Thomson effect. 

These are all strong reasons for seeking a method of high sensitivity; and only 
with such a method is it possible to test the proportionality of Peltier effect to 
current over a wide range, or to measure small Peltier coefficients accurately. 

The maximum sensitivity of the apparatus described has never been attained; 
but as it was last used, a heating or cooling of ro~4 watt on either side produced a 
steady deflection of 1-8 cm. This implies a deflection of 4; mm.—the minimum 
detectable—for a heating of under 3 erg/sec. In other words, the Peltier coefficient 
for copper-constantan, which is just over o-o1 V. at ordinary temperatures, could 
be measured to an accuracy of 1 per cent with a current of the order of 1mA. 

The bridge can be readily modified to increase the sensitivity ; but it must be 
appreciated that this work makes extraordinarily stringent demands on the ther- 

_mostat. For example, to take full advantage of the sensitivity detailed above, the 
temperatures of the places selected for the calorimeters must remain equal during 
the course of an experiment to an accuracy of about o-ooo1” C. This is well beyond 
the capacity of the thermostat used in this work. 

Table 2 gives the values deduced for the Peltier coefficient, again for copper 
against constantan at about 20° C., for different currents. It is a test of propor- 


Table 2. Peltier coefficient with different currents 


Temperature (° C.) 20°19" 20°05" 20'00° 20°06" 20°10" 20:00" 
Current (A.) 001168 | 0°0301 0'0301 0'0500 | 0'0500 | O'1000 
Peltier coefficient (V.) | 0-01053 | 0-01059 | 001056 001058 0701064 Or0T059 
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tionality of the Peltier effect to current, and at the same time it may be regarded 
as an investigation of the observational accuracy of the method, since some of the 
determinations are repetitions of others with the same currents, made after intervals 
of a few days. 

All these results are subject to thermal conduction losses amounting to the same ‘ 
fraction in each case; they are all therefore somewhat lower than the true coefficient — 
at this temperature. ; | 

There is no evidence of any systematic variation of the coefficient with current 
in this series. Moreover, the results show that, although the observational accuracy 
did not reach the limits indicated above, it was high for the comparatively small 
currents used. 

The best measurements were over a somewhat limited range of temperature, 
17°5° to 38° C. The results are expressible in the form 


II =0-01100 + 0000081 (t— 20) 
=0-01100 {1 + 0:0073 (t—20)}, 
in which II is the Peltier coefficient in volts, and ¢ the temperature in degrees 


centigrade. 
The thermo-e.m.f. E of the couple in volts was found to obey the law 


10°. F=0-03543.t+0-000084. f* 
over the range 25° to 58° C., so that 
dE 
T poo! 136 + 0-000084 (¢— 20) 
= 0°01136 {1 +.0-0074 (t—20)}, 
where T is the temperature in degrees Kelvin. 

Thermal conduction would tend to depress the measured value of II, but it 
should not affect the value of the temperature coefficient expressed as a fraction of 
the coefficient measured at some fixed temperature. It will be seen that the measured 
values of II are about 3 per cent below those predicted by the relation II = T.dE/dT, 


while the temperature coefficients, each divided by the corresponding value of II 
at 20° C., agree almost exactly. 


§7. DISCUSSION OF THE METHOD 


We proceed to discuss briefly the advantages and limitations of this method. | 
First we may note that the specimens used can remain straight and undeformed ; 
and that no other material is interposed, except solder. The calorimeter is designed | | 

to minimize the amount of heat lost along the leads, so that the most serious syste- 
matic error is reduced to a small quantity. It may also be remarked that some 
estimate of the residual error is possible. 'This work appears, in fact, to be almost 
the only research in which a serious attempt has been: made to deal with this | 
fundamental trouble. 

The sensitivity of the apparatus is high, and it can be increased when necessary 
by a simple adjustment of the resistance bridge. It will be noted that the use of 
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a platinum resistance thermometer is largely responsible both for this high sen- 
sitivity and for the ease with which it can be varied, and has the further advantage 
of making the measurements depend on average temperatures rather than on the 
temperatures of isolated points of each calorimeter, as thermocouples do. 

The apparatus is at present adapted for wire specimens only; but at least it 
avoids the ambiguity of those methods which have both wire and block metal in 
their construction and yield results representative of neither. In modern work this 
should be a point worthy of consideration. 

The method as described makes demands which are rather excessive for the 
usual form of thermostat. Both calorimeters could be used in one tube, in line with 
one another. This should improve the performance, although the multiplicity of 
leads passing along the tube will introduce difficulties. 

In conclusion it must be pointed out that the dimensions of the calorimeter 
given in § 3 were not chosen as the best possible, but as the most convenient for 
studying the changes due to modifications in packing. For greater accuracy the 
tubes should be somewhat longer, and if practicable a little narrower. This will 
cause a slight loss in sensitivity which will, however, be more than offset by the 
reduction in systematic error. 
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ABSTRACT. The relative merits of plane- and concave-grating spectrographs for precise 
measurement of wave-length between 10 and 100 A. are discussed. It is shown that 
experimental conditions do not allow full advantage to be taken of the superior resolving- 
power of the concave grating. A plane-grating spectrograph was designed for relative 
wave-length measurements of high precision; its dispersion and resolving-power are 
calculated, and a number of wave-length determinations relative to Cu Lay, viz. 13°310 A., 
are reported. Microphotometer curves of the K line of carbon show that this line has, 
besides the principal line, two components of shorter wave-length. This result is in good 
accordance with that of other workers. 


§x1. INTRODUCTION 


HE precise absolute determination of wave-lengths in the region of the so- 

| called ‘ultra-soft’? X-rays (say 10 to 100 A.) has claimed the attention of 
many experimenters during the last decade, and a satisfactory solution of 

the problem has yet to be made. It is hardly necessary to stress the need for such 
measurements to provide accurate data for the further development of theoretical 
spectroscopy. In addition, however, Laby and Bingham™ have pointed out that, 
by determining absolutely wave-lengths which have also been measured by the 


crystal method, the lattice constant d of the crystal used may be calculated from 
the equation 


nA =2d sin 0. 


Since d is known in terms of the Faraday, the electronic charge, and the density 
and molecular weight of the crystal, such a procedure would lead to an evaluation 
of the electronic charge e, which is the least accurately known quantity in the 
expression for d. 

The chief difficulty in carrying out such work is in obtaining a suitable spectro- 
meter. ‘I'he use of an interferometer for these rays being apparently inadmissible 
the choice lies between the plane-grating and the concave-grating spectrographal 
Although the concave grating is usually preferred on account of its theoretically 


higher resolving-power, dispersion and intensity, there are serious drawbacks to 
its use in this region of the spectrum. 
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Some consideration will now be given to the relative merits and defects of the 
wo instruments. The resolving-power of a concave grating used at grazing angles 
f incidence has been discussed theoretically by Mack, Stehn and Edlen™, while 

at of a plane grating used at grazing incidence with divergent light has been 
given approximately by Prins“. According to Prins, if y is the distance of any 
grating-element from the central one O, the path-difference between a ray striking 
O and one striking P is expressible as a power series in y. If parallel light is used 
with a plane grating, the quadratic and higher-power terms vanish, and there is no 
theoretical limit to the resolving-power. If, however, the light diverges from a 
point source, as in the case of all X-ray spectrographs, Prins states, as a criterion 
for best resolution, that y should not exceed the value Yopt which makes the 
quadratic term equal to half a wave-length. Thus the length of ruling which can 
be used, and hence the resolving-power, is seriously limited. 

In the case of the concave grating, Mack, Stehn and Edlen have shown that, 
owing to the focusing conditions, the second- and third-power terms vanish. By 
equating the fourth-power term to half a wave-length a much larger value of Yopt 
is obtained, on account of the relative smallness of this term. Hence a concave 
grating of optimum width possesses a greater resolving-power than a plane grating 
of optimum width, the source being assumed to be infinitely narrow in both cases, 

Mack, Stehn and Edlen, however, point out that the resolving-power actually 
obtained in a spectrograph is, for wave-lengths below about roo A., limited by the 
finite width of the slit. They show that the resolving-power of a slit varies pro- 
portionally to the wave-length, and in inverse proportion to the slit-width. For a 
wave-length of 5 A. and a slit-width of o-or mm., the resolving-power is only 27. 

Table 1 gives numerical values for the following quantities: (a) The resolving- 
power in the first order of a concave grating of optimum width, used in conjunction 
with an infinitely narrow slit. ‘The radius of curvature of the grating is 1 metre, 
there are 571 lines per mm., and the angle of incidence is 5°. (6) The resolving- 
power in the first order of a plane grating of optimum width, used in conjunction 
with an infinitely narrow slit. ‘The source and image are each 50 cm. from the 
grating, there are 571 lines per mm., and the angle of incidence is 1°. (c) The 
slit-width which would have the same resolving-power as the plane grating. 


Table 1 
oye eta |e c(t.) 
5 3100 530 0°5 
20 4600 670 16 
100 6900 740 Wee 


The second and third columns show that the resolving-power of a concave grating 
alone is, under average experimental conditions, about 6 or g times that of a plane 
grating. However the fourth column indicates that, to render a concave-grating 
spectrograph superior to a plane-grating spectrograph in resolving-power, it would 


Yopt 


5A 
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be necessary to use slit-widths which are prohibitively small in practice on acco 
of clogging etc. 

From the point of view of spectral intensity, it is at once evident that the 
concave grating is superior, for the intensity is proportional to the solid angle ¢ 
rays which the grating receives from the source, and this solid angle is, for a giver 
angle of incidence, proportional to the aperture of the grating; it has already been 
shown that the permissible aperture is larger in the case of a concave grating thar 
in the case of a plane grating, the ratio being the same as the ratio of their resolving- 
powers, which in the above numerical example varies from 6:1 to g: I. 

The dispersion obtainable from the two instruments considered above is qui 
adequate to take advantage of all the available resolving-power. This is evident 
from table 2, in which the dispersion is expressed by the ratio A/6A, where 6A is 
the wave-length interval corresponding to a distance of 0-004 mm. on the p 


‘Table 2 
Wave-length ~ Concave Plane ¥ 
(A.) grating grating | 
5 800 | 1200 | 
20 2900 ) 2800 
100 10300 6600 ) 


graphic plate, and is calculated from the well-known dispersion formulae. Thus 
/dA is a measure of the accuracy obtainable for a wave-length A, on the basis th 
the position of the line on the plate can be measured to o-oo4 mm. Although i 
the case of the concave grating the dispersion falls short of the theoretical resolving 
power at lower wave-lengths, yet it is adequate in view of the limitation on resolving 
power imposed by the slit-width. 
The concave-grating spectrograph has a serious drawback in that diffracted 
rays meet the photographic plate at small glancing angles. Eddy and Laby, in the 
experiments on the concave-grating spectrograph, have found that, even for an 
angle of incidence of 5°, surface irregularities in the photographic plate and in th 
emulsion and the anticlastic curvature of the plate, which depends on the plate’s 
thickness, seriously detract from the perfection of the lines on the plate, and set a 
limit to the smallness of the angle of incidence which may be used with the concave 
grating spectrograph. 
From the above considerations it may be concluded that the plane grating is 
most convenient apparatus wherewith to investigate wave-lengths in the regic : 
under consideration, for the advantage of extra resolution afforded by the concave 


grating is outweighed chiefly by the difficulty of using sufficiently fine slits and 
sufficiently flat photographic plates. 


§2. EXPERIMENTAL METHOD 


Principle of spectrometer. 'Vhe X-ray beam incident on the grating is not, as 
customarily it is, a narrow parallel beam collimated by two or more slits, but 2 
. > } 7 
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de beam diverging from a line source, placed near the grating, with a single slit 
laced close to the grating but on the side remote from the source. 

The fine line source, which is itself equivalent to a second slit, is obtained by 
ring the target face of the X-ray tube until it subtends only a very small angle 
t the axis of rotation of the grating. The advantages of this method over the usual 
ne are (1) a much higher intensity of the radiation incident on the grating, per- 
jnitting of shorter exposures; (ii) absence of the difficulty encountered in the two- 
it grating spectrometer in bringing the focal spot on to the axis of the slits. 

Theory of the single-slit grating spectrometer: dispersion. he dispersion of the 
strument will first be considered. In figure 1, Sp is the source, GH the grating, 
nd S, the slit. Since the incident rays form a divergent bundle so also will the 
iffracted rays of any particular wave-length, in accordance with the ordinary 
rating equation nA=D (cos i—cos @). The slit selects from the diffracted rays a 
arrow divergent pencil which falls on the photographic film, producing a line. 


The problem of finding the distribution of wave-lengths along the film is 
mplified by assuming that the film is constrained to lie on a circle whose centre is 
the slit. Although this was actually the case in the earlier experiments in which 
Ims were used, the use of flat plates became necessary later. ‘The same results will 
ply approximately to this case, however, as the curvature of the films was only 
ight. 

‘In finding the relation between A and 6 we may assume the source and slit to be 
ifinitely narrow, so that we need consider only infinitely narrow pencils. ‘The rays 
f any particular wave-length passing through the slit are then regarded as being 
iffracted by an infinitely small section of the ruled surface. Then all rays reaching 
1e film have to satisfy two conditions: 
(i) The ordinary diffraction equation 

mAf[D=cosi—cos8 tne Cs 


(ii) They must pass through the two points Sj, S,. This geometrical condition 


ay be expressed thus: 
* beotitccotO=ro atte et (): 


limination of 7 gives the required relation between A and 6: 
n\|D = [1 + tan? 6/(R tan 6 —a)?]-3 —cos 8, 
here R=r/b and a=c/b. 
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If @ is small, we have approximately 
n\|D = 1 —cos 6 —4 [tan 6/(R tan O—a)J®> == anne (3). 
Figure 2 shows the graph of this equation for typical values of the geometricz 
constants R and a, and also the graph of 1—cos 8. It will be noted that the term 
1 [tan 6/(R tan 6—a)]? is relatively small for large values of A, but increases rapidl 
as \ approaches zero. Thus the dispersion (the slope of the curve) is never as greai 
as, but often approximates to, that of the usual type of spectrograph, where twe 
collimating slits are used. The dispersion of the latter is given by the slope of the 
(1 —cos @) curve. 
It is interesting to note that for certain values of R and a the curve is very nearly 
a straight line, in agreement with the observations of Laby and Bingham ‘ 


100 


60 


40: 


Wave-length (A.) 


20 


1:5 2-0 3-0 4-0 50 
Angle of diffraction @ (degrees) 
Figure 2. Dispersion of spectrograph. (I) Graph of D(1—cos #). (II) Graph of 
equation (3) when i) = @)=2°, R=57°3, a=1. 

Under such conditions, however, the dispersion is comparatively small, so in the 
present experiments normality of spectra was sacrificed for high dispersion. 
When 6 is less than 6), where @, is the angle of reflection, i.e. the value of 6 for 
which A=o, the curve becomes much steeper, and accordingly the dispersion muck 
smaller. For this reason negative orders were not used in the present work. 
Theory of the single-slit grating spectrometer: resolving-power. X-ray plane 
grating spectrometers, unlike optical spectrometers in which lenses can be employe¢ 
require a very narrow beam of rays, and this requirement limits the number 
grating lines that can be used, and hence the resolving-power. The resolving- 
power of the plane grating, when treated as a Fraunhofer problem in diffractior , 
was first given by Rayleigh. Here, however, it must be treated as a Fresnel problem 
be a ee ee a ae distances from the grating. Although an exa r 
yet been given, Prins has given an approximate 
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|theory, which will be slightly modified here to apply to the present instrument. 
he accuracy of Prins’s method may be gauged by applying it to the case of the 
{concave grating; it yields a value for the resolving-power which is about 20 per cent 
higher than that which Mack, Stehn and Edlen® obtained by a stricter mathe- 
matical treatment. In addition to limiting the resolving-power, Porter‘ has shown 
that the use of divergent beams with a plane grating introduces an asymmetrical 
jstructure into the spectral lines, so that their maxima are displaced slightly from 
the position they would occupy if parallel light were used. 

In figure 3, if A is the source, A’ a point on the photographic plate, O the 
centre of the grating, and P any other grating-element distant y from O, then the 


path difference between AOA’ and APA’ can be expressed as a power series in y, 
thus: 


APA'— AOA’ =y (cos i—cos 6) +4? (sin? z/r+sin® O/r')+ ...... (4), 


where z and @ are the glancing angles of incidence and diffraction respectively, and 
r and r’ are the distances of source and image respectively from O. 


Y 


O ) Pe 
fez se} 
Figure 3. 


The condition for the formation of a spectral line of wave-length A is that the 
linear term should be an integral multiple of A, when y is equal to one grating-space. 
This is the well-known relation 


nA = D (cos 1—cos @). 

Prins’s criterion for best resolution is that the quadratic term should not exceed 

3X from the centre of the grating to the edge. So the optimum length of ruling, 

2Y, is that which satisfies the equation 

Pets airssin* 8/7 eNO stv en (5). 

The maximum resolving-power is then the product of the number of rulings 

contained in this optimum length, and the spectral order 
ZY} 4n*X $ 

D ~ | D? (sin? 2/r+sin? 6/r’) 

_{ 4n (cost—cos @) iE 

~ | D(sin?2/r+ sin? 6/7’) 

2nr’ (1 — 77/6?) | 
D(a +770?) 


R= 


approximately. In the present instrument, r=2 cm., 7’=50 cm., D= 23,520 As 
If n=1 and 72/92=o-1 the resolving-power is 330. If m=1 and 7?/6*=0-01 it is 640. 
The asymptotic value as 7?/0? approaches 0 is 650. Now when A=o we have normal 
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i diminishes while 6 increases, and the ratio 
dly the smaller the value of ij. Hence 


632 
reflection, and i=0=%). As A increases 


i/0 diminishes from the value 1 the more rap 


the advantage of using small angles of incidence. 
In actual practice the pairs of lines given in table 3 have been resolved. However, 


it is estimated that the lines could have been resolved in the first case if they had 
been about four times closer, and in the second and third cases if they had been 
about twice as close. So we may take the resolving-power actually realized to be 
about 200, which agrees at least in order of magnitude with the theoretical values. 


Table 3 
Pairs of lines A (A.) | 5A (A.) Resolution 
Gadus I, Ca pt ri ye | 0-276 48 
Pt Ma II, Zn La I T2-% O15 80 
Pt My I, S Kel Tre 07052 102 


The influence of the resolving-power on the width of a spectral line is most 
easily arrived at by considering the problem from the point of view of geometrical 
optics. Since, for a given slit-width and distance from slit to plate, the scale of the 
diffraction pattern is proportional to the wave-length, it is evident that in the case 
of X-rays, geometrical optics will give a sufficiently accurate representation of the 


Width of lines (mm.) 


Wave-length (A.) 


Figure 4. Variation of width of spectral lines with wave-length for various angles of incidence. 
A ig=1'67°3 © =I'55°; X =1'35°; Ol =0'4°; OD H=0'5°. 
formation of a line. This method has the advantage of giving a very clear conception 
of the variation of line-widths with wave-length for a given angle of incidence 
and also the variation with angle of incidence for a given wave-length. Thess 
relations were first determined experimentally by measuring the width of the 
Cu La line in as many orders as possible on five typical spectra, one for each of the 
angles of incidence used. The results, figure 4, show that the reflected beam is in 
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every case very wide, but that the width of the diffracted lines decreases rapidly 
as the wave-length increases. The effect of the angle of incidence is not shown 
convincingly by the curves for films B 1, 9 and 14, as they lie close together and 
intersect one another. This is attributable to the fact that 7) varies but little while 
the line-width depends upon other variable factors, such as the effective width of 
the focal spot and the degree of parallelism between the focal spot and the slit. 
The degree of resolution of the Zn La and Cu Lz lines in the first order, however, 
shows conclusively that the definition increases markedly as 7 decreases, for when 
hy =1'3 a these two lines are completely resolved; when %=1°55° they are merged 
into a single wide line, and when 7)=1°67°, this line is but an ill-defined smudge. 


Figure 5. 


The curves show definitely that the change in 7 from 1-35° to 0-4° is accom- 
panied by a marked diminution in line-widths. Film B 32 shows still further 
improvement, due in this case to a refinement in the method of adjusting the 
parallelism of the focal spot and the slit. 


Figure 6. 


The curves for two typical films, B 1 and B 24, will now be obtained theoretically. 
In figure 5 a divergent bundle falls on the grating from a point source Sp at a 
distance p. Differentiation of equation (1) shows that the diffracted rays diverge 
from a virtual source Sj’ at a distance p’ behind the grating, where 

P= SUV Pie he oe | i iy i het enns Gay 

Actually the virtual source is not a point, but has a width of the same order of 
magnitude as the slit-width. For simplicity it will be assumed that source and slit 
have the same width w,, figure 6. Then the spectral line will consist of an umbra 
U,U, of width w, and uniform intensity, and a penumbra P,P, of total width 
w, [t+2R/(1+p’)] in which the intensity falls off to zero at a uniform rate from 
U, to P, and from U, to P,. We may take as a measure of the width of the line the 


~ 
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distance between points L, and L, at which the intensity has fallen to one-half of 
that in the umbra. Then, since L, and L, bisect P, U, and P,U,, the line-width w 
age w=w,[1tRil+p)) esses (8). 
Now the values of i, 7 and g are known, where g is the value of MG, figure 1, 
when i=0=%). Then b is determined from b/g=1. For a series of values of 6 the 
corresponding value of 7 is calculated from equation (2), and the corresponding 
wave-length from equation (1)—it is assumed that b=c, which was approximahag 
true in practice; then p is given by p=b/sini=5/1 approximately, and p’ is deter- — 
mined by equation (7). This enables w to be calculated for a series of wave-lengths. ; 
The results of these calculations are shown in figure 7. The curves show how, as 


0-6 


0°55 


0-4 
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Width of lines (mm.) 


0-2 
0-1 


! 
0 i0 20 30 40 50 
Wave-lengith (A.) 
Figure 7. Theoretical relation between width of spectral lines and wave-length. J 
(1) i= 1°55°5 (ID) ip =0rg° 
the wave-length increases, the line-width in either case decreases rapidly at first 
and then approaches an asymptote whose value is the slit-width. It is also to be 
noted that the width of the reflected beam is always large, and is constant for a_ 
given slit-width, irrespective of 7). For the smaller value of i, however, the initial 
drop in the curve is much more sudden, indicating much greater definition; in fact, 
for t)= 0-4" the lines are fine (say <o-1 mm.) from 2 A. upwards, while for i= 1°55° 
they are fine from about 25 A. upwards. 
‘Though the curves have the same general form as those obtained experimentally, 
a quantitative agreement is not to be expected, for neither the projected width of 
the focal spot nor the geometrical constants of the apparatus (in particular the 
length 6) are known with any high accuracy, and in addition the widths of the lines — 
are affected markedly by the degree of parallelism between the focal spot and the 
slit. Thus the theoretical curve for ij=0-5° agrees much more satisfactorily with 
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hat obtained from film B 32 than with that obtained from film B 24. When the 
atter film was produced the adjustment of parallelism was made by an optical 
ethod, while in the case of the former film a more accurate photographic method 
vas adopted. 

It should be noted that the variation of line-width with angle of incidence and 
ith wave-length is not a unique property of the present type of spectrograph but 
pplies to all grating spectrographs, on account of the unavoidable divergence of 
he beams used. However, consideration of the function sin? @/sin?z indicates that 
he variation with A will not be so great in the case of an instrument employing two 
ollimating slits, for in such a case the effect arises only through increase of 6 
ith A, while in the present instrument there is, in addition, an initially rapid 
decrease of 7 with increasing X. The spectra obtained by the two-slit method (for 
instance by Witmer and Cork, and Siegbahn and Magnusson) indicate a 
definite but small decrease in line-width as the distance of the line from the reflected 
ine increases. © 

The variation of X-ray line-widths with angle of incidence appears to have been 
reported only by Witmer and Cork, who state that any diffracted line is broadened 
by the use of a large angle of incidence. Vonwiller®, in Sydney, has recently 
observed the same phenomena in the optical region. Using a plane grating 2-7 cm. 
long, and with 14,431 lines to the inch, and a grazing angle of incidence of 1° 52’, 
he was able to resolve the sodium D doublet perfectly, even in the first order, when 
the collimator slit was 1:1 mm. wide; the direct and reflected beams were in this 
case about 2:5 mm. wide. Sharp lines were obtained with grazing angles of in- 
cidence even when the collimator lens was removed altogether, allowing a divergent 
beam to fall on the grating. Vonwiller states that the necessary condition for 
obtaining good spectral definition when the incident beam is divergent is that the 
ratio of 8 toi should be large. This is in perfect agreement with the results obtained 


with all X-ray spectrographs. 


§3. THE SPECTROGRAPH 


The design of the single-slit spectrograph is indicated in figure 8. ‘The vertical 
ring A, attached to a rigid base, carries the spectrometer on one side and the X-ray 
tube on the other. The outer cover B can be clamped to A without disturbing the 
spectrograph itself. ‘The massive brass platform C, which supports the grating 
table, and the brass ring D which carries the slit, are both bolted firmly to A. ‘To 
D is bolted a light-tight cone E of sheet-iron, which carries the plate-holder F at 
its farther end. 

Each of the dismountable electrodes is attached to the spectrograph by means 
of -a rubber gasket between metal discs which are clamped firmly together. ‘To 
secure accurate registration of the target-face the gasket is sunk in a groove cut 
in one of the discs so that there may be metal-to-metal contact between the discs G. 

To secure greater intensity in the spectra the electrodes are set obliquely to the 
axis of the spectrometer, bringing the focal spot to a distance of 18 mm. from the 
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end of the ruling. The ruling extends for 19 mm. and the slit is placed 0-5 to 3-5 mm. 
beyond. The grazing angles of incidence have varied from 1-7° to 0-4°, while the 
slit-width was usually from about 25. to 40p., but was sometimes reduced to 
18. or 12. 

The glass grating, with a grating-interval of 23,518 A., was ruled on the 
Grayson ruling engine in this University, and is the one previously used by Laby 
and Bingham™. The slit is of the symmetrically closing type, the deviation of the 
centre amounting to only 4p. for slit-widths up to 125 p. 

Performance of X-ray tube. Oxide-coated platinum filaments were used in 
preference to tungsten, in order to minimize fogging of the plates by light and 


Figure 8. Single-slit plane-grating spectrograph. 


deposition of metal on the target. Although fogging by light was negligible, however, 
the deposit which accumulated on the face of the target during an exposes — 
to be a serious drawback in the method, for on account of the small grazing wale of 
emission from the face of the target the soft X-rays would be largely absorbed in 
the deposit itself. ‘Thus when a brass target was used, the copper and zinc L lines 
poe ies faint, the strongest lines being those of platinum, barium, strontium 
If the thickness of the deposit increases at a uniform rate during the exposure 
the intensity of the spectral lines from the target metal, instead of ie roped 
i the exposure, Wipeag eon an upper limit exponentially; so there is no advantage 
‘ eee the exposure beyond a certain limit, which depends on how quickly 
: ES epost is forming. It was found that the deposit was least when the tube was 
ardest, while the strongest target-metal lines were obtained when the exposures 


were very short, that is when conditi 
1ons were such that these lines regi = 
selves before the deposit had time to form. ee 
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§4. WAVE-LENGTH MEASUREMENTS 


The distances between spectral lines were measured by a projection method 
which has been in use for some years in this laboratory. The film or plate is placed 
_ on a glass stage which is propelled horizontally by the screw of a dividing-engine, 
and an image of the spectrum, magnified about eight times, is projected by an 
anastigmatic camera lens on to a fixed white screen on which is ruled a pair of fine 
parallel lines close together. Adjustment is made till the spectral line is exactly 
midway between these ruled lines, and the divided head of the engine is read to 
0-001 mm. 

In order to convert the measured distances on the film to wave-lengths an 
analytical expression was used to give a first approximation to the wave-length and 
the necessary corrections to this approximation were obtained from an empirical 
curve. The only assumption made in preparing this difference curve is that suc- 
cessive orders of one line are in the ratio 1:2:3.... This line, which may be called 
the calibrating-line, was selected for its homogeneity and its occurrence in numerous 
orders, and, since we are concerned only with relative determinations was given 
the arbitrary value of unity. Equation (3) may be written 


nA/D=1—cos 6—6. 
If A, is the true wave-length of the calibrating-line and 6, its angle of diffraction in 
the first order, then ER crease 


Table 4. Film B 24. Calibrating-line, copper La,,. R=254 mm., =0-4" 


Distance* from 1~cos 0 
Line Order reflected line == NED: k A/a, (i.e. x/n) 
PS I—cos 0, 
Cu Legs I 6°987 + 0°005 10000 0:0000 — 
2 10°553 £0°004 1°9797 0°0203 —- 
3 13°293 + 0°004 2°9571 0'0429 = 
4 15°620 + 0:004 3°9410 0°0590 — 
5 17°663 + 0:006 4°9206 0:0794 — 
a 21'219 +0010 6°8843 O'1I57 — 
Zn Lays I 6-629 + 0:008 0°9200 |—0-0019 o-g181 
zZ 10°044 + 0007 1°8196 0'0174 o'9185 
3 12°659 + 0'006 2°7138 0°0360 09166 
4 14°882 + 0:004 3°6138 00538 09169 
5 16°852 +0:008 4°5188 0°0722 9°9182 
Mean 0'9177 + 0'0007 
Cu Lf, 2 10°425 + 0:006 1°9386 0:0199 0'9793 
Zn Lp, 2 9°911 + 0°003 1°7789 00165 0°8977 
C Ka I 14°107 + 0°003 3°2853 0'0480 3°3233 
2 20°849 + 0:006 6:6650 o'1116 3°388 
Mean 3°360 + 0°028 
Pt M8, 5 11'088 +0°005 PANN) 0'0223 0°4355 
Pt Ny Ny. vu 1° | 15:266 +0-008 3°7824 0':0578 38402 


* The mean of ten readings, with the mean deviation from the mean. 
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Table 5. Film B 32. Calibrating-line, platinum Mg,. 9=0°5 


Distance from 5 2the 8 | + 
; i — k A/A, (i.e. x/n) 
Line Order atin ‘is r= cos 6, | 1 ( 
Pt MB, I 3°731 £0001 I°0000 0°0000 — 
2 6-059 +0002 | 1°9471 | 0°0529 — 
5 10°708 + 0°085 / 4°7756 072244 — 
Pt May. I 3°836 + o-0o1 1'0358 | 070020 1-0378 
2 6-207 +0°002 | 2°0179 | 0°0572 1°0375 
Mean 1°0377 + 0°0001 
Sr logs I 4°211 to0-001 | 1'1696 | o-0094 I-1790 
or Lp, I 4°103 + 0°002 / I-1301 0°0073 I°1374 
Zn Lie, I 6-258 + 0°:003 2°0432 0°0586 2-1018 
(Cig IL cee I 6:613 +0°003 2°2188 0:0687 2°2875 
2 10'160 + 0°003 4°3775 | o-1ggI 2°2883 
| 
Mean | 2°2879 + 0°0004 
C Ka I 13734407005 | 7:2874 03885 | 7°6759 
2 20°241 + 0-008 14°4750 08784 | 7°6767 | 
Mean | 7°6763 + 0°0004 
Pt My Nin I 4°585 £0°003 1°3108 O'0172 | 1°3280 


Since 5 is small, the ratio x of any line in any order to the calibrating-line in the 
first order may be written 


x=mnd/dA, =(1 —cos @)/(1 — cos 6,)—R. 


So (1—cos @)/(1— cos 6,) was used as an analytical approximation, while for each 
order of the calibrating-line (for which x= 1, 2, 3, ...) the correction k was computed 
and plotted against 1—cos 6. 

The wave-lengths of the foregoing lines can be obtained either on the absolute 
grating scale or on the crystal scale, by taking their ratios to the La, line of copper 
and multiplying them by a measured value of the latter. As only two absolute grating 
measurements of Lo, of copper are available, and as they agree to only 1 in 400, 
the mean of the crystal determinations shown in table 6 is used in preference. 
‘These values are relative to the lattice constant for calcite. 


‘Table 6 
ia Wave-length 
; ave-lengt 
Observer of copper Lay (A.) 

Karlsson ) nf 13°306 
Siegbahn and Thoraeus “°) 13°316 
Hjalmar 13°3r 

Mean 13:310 
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Figure 9. Typical spectra obtained with brass target. (1) t=0°4", showing copper and zine 
. L lines. (IT) i=0°5°, showing chiefly platinum, strontium and sulphur lines. 
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In table 7 are given the ratios found by the writer, the wave-lengths relative to 
La,, of copper, which = 13-310 A., and previously existing crystal determinations. 


Table 7 
4 : On crystal Previous crystal 

Line Ratio scale (A.) determinations (A.) 
Pt Mx, 0°4535 6-037 "6-034 Lindberg (2) 
Pt M8, 0°4362 5°808 Pgie a { 
Pt My Nin 075804 7°'72.5 7°'722, 26 
Pt Ny Nyz vi 3°8402 Syeores (6) None available 
sr Lia, 0°5153 6:858 6:8486 Coster (13) 
Sr LB, 04971 6:617 6:6100 - 
Cube, (1:0000) (13°310) — 
Cu L8£, 0°9793 13035 13027 Karlsson) 
Zn Lin4, o-9182 E2225 12°229 5 
Zn LA, 0:8977 11°949 11:960 >» 
(GUS 3°357 44°68 None available 


Sources of error. As the measurements are entirely relative, the only sources of 
error are (1) in the measured distances on the films, and (2) in the calculation of 
the ratios. The chief error is that of setting the graticule of the measuring-instrument 
on the spectral lines measured. It has been found possible with practice, and by 
using as a graticule a pair of finely ruled parallel lines, to measure the distance 
between two well-defined spectral lines with a mean deviation of 2. or even Ip. 
from the mean of ten readings. The mean deviation may amount to 5 or 10. if 
the lines are less well defined, or differ little in density from the background, even 
though they may be much narrower. There are two other sources of error: (i) The 
curve relating the photographic density of a line to the wave-length may not be 
‘symmetrical about its maximum. This asymmetry may be inherent in the radiation 
producing the line, or it may arise from some property of the spectrograph. Since 
the centre of gravity of the image may not then coincide with the position of the 
“maximum of the density curve, the latter may be misjudged by visual observation. 
(ii) It has been found that in the drying of a film after development, the gelatine 
layer tends to alter its position slightly. To avoid this, Cooksey and Cooksey") 
recommend normalization of plates before use, but if care is taken to ensure even- 
ness of drying, relative measurements should not be affected seriously. Celluloid 
films change in length when left in vacuo for some time owing presumably to the 
loss of some volatile constituent, -but plates are free from this disadvantage. 

As the intensity of the spectral lines usually decreased rapidly with increasing 
order, an-accuracy of 1. or 24. was possible only in the first order of intense lines, 
the error increasing to about 10. in high orders. For this reason the accuracy of 
the above results is believed to range from 1 in 3000 for the best defined lines, to 
‘1 in 1000 for the less well defined ones. 


§5. STRUCTURE OF THE K LINE OF CARBON 


The X-ray spectrograph, besides yielding wave-length determinations, can 
furnish information as to the width and structure of X-ray lines. Such information 
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is of interest in the wave-length band under consideration, particularly in the K 
series of the elements in the first row of the periodic table, and the L series of the 
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Figure 1o. Microphotometer curves of the K line of carbon. (1) Order I, trace 1, z=4:17; 

(IT) order I, trace 2, =3°77; (III) order II, trace 1, z=4:00; (IV) order II, trace 2 

== 3°42, where 2 is the distance (cm.) of galvanometer zero above the datum line. | 
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elements in the second row, for diversity of opinion has existed as to the actual 
width of these lines (some of which are several angstroms wide), and as to whether 
or not they possess fine structure. 

The most reliable work on the structure of the K series of the light elements 
has been done by Hautot"®) and Siegbahn and Magnusson”, who obtained very 
high dispersion and resolving-power by using concave gratings of optimum width 
and of very large radius of curvature. 

Hautot finds that the carbon K line consists of three components, each about 
0-2 A. wide, which he interprets as being the normal «, line accompanied by 
satellites of shorter wave-length in accordance with Langer’s theory. In the case 
of boron, Hautot shows that Langer’s theory predicts no normal satellites, on 
account of the incompleteness of the 2p shell. He obtains, besides the «, line, an 
abnormal satellite of longer wave-length, 2-5 A. wide, whose intensity rises abruptly 
on the short-wave-length side and then falls off slowly towards the long-wave- 
length side. In the case of beryllium he finds a single line, g A. wide, with an 
abrupt short-wave-length edge. It is not the «, line, which cannot exist. 'l’o explain 
these two abnormal lines, each of great width and possessing a characteristic sharp 
edge on the short-wave-length side, Hautot suggests that a 2s electron is excited 
into some ill-defined metastable state, from which it can fall to the 1s level without 
infringing selection rules. The width of the normal diagram lines (about 0-2 to 
0-3 A.) may be attributed to the fact that the upper energy level concerned in the 
transition is broadened by interaction with neighbouring atoms in the solid. In 
support of this statement, Hautot points out that he found the structure of the wide 
component of the boron spectrum to be independent of chemical combination, 
whereas Renninger“” found the shape of the carbon line to vary with chemical 
combination. Further, Karlsson and Siegbahn‘"®) have shown that those lines of 
the K spectrum of aluminium and magnesium which arise from transitions from 
the M, or valence electron, shell are symmetrical when excited by the non-con- 
ducting oxide, but have sharp edges on the short-wave-length side when excited 
by the pure metal. Siegbahn and Magnusson" obtained the same effect in the 
L spectrum of aluminium. . 

Houston” has calculated the intensity-distribution in the carbon K line to be 
expected from (i) the free-electron model of Pauli” and Sommerfeld‘*” and (ii) the 
bound-electron model of Bloch °”; but his results do not agree well with the experi- 
mental results of Hautot, Siegbahn and Magnusson, and Séderman, Yet in view 
of the work of Siegbahn and his co-workers, there is no doubt that the intensity- 
distribution in the normal lines is intimately connected with the conductivity of the 
solid emitting them, and it seems probable that an accumulation of more accurate 
intensity-distribution data may yield valuable information on the theory of the 
electrical conductivity of solids. 

In the present experiments the carbon line often appeared in the spectra, 
arising as an impurity from hydrocarbon vapours which are invariably present in 
an apparatus in which grease and wax are used at joints. ‘To obtain microphoto- 
metric curves of this line film B 24 was used, as it was the only film which combined 
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good definition with a carbon-line density sufficient for the photometer. On this 
film the lines appeared in the first two orders, from each of which two traces were — 
obtained on different portions of the line. The microphotometer consisted of a 
microscope with eye-piece removed, mounted horizontally. The film was placed 
on the stage of the microscope, and light from a point-o-lite arc was focused on it by 
the sub-stage condenser. The magnified image was received on an adjustable slit, 
behind which was the thermopile. Figure 10 shows a reproduction of the traces 
obtained. It is seen that on the short-wave side of the maximum there are two 
distinct components whose positions agree moderately well on the four curves. 
The irregularities on the long-wave side are not significant as they are not repeatable 
on the four curves. 

From a knowledge of the dispersion at 45 A. and at go A., and of the magnifi- 
cation, go, produced by the microphotometer, the distances of the two minor 
components from the maximum of the curve were determined with the results 
shown in table 8. 
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Table 8 

fe . | First | Second ) 
Order Trace | component component | 
| (A.) (A.) | 

’ | 7 

I I 0°38 | 0-60 
I 2 o-4I ) 0°66 | 
et I 0°35 | O53 | 
II 2 | 0°26 | 0°63 
Means_ | 0°35 0°05 | 0°60 + 0°04 | 

| ed / 


This result agrees satisfactorily with that of Hautot, who obtained for the above 
separations on one occasion 0-4 and o-6 A. and on a later occasion 0-34 and 
o-74 A., respectively. Siegbahn and Magnusson obtained only two maxima, 
0-72 A. apart. 
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ABSTRACT. Owing to the use of acoustical outputs up to 500 watts in modern public- 
address loud-speaking apparatus, it is necessary to consider the distortion due (mainly) 
to the adiabatic pressure-volume relationship for air being non-linear. The physical 
principles underlying the transmission of sound-waves of finite amplitude in expanding 
waves are epitomized, and the differential equation for a horn of any cross-section is stated. 
The equation is solved for spherical-wave propagation, which includes the case of a 
conical horn having any solid angle up to 47. Formulae are given which enable the shapes 
of the particle amplitude and pressure waves to be calculated to a second approximation. 
As the sound travels down the horn, the crests of the waves tend to overtake the troughs, 
and harmonics are created, the power associated therewith being transferred from the 
fundamental. The ratio of the power in the second harmonic to that in the fundamental 
is obtained, and comparison made with that for a uniform tube and an exponential horn. 
The analysis is illustrated by numerical examples, and design formulae are deduced from 
which the area of the horn-throat to keep the distortion below a prescribed limit can be 
calculated. Lamb’s analysis for a uniform tube has been extended from the second to the 
third approximation. 


§1. INTRODUCTION 


upon infinitesimal pressure-amplitudes. In modern loud-speaking apparatus, 

and in all musical instruments, such as the pedal organ, which are capable of 
generating high sound pressure, the amplitudes at the source are certainly not 
infinitesimal! The pressures employed in fog-signalling apparatus and in public- 
address loud-speakers are colossal from the point of view of simple theory. For 
example the pressure at the throat of a horn-type loud-speaker may be in the 
neighbourhood of o-1 atmosphere, i.e. about 10° dyne/em? Since a pressure of 
5 dyne/cm? in the ear canal is perceived as quite a loud sound, the great strength of 
the modern acoustical source will be realized. 

At any instant during the propagation of a plane sound-wave of finite amplitude, 
say in an infinite frictionless uniform tube, the density of the air varies from a 
maximum at a crest to a minimum at a trough, so the crests steadily gain on the 
troughs. This is shown in figure 1, which indicates a change in wave-form. The 
process is presumed to continue until the wave-slope becomes vertical. Beyond 
this point the mathematical analysis ceases to have any physical significance. 


ik classical theory of sound formulated over half a century ago is based 


Spherical sound-waves of finite amplitude 645 


Since there is no expansion in a plane wave, the alteration in wave-form is much 
more marked in such a wave than it is in an expansive wave emitted from a horn 
or by a large conical diaphragm. The effect of expansion is a gradual reduction in 
pressure-amplitude, and this implies smaller variations in density and, therefore, 
less distortion than in a plane wave. The tendency in acoustical public-address 
work is to increase the power-output, and loud-speakers which radiate 500 watts‘? 
are now in use for directing operations under conditions where there is a good deal 
of background noise, e.g. in docks and at fires. It is possible that in the near 
future loud-speakers capable of radiating a kilowatt or more may be fitted to 
aeroplanes and used for ‘“‘sky-shouting”’. In view of these developments, it seems 
desirable to investigate the creation of alien tones as the sound-waves expand from 
the source outwards. 

In the present paper we start with a sinusoidal variation in particle-displacement 
with time, due to a moving diaphragm, and obtain formulae which enable the change 
in wave-form to be traced as the wave expands outwards. When the diaphragm-dis- 
placement comprises two or more simple harmonic motions of different frequencies, 


O Se Sees 


Sine Wave Distorted Wave 


Figure 1. Diagram illustrating change in form of plane wave due to non-linearity of the medium. 


the analysis is more complicated than that given herein. Owing mainly to curvature 
of the {p, v} relationship for air (i.e. pv’ =const.) rectification occurs, so sum and 
difference frequencies are introduced. A similar effect occurs when a triode is 
operated on the non-linear portions of its characteristic. In both cases the analysis 
contains product terms whose factors represent sinusoidal oscillations of the same 
or of different frequencies. ‘hese products can be resolved into sum and difference 
components, e.g. 2 COS w COS wy= COS (w+ Ww») + COs (w—wy). In modern technical 
phraseology, one frequency component modulates another. Hence terms of the 
above nature are known as modulation products. When the amplitude at any part 
of a reproducing system, e.g. a microphone, amplifier, loud-speaker mechanism, 
or the air itself, exceeds a certain value, rectification ensues, extraneous frequencies 
are created and modulation products appear in the analysis. 

No characteristic is truly linear, so that to avoid serious distortion of the above 
nature, when a very complex wave-form involving many different frequencies is 
reproduced, the amplitude must be limited. For high-quality reproduction from 
a loud-speaker, the limitation can be specified as follows: With a pure sine-wave 
input, the second harmonic due to curvature of the {p, v} characteristic for air 
must be at least 30 decibels below the level of the fundamental at the normal 
listening position. 
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it should be possible to hear difference tones 


As a deduction from the foregoing, 
provided the said tones lie within 


due to two or more intense supersonic sounds, 
the audible frequency range. 


§2. THE DIFFERENTIAL EQUATION AND ITS 
PHYSICAL INTERPRETATION 


The equation for the propagation of sound-waves of finite amplitude in an 
extremely long, rigid, frictionless horn of any cross-section having a linear axis, is 


NE o 


where € is the particle-displacement from abscissa x 
é’ =0€/dx, &” =07E/dx, € =0°E/0t?, x’ =dx/dx, 
c is the velocity of sound for infinitesimal amplitudes, and y= 1-4 for air. 
The simplest case is that of plane waves in a reflectionless uniform tube, when 
equation (1) degenerates to 


” aa G+eP?> =. Sa (2), 


which has been solved to the second approximation by Lamb™. When expanded, 
the right-hand side of equation (2) contains terms of the second and higher orders 
in é, so the equation is non-linear. This is due to curvature of the {p, v} relationship | 
for air. Various writers® have shown that if the relationship were linear and of | 
the form p=a—bv, equation (2) reduces to &"=&/c?, which being linear implies 
absence of distortion. This means that y= — 1 in equation (2).* Ifwe puty=—1 in 
equation (1), distortion due to the medium disappears, and the general horn equation 
becomes 
ay. Alike 

eae r+e) ty | 

Now from figure 2, y=¢ (x+£)/¢ (x), where ¢ (x) is the cross-sectional area of th 
wave at abscissa x. Thus both y and y’ contain terms in &, and equation (3) is ) 
non-linear, so its solution contains harmonics of the oscillation impressed at the 


Figure 2. Diagram illustrating the i i 
propagation of a spherical wave: y= 
Area of horn-throat Ay =Qx,*. a ae 


* It is not suggested that this holds for any known medium! 


a ——— 
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horn-throat. If we consider the air particles over any section at abscissa « to be 
replaced by a very thin diaphragm, its area alters progressively as it moves from 
end to end of its swing. Consequently the volumes swept out on either side of the 
mean position are unequal, and non-linear distortion ensues. In practice, therefore, 
| there are two sources of distortion, namely (i) non-linearity of the medium, and 

(ii) variation in the area of the cross-section as described above. The expanding 
area of the wave-front causes the pressure to be attenuated with increase in abscissa 
x, and this partially neutralizes the distortion. Moreover, equation (1) consists, 
| so to speak, of certain terms which promote distortion and others which alleviate 
it. This point is illustrated below. 

For spherically expanding waves, including those propagated in a conical horn® 

of any solid angle Q from o to 4m, X=(1+é/x)? and y’ =2 (1 +€/x) (E"/x —E/x?), Q 
Substituting these values in equation (1) and rejecting terms of higher orders in é 
than the second, we obtain 


at +e)2% —242(e—£)" voneee (4), 
Bad (Hey ytert(yenetay-ne a. (5). 


Substituting from equations (4) and (5) in equation (1), the differential equation 
for spherical wave-propagation, to the second order of terms in €, is 


oe es (+2) E42 (y 1): | ~< ef) Soe (6). 


The various terms in equation (6) can be allocated as follows. Distortion due to 


the medium is represented by 5 (y+ 1) €’; that due to the varying-area effect is 
| represented by -< le 2] "; whilst 2 (y- a is a hybrid term involving both 


forms of distortion. These three are partially neutralized by (#-%), which is 


‘associated with attenuation due to expansion of the wave-front as it travels down 
the horn. 


§3. SOLUTION OF EQUATION (6) 


For the first approximation we take 


ese a oe Ca 
of which the solution for a diverging wave of frequency w/27, in a horn devoid of 
reflection, is ip 
E, = Ay et wt-Ka) E +3, Ate (8), é,, w, 
where A, is an arbitrary constant, 7= +/(—1) and k=w/Cc, the distance phase constant. A,,k 


41-2 


Xo 


Eo 


_ Eq%o? [1 +tkx | 9 
gale [EE] eta O 
where 6 ={wt —k (x—Xp)}- 
“The real part of equation (9) is 
_ SX" f R?xq , I : k kx\ - 2) 
clin (Pt) ome (EBS) sind) lh 
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quation (7) which is independent of ¢, and which 


There is also a solution of e 
The said solution* 1s 


vanishes at the horn-throat where x= 4%». 
ee | 
g=A (x—m)+B (4-33) | 


onal displacement of the air particles which is akin to 
Ive, whereby the anode feed current increases. This part 
esent analysis, where alternating componen 
ditions to be imposed later, the constan 
y value. This remark applies also t 
de in a frictionless uniform tube 


It represents a unidirecti 
a rectification effect in a va 
of the solution is not required in the pr 
only are considered. Under the initial con 
A and B are indeterminate and may have an 
Lamb’s solution for waves of finite amplitu 


unlimited extent.t 
If the air particles at the horn-throat, where x= %p, vibrate according to the law 


é=€,e, then from equation (8) A, = Ege |(ik/ xq + 1/%"), it being underst 
that the real part of equation (8) is to be taken ultimately. Using this value of A 
in equation (8) we get 


From equation (10) we get, by differentiation with respect to x, 


; ee k? 2k?x, 2 Rex, 2k 2Rx\ . 
CS ( Lipski: | =) cos 6+ ( + —— =) sin al ana (11). 


2 2 


~~ <eRx? |x at 8 x j 
We also have f_ —-Re | vines (12). 


Substituting from equations (10), (11), (12) in the right-hand side of equation (6 
we find, after some reduction, that provided the r.h.s. <1 the second approximati 
to equation (1) 1s 


é" ah 2é' = 2g g 2 A gox4 ( |= (y ~ I) Xo = bk (R° x" ” 1) (y+ 2) 20k* Xp 
x gk, ae Se a a 
x 


x? 2 (1+R2 x2)? | x x 


kh? (R2 x2 — : ee: ae 5 (by 2 
_ tial ss tone ae > : 4 rg kK (R? x, =1) (y+1) 


x x x 


x Ag x 


Rexy(yt+7) 10k8(R?x,?— 6k* 4 — 
 Xg ) Tor Xo?—1) 36R8xy , 18k (R2x 2-1) , 18kxXq] .. 
ae ~% + | sin 26) ~AIZh 


Terms independent of t have been omitted from the right-hand side of equation (13 

since oo would introduce a unidirectional term, which is not needed, in 

particular i i i 

3 ae 2 integral. Provided kx > 5, terms of lower order than x~* on the right-han 
his is also the solution to equation (1), when density is constant (reference (2), p. 199), as 


would be for static displacement in a uniform tube. 
+ Reference (3), p. 183, equation (30). 
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le of equation (13) can be neglected, so for the second approximation we finally 


tain the equation 
ib Om wg te BB Gye Cyn 
g eee eo oe) cos 20+ (3+ 3) sin 2th Sore (14), 


x3 


_RSxo° (y+1), CBA mot (RPM 1) (+1), 
(1+ k2x,2)? ’ i (1 See Xa) > 


pemea soe yee  d) 


| Sy 1 


TkOtD SY ORG) 
The complementary function of equation (14) for the second harmonic, of 
quency w/z, transmitted down the horn is 


con [ afer as) 


ere B,= 


x 


we have now to find a particular integral of equation (14). It can be shown that 
formula* 


boy = Exe i o [|= Oe ds| ie nor 


applicable to equation (14), where f(x) represents the right-hand side thereof. 
€, is the complete solution of equation (14) for the second harmonic, then 
c= —4h2£, and é,,/c?= —4k®é,, so that in deriving equation (16) the terms 
volving these quantities cancel out. To perform the integrations indicated in 
uation (16), we write 


x? f (x) =f" {(p.+") ei (E+) el nodod (17), 
ere D,=4 (B, —iC,); Ey =} (By +iC,); Da=} (Br—iC,); Fy=4 (By +iC,); and we 


e the following integral formulae: 
[Sax- 2 +242... PS (18), 


ge axe a" x" 


pee sds < log x roe e..| 


: x”  axt ax Ge 


¥ me | ; a = Maes yee au ee ice 2h Me 1) Ot)... eceeee (19). 
ax” | ax Gee a> x 
The D, and E, terms of equation (17) give, respectively, to order x~*, 
i log x I ___3t__ | a0 
é,2D, | AE: += epage (2 log x +3) sia Cte Prva: (20), 


—7 log x I 32 
So°F eee ores CEST 3) aa : 


e D, and E, terms give, exactly, 
Es 1D, /4hx?) e8 te ttee (22), 
Bay tee mrss, ay 


* Reference (4), p- 102. 


eS ee (21). 


D,; Ey, Ds. 
E. 
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The complete particular integral of equation (14), to the degree of approxi} 
mation considered, is the sum of expressions (20) to (23) inclusive. Since . 
i (D,e?9 — E,e-**®) = C, cos 20 — B, sin 20, (Dye*8 + E,e**) = B, cos 20+ C, sin 26} 


and likewise for terms having the subscript 2, we find that 


bon =&o? LF (x) cos 20—F, (x) sin 26] wane (24), 
=E2R ((F, (*)+iF, (xe sees (25), 
where, when 1-4 is substituted for y, 
Gl B C 
Bias a cee (2 log x-11)- gps eon (26 
Bit ie B 
F(2)= Ta eae (2 log x—11)— gigas er 2 (27 


and R denotes that the real part is to be taken. The retention of terms from equa 
(13) beyond those in x-* would modify the last terms of functions (26) and (27 
and add terms of lower order. To equation (25) must be added a complementai 


The complementary function in question is a multiple of the real part of equation (1s 
and may be taken as ee | 
ea {6, E + | ee ae (28 


where G; is a constant to be determined. The second approximation which g 


the amplitude of the second harmonic is, therefore, the sum of equations (25) 
(28), so 


| 


a 


; ] a) 
&,=R \ée [F, (x) +7F, (xp)] e284 G, & ~ 35 ent <i (29). | 
The condition €,=o0 at x= xy gives | 
G A : te | 
1= — So" [Fy (%) +P, (x0)]/ > oe ee (30). 
ty 


Hence the complete solution of equation (14), to the degree of approximation co 
sidered, is the sum of equations (10) and (29), namely 


€=€, (fundamental) +, (second harmonic) 


Xo? IR» ‘ ; 
A Trike] 6e| Roe 


Xo? (1 + 2tkx : ; 
- x (; + ake) (F, (x) +2F (x0) | euth sees (31) : 


§4. AMPLITUDE-RATIO OF SECOND HARMONIC TO FUNDAMENTA: 


If we retain only the first terms in equations (26) and (27), when kx> 10, a 
if in addition k®.x9?>1, equation (31) reduces to 


: g x 9 Re: . 
es eee cos a—et / (1 acer 0 bas 1) log 2 cos (20+tan-! 2/kx») ...(32); 


* As shown in § 5 this does not hold for the sound-pressure. 
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so that the ratio of the particle-amplitudes is 


2 on 2 k? 0 
6 = V(x + 4B) 2 *1) Jog i A (33). 


When x, is extremely large and x/x, 1, the portion of the cone between x) and x 
degenerates to a uniform tube. Putting x=«)+/, we obtain 


log («/xo) =log (1 +1/xo), , 
and since //x)<tr, log (x/x9) >//x. Hence if 0, =(w — Al), equation (32) can be written 
E+E, cos 0,—$ &2R2 (yt i)lcos20 eee (34), 


which is identical with the formula for plane waves in a uniform tube, / being 
the distance from the source). It should be observed that equations (31), (32) 
and (33) are independent of Q, the solid angle of the conical horn. ‘This is only to 
be expected since the propagation is spherical and A~+.dA/dx, the rate of expansion 
per unit area, is independent of Q. In the case of a diaphragm vibrating at the 

| throat of a conical horn, the analysis only applies if the amplitude of the air particles 
is normal to the portion of the sphere intercepted by the solid angle of the horn. 
This condition may be fulfilled if the diaphragm is larger than the throat and is 
coupled thereto by a throat chamber. If the diaphragm were flat and if its radius 
were equal to that of the throat, the sound would be propagated in the form of a 
beam at frequencies where the wave-length was of the same order or less than the 
size of the diaphragm. 

Owing to the factor log («/xp) in equation (33), the amplitude-ratio of the second 
harmonic to the fundamental increases with increase in distance from the throat, 
ultimately becoming infinite with x, which seems to be out of the question. For 
all practical purposes it is probably safe to restrict equation (33) to the conditions 

given in §7. This puts a limit to the value of x. These conclusions also apply, 
mutatis mutandis, to the tube formula (34). 


4 §5. FORMULA FOR THE SOUND-PRESSURE 


From equation (17) from p. 202 of Loud Speakers, the sound pressure at 


variable abscissa (x+€) is given, to the second order of terms in &, by 


ployer {e+ 2 +1) 82-7 — 4 et (38) 


2 


p, being the density of the air in the absence of wave-motion. 
Differentiating equation (31) with respect to x we get 


y= 80%" R {|= Se 2 et} 4 £,2R (CFV (x) + iFy (x)] 2} 
_ EAR {2ik [F, (0) +iFy (x)] &*%} 


Ze Ne 2k2x2—1 — 21kx . < ...(26). 
= ita g {PEI ead ey (99) 
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Inserting equations (31) and (36) in the first two terms of equation (35), we get 


2a 2 id , “Der ib 
Rat RL el + GR (FY (o) +P ()] 


+20" R {fx — ike] [F, (x) +iF (a)] 8} 


AE le ge R {Ti (xo) +1F3 Go) 2210 
x (| 1+20k% ) 


In addition to expression (37), the last three terms of equation (35) produce from the 
fundamental a second-harmonic pressure and a unidirectional component. Neg- 
lecting the latter, we have for these terms 
be ie h?x?—2—21ke |? 4.9) 

Bay Ep stge R ({ (1 +1kx) (k?x?-2—- =) ev} 

am (1+72kx 9)? 

(2y+1) & 7x4 fi 1+tkx |? 4:9] 8 
gaze a | ares oo oo) ae (38) 


Exo" pn {{ Fs (x) | Qi } 
ze ee | E wee} ‘| eae (39), 
where Fy (x) =4 (y+1) k*x*— 22k? x — 5k? x*+ 61kx + 3. 
The total sound-pressure due to the fundamental and the second harmonic is 
— pc times the sum of expressions (37) and (39). The latter is of order &,22.x92/x?, 
and must be included if more than the leading terms of the second harmonic in 
equation (37) are retained. From equations (26) and (27) we obtain by differentiation 


, C B C 
Fy’ (8) = pga (1 log &) + ats (6—log 2) + rare ea (40), 
’ B ‘é 9B 
and HS () Ths (1 —log x) ~ gee (6—log x) + Saka re (41), 


which for large values of kx are of lower order than RF, (x) and RF, (x). Hence 


when kx>1, in compliance with the condition that kx> 5, stipulated in § 2, we 


can neglect F,’ (x), F,' (x), and retain only the first terms of F, (x) and F, (x). 
With these provisos, expression (37) reduces to 


k2x2 id 
plpget = —S0 0 {Ol _g2!8* (Bic) er} 


x Tk tRXxo 2x 
460° R* xg? | Fy (Xo) +1Fs (%0) | 9:0) 
baa See |: Seren <b (42) 
= fohixy? fhe xy! (y+1) logx . 
=— or + Rx) sin (8@—«,)+°" ries eon Sid (20+«,) 


_ 4807 Rx? //F,? (09) + Fy? (xo)\ 
See Ne ( 1 : z 4hx? ») sin (20+ 6.) ...... (43), 
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where «,=tan-11/kxy, <p=tan-12kxo/(k2x»2— 1), and ¢,=tan- [ — Fy (%)/ — Fi (%)] + 
tan™ 1/2kx9, the negative signs indicating that the first quadrant is to be chosen. 

The formulae in this section refer to the pressures at variable abscissa (x +6), 
but when x is large enough € is sufficiently small for them to give the values at 
abscissa x. The value* p, at « is p—E0p/dx, so the preceding condition implies 

(correctly) that €0p/0x is negligible. 

By putting x=. in equations (37) and (39) it can be shown that there is a second- 
harmonic pressure at the throat, although it is very small compared with that due 
to the fundamental. This holds for a uniform tube and for any type of horn. 
Moreover in measuring the fundamental pressure at the throat, with a small side 
tube and a microphone, it is advisable to filter out harmonics from the meter 
input. ‘There are no harmonics of the particle-velocity at x=.x,, since by hypothesis 
it there follows a sine law. We may remark that in any expanding horn the second- 
harmonic pressure per unit area at the throat will exceed that at abscissa x, provided 
x is large enough. This follows from the expansion of wave-front area, although, 
of course, the total second-harmonic pressure over that area increases as the wave 
travels outwards. Moreover, in attempting any rough analytical approximations, 
it would be incorrect to take p,=0 at x=, as a boundary condition. 

The second-order or product terms in equation (35), which are represented by 
equation (39), indicate that part of the second harmonic is created by modulation 
of the main portion of the harmonic by the fundamental. 


§6. FORMULA FOR THE PARTICLE-VELOCITY 


Differentiating equation (31) with respect to t we have 


Danie : 4 21k : E) 
ee R as | it ze | [Fr (0) + iF (m)] #8}... (44). 


When kx=1, equation (44) can be written 


: =p/ Se) ee (45), 
the value of p being given by equation (42) or (43). Thus the sound-pressure and 
particle-velocity in both the fundamental and the second harmonic ultimately fall 
into phase. Formula (44) applies to abscissa (v+€), but when w is large enough it 
holds for abscissa x, as is explained in § 5. 


§7. POWER-RATIO OF SECOND HARMONIC 
TO FUNDAMENTAL 


In evaluating the power transmitted down the horn, we imagine the air particles 
over any section to be represented by a massless radially vibrating spherical cap 
whose mean position is abscissa x but whose variable area A is Q (x+&)?, € being 
given by equation (31). The pressure on the cap is obtained from § 5, and the 


* Reference (2), p. 203. 


€1, €a5 Ex 


Po 


Pi, Pe 
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particle-velocity from § 6. When « is large enough A +x, and the power is given 
by the mean value of péQx® over a complete cycle of the fundamental, p and & | 
being obtained from equations (43) and (45), respectively. Thus the total power 


‘ 7 a4 2 
P,+ P=} (Piés + Pabs) 22*= (ee Ot, fh ee (46), 


by virtue of equation (45). The values of p; and p, in equation (46) are maximum 
pressures, so the factor } must be used to obtain the mean square value. To simplify 
the succeeding analysis we can consider the case where kx,>1. Formula (43) then 


gives for the maximum pressures 


Pi=Eopot@m%y/% = snes (47), 
3 R* x7 (y+1 x 
and P= a= rr (y+1) log =? Oe (48). 


P,, where P,=4E2ppcAgw®X to ans (49), 
and Py = so€ pt pycAyw?h* x9? (y+ 1)? [log (x/xq)]?x 1077 «ee (50), 
where A,=Q.x,2, the throat-area, and the power is expressed in watts. Thus from. 
equations (49) and (50) 

Py fhe (ety x2 107 P,w? (y+ 1)?x9" x}? : 

pee lio E | = tee log xf os 
P, being the power in watts supplied to the horn-throat at frequency w/27. Since 
this is given by equation (49), it appears from equation (50) that the total powe 
increases with increase in distance from the throat. This apparent paradox is due 
to neglect in the foregoing analysis of the transfer of power from the fundamental 
to the harmonic, in accordance with the condition that the total power passing any 
section of the horn is the same as that supplied to the throat by the driving me 
chanism. From equation (51) it appears that the ratio P,/P, increases indefinitely 
with x. The analysis is only tenable, however, if P,/P, }o0-1 and &,/& }0-25. It will be 
seen that the ratio in equation (51) could have been obtained from § 4 by taking 
E2/E,2= P,/P, = 4é,2/E2, maximum values being implied. But this procedure is only 
valid if the phase angles between the pressure and particle-velocity are identical for _ 
each component frequency. It was necessary, therefore, to prove this first, as has 
been done in §§ 5 and 6. At the same time the result might have been inferred — 
from the fact that in any horn the pressure and particle-velocity fall into phase as _ 
the distance from the source increases, since the inertia component is then negligible. _ 


§8. INFLUENCE OF EXPANSION IN REDUCING 
SECOND HARMONIC 


‘To illustrate reduction in the second harmonic due to expansion of the wave 
as it travels outwards from the horn-throat at x=x), we make comparison with 
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propagation in an infinite frictionless tube. The ratio P,/P, for the tube is obtained 
from equation (51) by the method used to find equation (34). ‘Thus we obtain 


Ne 
P, (tube) =f ,2R4 (y+1)2P/16 ates (52) 
=10' Prw*(y+1)?P/8pc°Ag wae (53), 


where /= (x — x9) and is the length of the tube over which distortion occurs, and P; 
is the input power in watts. ‘Taking the ratio of equation (51) to equation (53), we get 


_ Second-harmonic power in conical horn _ %” [ = 


Second-harmonic power in tube P % 


If x)/x <1, 1+ and ¢ depends entirely upon x/x; so the smaller x» for a given 
horn length, the lower is the level of the harmonic in the horn compared with 
that in the tube. In using the above formulae the conditions kx > 1 and kx” > 1 
must be observed. It is interesting to compare equation (51) with the value 
obtained some time ago by Goldstein and M*Lachlan for an exponential horn Couey. 
For this case 
P,/P, = &)2k* (y+ 1)?/48?= 107 Pyw? (y+ 1)?/2pqc? B® Ay «++ (55), 

* provided k> 48 and x is so large that e-t8« <1, B being the flaring-index in the 
formula A= A,e®”, and P, the input power in watts. The ratio of equation (55) 
to equation (52) is 


Second-harmonic power in exponential horn _ 4 6 
Second-harmonic power in conical horn x,” [log (2/0) |? (58): 
Which of the two horns gives the lesser distortion depends upon circumstances, ile 
upon the values assigned to the quantities in equation (56). For example a small 
flaring-index in an exponential horn entails a relatively long tube-like portion from 
the throat, and this would cause the second harmonic to exceed that in a portion 
of a conical horn of equal length. Beyond this point the exponential horn expands so 
rapidly that the second harmonic substantially reaches its final value at the end of 
the horn (if the horn be not less than 400 cm. long). On the other hand the harmonic 
in the conical horn continues to grow relatively to the fundamental, owing to the 

rate of expansion being then far below that of the exponential horn. 


§9. NUMERICAL EXAMPLES 


To illustrate the analysis, we take the case of a simple source set flush with the 
ground and radiating 3 kilowatts at 500 c. /sec. Assume the source to be equivalent 
to a pulsating hemisphere whose radius x)= 30 cm. Then on the assumption of 
zero loss during transmission, the power-level of the second harmonic relative to 
that of the fundamental can be calculated. Substituting for the various quantities 
in equation (51), taking x«=6 x 10% cm. and the area Ay=27x,?, we obtain 
P,/P,=0°034. Thus at 600 metres from the source the level of the second harmonic 
is 10 logy P,/P, or 15 decibels below that of the fundamental. The corresponding 


pressure-ratio pp/p, is 0°18. 


| 
} 


} 
| 
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As another example we may give the condition for the level of the second 
harmonic in a conical horn to be not less than 30 decibels below that of the funda- 
mental. Since this corresponds to a power-ratio of 10~*, we find from equation (51) 
that the throat-area 

Ay> 10 Po (y +1)? x? [log (x/%0)]/Spoe@ ene (57). 
For an exponential horn under identical conditions we have, using the provisos 
below equation (55), 
Ay> 10 P,w? (y+1)?/2ppe®B= www ee (58), 
or Apeort48P, (nin) = + ——taanns (59), 
where n is the transmission frequency and 7, the cut-off frequency of the horn, i.e. 
Bc/47, and P, is in watts. 


APPENDIX 


As a matter of interest we have extended Lamb’s solution™ of equation (2) for 
plane waves in a uniform tube to the third approximation, and find that 


pan [ | cos 8, — 2 FO) Tain g, SEEN) ogg 20 
42 I 8 
34 2 2 333 
£0 ot Dhar 30-2 ree 2 aia ee (60). 


This should be compared with the second approximation given by equation (34). 


REFERENCES 


(1) Wireless World, 35, 525 (1934). 

(2) M°Lacuian. Loud Speakers, p. 200, equation (6) (1934). 
(3) Lams. Dynamical Theory of Sound (1925). 

(4) Forsytu. A Treatise on Differential Equations (1933). 

(5) M°Lacuian. Bessel Functions for Engineers, p. xi (1934). 
(6) GoLpsTEIN and M°Lacuian. Wireless Engr, 11, 27 (1934). 
Wireless Engr, 11, 423 (1934). 

(8) —— —— f. Acoust. Soc. Amer. 6, 275 (1935). 


657 


SA lo Qh 220,532.03 


THE TEMPERATURE VARIATION OF THE 
VISCOSITY OF AQUEOUS SOLUTIONS OF 
Sp PRONE sEVEC LROLYTES 


By W. J. SULSTON, B.Sc., A.INst.P., Queen Mary College, 


University of London 
; Yommunicated by Prof. H. R. Robinson, F.R.S., March 1, 1935. Read in title May 17, 1935. 


ABSTRACT. The viscosity of aqueous solutions of potassium chloride and of potassium 
sulphate has been measured over a wide range of temperature. Every care has been taken 
to eliminate, or to correct for, sources of error. The results have been analysed by plotting 


against 1/c, and in those cases where the relation between these variables proved 


o be linear the values of A and B in the equation 


Pea ek Bt 
$o 


Jat each temperature have been calculated. 


Sr INTRODUCTION 


electrolytes at low concentrations and at temperatures above 35° C. Since 
that date a considerable amount of work has been done at very low con- 
centrations. An excellent summary both of early work and of the accurate measure- 
ments made between 1929 and 1933 appears in a paper by Jones and Talley™. 


The formula, at first tentatively proposed by Jones and Dole, 


$/¢>=1+Av/c+Be, 


where ¢ is the fluidity of solution at given temperature 6° C., dy is the fluidity of 
solvent at the same temperature, and c is the concentration of the solution, has 
since been confirmed for certain salts over limited ranges of concentration. For 
potassium chloride Joy and Wolfenden™ showed that the equation was valid up 
to a concentration of about o-15.N at 18° C., and up to a concentration of about 
0:5 N at 35°C. 

Jones and Dole™ had previously found the equation to hold for barium chloride 
at 25° C. Hood and Hohlfelder™, however, found that the equation did not apply 
to the same salt at 18° C. 

The Debye-Hiickel theory has been applied to the problem of the viscosity of 
strong electrolytes. The general problem of any electrolyte solution has been solved 
by H. Falkenhagen and E. L. Vernon“. The predictions of the theory have been 
confirmed for a number of salts by various workers, including Joy and Wolfenden, 


Ue 1929 accurate information was lacking concerning the viscosity of 


d, 4, po : 
c | 
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Recently, however, Cox and Wolfenden™, who used 
method of measurement, obtained results for the 
d lanthanum sulphate which differ widely 
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and Jones and ‘ialley. 
new and extremely accurate 
values of A for magnesium sulphate an 


from those predicted by the theory. at ee 
The purpose of the present work is to measure the relative viscosity of potassi 


chloride over a range of temperature from 18° to 85° C. The relative viscosity of 
an aqueous solution of a salt is defined as the ratio of the viscosity of the solution 
to the viscosity of water at the same temperature. In view of the lack of data for 
unidivalent salts, measurements have also been made on potassium sulphate. 


§2. METHOD OF EXPERIMENT 


Viscometer. On account of the small difference between the viscosity of a 
dilute aqueous solution and that of water an accurate method of measurement was 
essential. The general design of the viscometer followed that given by Washburn 
and Williams’. A somewhat wider capillary was, however, employed, and 2 
kinetic-energy correction was applied. The instrument was made of pyrex glass and 
its approximate dimensions were: 


Capacity of upper bulb aed a 16 cm? 
Length of capillary... La ae 20 cm. 
Diameter of capillary ... oe jem 0:06 cm. 
Diameter of lower bulb so = 8-0 cm. 
Vertical diameter of lower bulb a 4°5 cm. 


The cleaning-solutions were found to have little or no action upon the glass. 
In view of the range of temperature covered, it was considered undesirable te 
use an all-glass fitting for the manipulation of the liquid in the viscometer. Groun¢ 
glass joints were, however, employed to make connexion to the limbs of the 
instrument. The two limbs were normally connected by a three-way stopcock s¢ 
that loss of liquid by evaporation was minimized. ‘The liquid was drawn into 
upper bulb before the commencement of a run by connecting that limb to a large 
and partially evacuated air reservoir. 
In order to obtain comparable times of flow for different liquids it is essentia 
that the viscometer should be placed at the same inclination to the vertical in al 
cases. The instrument was permanently attached to a rigid brass stand which co 
be screwed on to a plate fixed in the thermostat. ‘The use of three pegs to bring the 
instrument to a standard position, as used by Appleby and other workers, we 
adopted. 
Thermostat and temperature-regulation. It is well known that the viscosity 0 
water varies rapidly with temperature. In order to measure the viscosity of water at 
normal temperatures to an accuracy of o-r per cent it is necessary to maintain an¢ 
to measure the temperature to 004° C.; hence it is essential to employ an efficien 
thermostat. A copper vessel of capacity about 40 litres and depth 40 cm. was used. 
It was well lagged with glass wool on all sides with the exception of a small gle 5 
window at the front through which the upper bulb of the viscometer was observed. 
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‘he bath was filled with water which was covered with a layer of oil to minimize 
vaporation at high temperatures. 

Now while it is comparatively easy to design a thermostat to keep constant to 
+ 0:002° C, at 25° or 35° C., it was necessary in the present work to cover a range 
rom 18° to 85° C., and to be able to change from one temperature to a higher one 
airly rapidly. It was finally decided to use a mercury-toluene regulator which 
perated a thermionic-valve-actuated relay. The regulator was of conventional 
esign in the form of a helix, but to obviate the necessity of removing mercury, as 
he temperature was raised, by means of a pipette or some special device, it was 
fitted with a side tube about 3 cm. below the point at which contact was made. 
his tube was connected, through a stopcock, to a reservoir which could be moved 
ertically. As the temperature was raised in stages of 5° C., mercury could be 
removed from the regulator by opening the stopcock and lowering the reservoir. 
his device was used to obtain a rough adjustment of the amount of mercury in 
he regulator; a fine adjustment to set the temperature of the bath accurately was 
rovided by soldering the contact with the mercury to a screw which moved 
ertically in the usual way. 


o+ 
240V. de. 
yes 


Figure 1. Valve relay circuit. 


The disadvantages of the normal form of relay were overcome by using a 
thermionic valve circuit, figure 1. The regulator contact was placed in the grid 
circuit of the valve. If the temperature of the bath is too low the contact R is not 


30 mA., is sufficient to operate the relay L. As the temperature is slightly raised 
the contact R is closed and the anode current is reduced to less than 1 mA. so that 
the main heating-current is switched off by the action of the relay L. The contacts 
of this relay consist of mercury contained in two evacuated glass tubes so that 
sparking is entirely eliminated. This system of regulation has given very satis- 
factory service, and accurate temperature-control has been effected. At tem- 
peratures below 50° C. it has been possible to maintain the temperature constant 
to within +o-or° C., while at higher temperatures control to +0-02° C. could be 
relied upon. 

Temperature-measurement. A mercury-in-glass thermometer was used. Im- 
mediately before the commencement of the series of observations it had been 
calibrated at the National Physical Laboratory for an immersion of 12 cm. The 


made, and the valve has only a small negative grid bias. The anode current, about. 
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conditions of calibration were accurately observed, and it was therefore unnece 
to apply an emergent-stem correction to the observed readings. The constancy of 
the temperature of the thermostat was checked by using an uncalibrated platin 
thermometer, and was found to be well within the limits previously given. 
Time-measurement. A Venner stop-watch was employed for measuring the 
times of flow of the liquids in the viscometer. Before each observation the watch 
was fully wound and the differences between successive observations rarely 
exceeded o-1 sec., and were usually not greater than 0-05 sec. Any improvement i 
the method of timing would have been useless without a corresponding increase 
the accuracy of temperature-control, and in view of the range of temperature 
covered the latter would have been exceedingly difficult. 


a 2 © © @ wm oo Se 
Temperature (°C.) 


Figure 2. Variation of A and B with temperature in ¢/¢)=1+<4,/c+ Be for potassium chloride. 
f] Jones and Talley. x Joy and Wolfenden. 


Densities. 'The densities of water and also of the solutions were obtained from 
the International Critical Tables. Interpolation was necessary in the case of the 
solutions. ‘he values given in the International Critical Tables were used in pre- 
ference to the results obtained by any one observer as they represent the weighte¢ 
means of all reliable determinations. 

Experimental procedure. ‘Che solutions were all prepared by weight and wer 
made as nearly as possible to have round concentrations at 25° C. Since the 
density of any solution was known at each temperature, the concentration at each | 
temperature could be accurately calculated. The salts were carefully dried in 2 1 
air oven before using. The water was prepared from a Hartley-type still, and a_ 
sample of the water was found to have a conductivity of 1-14 x 1076 Q2-cmat . 
18° C. and 3-61 x 10-§ Q71-em2! at 75° C, a 

Between each filling the viscometer and other glassware were cleaned 
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hromic-sulphuric-acid mixture. No liquid was introduced into the viscometer 
ntil the liquid had been filtered. 
The temperature was maintained constant for at least 30 min. before an obser- 


ation was taken. In all cases the mean of at least three consecutive observations 
as used. 


Temperature (° C.) 


igure 3. Variation of A and B with temperature in ¢/¢)=1+A/c+ Be for potassium sulphate. 


§3. RESULTS 


| The results were calculated from the relation 
SR leat 

1 ty dy—dy’ 
here 7 is the viscosity of solution at a given temperature, 

7m the viscosity of water at that temperature, 

d the density of solution at the same temperature, 

d, the density of water at the same temperature, and 

d, the density of air. 
To the value so obtained a correction for the difference in the kinetic energies 
f the two issuing liquids was applied. Detailed results are given in table 1 for 
otassium-chloride solution of concentration 0-100 moles per litre at 25°C. It 
ill be observed that both the temperature and the concentration vary, but in 
iew of the method employed in calculating the constants no account need be 
en of this. 
PHYS. SOC. XLVII, 4 42 
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potassium chloride at other concentrations are summarized in 


table 2, while those for potassium sulphate are given in table 3. 
In order to test the validity of the equation 


b/d>=1+ Aver Be, 


for each 


were plotted against the corresponding values of +/c. 
hold for potassium-chloride so 
potassium sulphate the equation was accur 
centrations for which results were obtained—namely 0-3 gm.-mol./lit.—at 4 


temperatures between 25° and 85° C. 


Table 1. Potassium chloride. Concentration o-1000N at 25° C. 


salt at each temperature, the values of (6/¢9—1)/+/c at each temperature 
The relation was found 


lution up to normal concentration above 50° C. For 
ately followed up to the highest con 


Concen- | | | 
Tem-| tration of | Density Time of | Time of | ose Relative 
pera- | solution | of solution | flow for | flow for | d—d, t| Kuinetic- | viscosity 
ture (gm. (gm./ water | solution |g,—d nig ices of 
(*C.) equ / cm’) (sec.) (sec.) : correction | solution 
it. 
18 G:TO016 100341 645°55 641-48 09985 —o-ooo1 0-9984 
25 0*10000 100180 548:10 545°55 I-OOo! —_— I-OOOI 
30 0:09986 1:00038 492°10 490°46 I°OOT4 = I°OOI4 
35 | 009969 | 099873 | 445°70 | 44474 1°0025 a 1°0025 
40 0'09951 0:99689 406715 405°64 1°0034 — 1°0034 
45 0709931 0°99487 372°50 372°17 10038 ae 170038 
50 | o09909 | 0°99269 | 343°70 | 343750 T0041 an 1-0041 
55 0:09886 0°99033 318-60 | 318-69 I°0049 — 1°0049 
60 009861 0'98783 297°10 297°37 170056 — 170056 
65 0'09834 0798518 27°90 278-34 10063 + 0-000! 10064 
70 0:09807 0°98240 260°80 261°35 170068 +0°0001 1-0069 
7s 0°09777 0'97948 245°67 246-38 1:0076 +0-0001 1°0077 
Be 0:09748 0°97643 232°40 233°15 1:0080 +0°0002 10082 
5 009715 0°97325 | 220°70 221°38 r-oo81 +0°0002 10083 
Table 2. Relative viscosity of potassium chloride 
Tem- . ° Saye 
Seeker Concentration at 25° C. (gm. equiv./lit.) 
°C.) 0°05000 0° 1000 ] 0°5000 0°7500 I*000 
18 o . : 
i: asa ont 0°9896 0-9879 0°9837 
5 Ooo 09978 09984 0°9994 
3 I "0008 I'OO14 I'0041 1-0061 1°00908 
. ease 10025 10082 I°O129 10188 
4 pie 1°0034 I-OI31 T-o189g 1'0273 
Sted 1'0038 1'0163 1°0246 1°0349 
: : : ae T-0041 I-0196 10297 10406 
60 eos ek 10227 1°0337 1'0469 
65 Ee et 10256 1°0395 1°0528 
70 yee eer: 1-0289 10422 10577 
75 I eee oe a tase 1°0477 1°0627 
g° mehates: 1'0077 1'0347 1°0500 1'0675 
8s 2 ae 10082 1:0368 10534 I‘O717 
004 1'0083 10382 10558 1°0747 
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Table 3. Relative viscosity of potassium sulphate 
Tem- Concentration at 25° C. (gm. equiv./lit.) 
perature soa Re 

CC) 001000 005000 O° 1001 0*2000 0°3000 
25 1'0029 1°0126 1°0244 1°0450 1:0685 
30 1°0033 I-OI3I 1:0258 1°04.86 1°0736 
35 1°0035 I°0136 10271 T0517 1'0779 
40 I'0036 I‘OI4I 1'0287 1°0542 1°0816 
45 1°0038 I°O150 10301 10563 1°0850 
Eom 1'0037 I‘o160 I‘O3II 10580 1:0878 
55 1'0038 1'0166 I'0320 1°0597 1'0909 
60 I'0040 10168 1'0327 10613 1°0934 
65 I‘OO41 I°O172 10333 10630 10953 
70 1°0043 I'OI75 1°0341 1'0646 1'0976 
75 1°0044 I‘o1s1 1°0350 1:0660 1:0989 
80 1°0046 1-0187 1°0354 1:0676 I*I002 
85 I-0049 1'0187 I'0361 10683 I°1022 


The values of A and B at each temperature were calculated from the results in 
hose cases where the Jones-Dole equation had been found to be valid over the 
hole range of concentrations covered by the method of least squares. ‘The results 
re summarized in tables 4 and 5. In table 6 the experimental values of the fluidity 
re compared with the values calculated from the equation with the values of 
and B so determined. 


Table 4. Potassium chloride 


|! Approximate 
Tem- Observed Theoretical concentration 
perature Value of value of value of up to which 
(C.) constant B constant 4 constant A equation 
is valid 
° — - — 00045 — 
18 +.0:0330 3) —0'0052 (3) — 00049 O15 
25 +o-0140() —0:0052 1) — 00051 — 
35 — 0009013) —o0:0051 3) —0'0052 0°50 
55 — 00400 —0'0041 —0°0055 1‘00 
65 —0'0506 —0'0056 —0'0056 
70 —0'0545 — 00060 —0'0057 A bee 
75 —o:0561 —o-0081 —0'0058 fi 
80 —0:0613 —0'0073 —0'0059 
85 —0'0654 —0'0064 —0:0060 
100 — oo — 00062 —— 
i 


The theoretical values of K in the equation 


Jatt Ka/c 
No 


ave been calculated by H. Falkenhagen and E. L. Vernon for potassium chloride 
t 0°, 18°, 25° and 100° C. from the equation 
N 
——.¢ 
IN 1000 .t 


I 
60 (DRT) v(87) nou’ 


K= 


42-2 


K 


Se Uno & 
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where N is Avogadro’s number, 
e the electronic charge (e.s.u.), 


Z the numerical value of the valencies of the ions, 


D the dielectric constant of the solvent, 
k Boltzman’s constant, 

T the absolute temperature, 
np the viscosity of solvent, and 
u the mobility of the ions. 


Table 5. Potassium sulphate 


Tem- Vv Observed Calculated 
perature alue of value of value of 
(CAE) constant B constant A constant A 

18 — — —o-0128 
25 —O'1g2Ig —0-0120 = 
30 —0°207Ip — 00122 ) _ 
35 —0°218Q9 —o-0128 ) — 
40 — 02308, —o-0126 —< 
45 — 0°23791 —o-0145 = 
50 —0°24717 : —oO°ol45 — 
55 — 0°2559s — O°O147 — 
60 —0'2619¢ —o-0154 | — 
65 —0°2672,; —o-o161 — 
70 —0°27135 | —o-0177 — 
5 —0°2740¢ —0°0193 — 
80 — 0'27430 ' —o'0218 — 
es 85 — 0°27639 — 0°0232 — 


{ 


Table 6. Potassium sulphate 


E 2 | Difference 
do (per cent) 


bese | (ance) $/d5—1 £ 
3 .-mol./lit. / 
(Cy ese : aye | (observed) | (calculated) 
| 25 0'01000 0°029 09971 a 09969 
0'05000 0:056 0:9876 09877 
oIO0IO 00752 09762 0°9770 
0°20000 0096, 09569 09562 
0°30000 ; Orly, 0°9359 09358 
35 0°00997 0°035 09965 0-996 
0:04.985 0-060 0-9866 wanes 
0°09979 0°08 35 0°9736 or9841 
0°19938 O'T1Oy 09508 09506 
ae Sa O°1325 0°9277 0°9275 
50 0'00991 0'037 - 09963 : o 
9961 
0°04954 0°0705 09843 0-945 
009917 070955 09-9698 0°9709 
o'19818 0°123; 0°9452 0°9456 
0'29710 oT 48) 0'9193 o'9187 
5 000978 0044 o 
956 ‘ 
0°04889 o'o8I aioe me Se 
009787 O'1O8y 09662 o-9671 
O°19554 0°1409 0°9381 0°9379 
0°29330 0°166, o"9gI00 09092 
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While the actual values of u are unknown at the other temperatures, it was 
pbserved that for the four temperatures at which u was known, nou varied linearly 
Wwith the temperature. Hence the values of yyw at intermediate temperatures may 
be determined. From these interpolated values, and from the values of the dielectric 
constant of water determined by Wyman, the values of K at the intermediate 
temperatures may be determined. These are included in table 4. 

The small increase in the value of K for potassium chloride indicated by the 
2D ebye-Hiickel theory was too minute to be detected over the range of temperature 
covered by previous workers. By considering a wider range of temperatures a 
definite increase in the value of the constant has been observed with rise of tem- 
jperature. In view of the difficulties of the work at the higher temperatures the 
observed value of A cannot be relied upon to more than +0-0015. The theoretical 
alue is only known to +15 per cent, or to about +o0-oo1 in the case of potassium 
hloride. The observed and theoretical values are therefore in fairly good agree- 
ent. 

Unfortunately the theoretical value of A for potassium sulphate is only known 
at 18° C. The values calculated from the results at 25°, 30° and 35° C. are in good 
agreement, within the experimental error, with the probable theoretical values at 
hese temperatures. It will be observed that the variation of A with temperature 
s greater for potassium sulphate than for the chloride. 


§4. CONCLUSION 


The present work gives further confirmation to the predictions of the Debye- 
tickel theory; the absolute values of the constant A are in good agreement with 
he quantitative results of the theory. Moreover, the variation of A with temperature 
has been shown to be, within the experimental error, that predicted by the theory. 
It should be emphasized that this agreement is for one salt only. It seems prob- 
able that for salts less simple than potassium chloride the temperature variation will 
ot be that predicted by the theory. 

Further, the theory only takes into account one effect of a strong electrolyte on 
the viscosity of the solvent. Neither the absolute value of the constant B, nor its 
ariation with temperature has yet been determined theoretically. 
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BSTRACT. Analyses of arcs between plain soot carbons of various degrees of purity 
ere carried out with a quartz spectrograph. The normal vertical two-electrode arc and 
Iso a horizontal three-electrode arc of Y form, with two negative carbons and one 
ositive, were used, parts of the arc flame only being photographed. The object was to 
nd a correlation between the spectra and the candle-power per ampere of the positive 
rater of the three-electrode arc. The effects on the spectra of the following changes in 
onditions are given: (i) changing the positive carbon while keeping the negative carbons 
he same; (ii) special purification of the carbons; (iii) sputtering of the arc; (iv) photo- 
aphing different parts of the arc (a) close to the positive carbon, (5) centre of the arc 
ame, (c) close to the negative carbons. Photographic enlargements of the ultra-violet 
arts of the spectra are given. 


§x1. INTRODUCTION 


arcs has been in progress at Queen Mary College with a view to their use as 
a standard of light. The electrodes of such arcs are arranged in the form of a 
Y with one positive and two negative carbons, the positive being horizontal. An 
unobstructed view of a perfectly flat, circular positive crater is thus obtained. ‘This 
arc was originally developed by J. F. Forrest“ who, using carbons 6 mm. in 
diameter, obtained the value of 173 cand./mm? for the crater brilliancy. Later 
N. A. Allen® adapted the arc for larger currents using carbons 10 mm. in diameter, 
the main modification being that the negatives had to be inclined upwards towards 
the positive in order to maintain a vertical flat crater. This is the type of three- 
electrode arc used in the present work, both the angle between the two negative 
carbons and the angle between the plane of the negative carbons and the positive 
carbon being adjustable. 
A thorough photometric investigation of this type of carbon arc was made by 
R. C. Fox. He found that only four distinct values of the candle-power per ampere 
of the positive crater were obtained, the values covering a range of 20 per cent. 


EF: many years past an investigation of the photometric behaviour of carbon 


* Abridgment of a thesis submitted by D. E. H. Jones and approved for the degree of Master 
of Science in the University of London. 


668 ¥. T. MacGregor-Morris and D. E. H. fones 


A change in the candle-power per ampere is sometimes brought about oS an 
the positive carbon and sometimes by changing the negative ane. ox ma | 
several attempts to correlate the candle-power per ampere with some ot er prope 
of the carbons. He took photographs of the burning craters and photomicrograph 
of the craters after burning, and made a cursory examination of the visible part of 
the spectra of the arc flames. He also determined the rates of carbon-consumption 
None of these however could explain the differences although the photographs o: 
the burning craters showed that an increase in the candle-power per ampere was 
accompanied by a greater homogeneity of the carbon. ; 

It was felt that the spectrographic analyses should be carried further, 4 
excellent quartz spectrograph being available. On account of the great labo 
involved, however, the present work was confined mainly to the spectroscopy 
that part of the arc which lay near to the positive crater, because all the photometric 
measurements that had been made related to the light emitted from the positive 


crater. ' 
§2. EXPERIMENTAL DETAILS 


Spectrographic analyses were made with both the normal two-electrode arc 
the carbons being vertical, and the three-electrode are as developed for a standard 
of light. The spectra in all cases were photographed with a Hilger quartz spectro 
graph of type E3. Only the more important results obtained with the three 
electrode type arc are given in the present paper. All other results obtained with 
both types of arcs confirm those given here. The two-electrode arc was used as the 
source for photographing the comparison spectra in all cases. 

The three-electrode arc-holder consisted of two sheets of uralite, one fixed in ¢ 
horizontal position on four supporting pillars while the other was hinged and free 
to swing about one edge of it as axis. The angle between the two could be adjusted 
to any desired value by means of a semi-circular scale marked in degrees, and 2 
locking thumb-screw. The positive carbon was arranged to slide through a pair of 
fixed sleeves on the horizontal sheet of uralite, the negative carbons being fixed ir 
similar but moveable holders on the other piece of uralite. These negative carbons 
could be rotated, so that the angle between them was adjustable. 

The two-electrode and the three-electrode arcs were arranged so as to be inter. 
changeable, and an enclosure was formed around them so as to reduce any un 
steadiness of the arcs due to draughts. A side image of the are was thrown on to < 
screen by means of a lens, and by adjusting the position of the positive carbon 
that the image of the end of the carbon coincided with a vertical line in the screer 
it was ensured that the arc always burned in exactly the same position. 

Photography of spectra. Since it was desired to photograph only a part of the 
arc flame at a time, a vertical slit was placed 3 cm. from the three-electrode arc 
This was made from two pieces of sheet iron measuring 1 cm. by 1-8 cm. held in a_ 
small holder so that the slit-width was adjustable. The edges of the slit were — 
bevelled and the slit as a whole could be moved across the are so that any desired 
portion of the flame could be photographed. For the two-electrode arc the slit 
was cut horizontally in a small piece of sheet iron. 
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. The analyses were carried out by comparing the carbon spectra with those of 
RU. (raies ultimes) powder and pure iron. R.U. powder® has been developed by 
e Research Laboratories of the General Electric Company Ltd. and consists of 
small quantities of about fifty elements incorporated in a base composed of zinc, 
snagnesium and calcium oxides. The quantity of each element has been carefully 
adjusted so that only the razes ultimes and the most important persistent or sensitive 
lines appear in the spectrum when the powder is burned in an arc. All the elements 
present are evenly distributed throughout the bulk of the powder so that, under 
fontrolled conditions of excitation, an invariable composite spectrum is produced. 
The R.U. spectrum was obtained by burning a little of the powder on spectro- 
@raphically pure Acheson graphite electrodes. T'wo rods, -7; in. in diameter, were 
turned down to a diameter of 4 mm. for a distance of 4 or 5 cm. The positive 
electrode, being the lower, was hollowed out slightly, and about 20 milligrams of 
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Figure tf. 


he powder were placed in the cavity. The arc-length was adjusted to 6 mm. and 
he arc was struck by touching with a third graphite rod, the series resistance being 
such that the current was about 5°5 A. 

For the iron spectra Hilger high-purity iron electrodes 5 mm. in diameter were 
sed in the two-electrode arc, the arc current being again 5°5 A. 

The three-electrode carbon arc was photographed from the side, a plan of the 
arrangement being shown in figure 1. In order to reduce exposures to a minimum 
e arcwas placed as near to the spectrograph slit as was consistent with good focusing. 

The arc was run off a 120-volt supply, figure 1, and had a series resistance in 
each negative lead so that the currents through the negative carbons could be 
adjusted until they were equal. An additional resistance was connected in the 
sositive lead so that variations in the supply voltage could be compensated without 
disturbing the equality of current through the two negatives. [he two-electrode 
arc was supplied with a separate series resistance. 
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The arc current for the carbon arc was 12 A. in all cases, the exposure being 
60 sec. for the two-electrode type and Io sec. for the three-electrode type. The 
angles between the carbons in the three-electrode arc were adjusted to the values 
given by N. A. Allen® for a current of 12 A., i.e. 20° between the positive carbon 
and the plane of the negatives and 120° separation between the negatives. Under, 
these conditions a vertical, flat and circular positive crater is obtained. The difference 
in the exposures is due to the fact that two kinds of photographic plates were used; 
for the two-electrode work Wellington anti-screen plates of speed H and D 450, 
while for the three-electrode work, Ilford isozenith plates of speed H and D 650 
were used. The Ilford plates were backed to reduce halation in the intense parts 
of the spectra, and no definition was lost as a result of the extra speed of the plates. 
The corresponding exposures for the iron spectra were 30 sec. and 3 sec. respectively. 
while the spectrum from the R.U. powder was exposed for the time taken by the 
powder to burn out, which was generally of the order of 1 sec. 

The three spectra were photographed immediately above one another by means 
of a Hartmann diaphragm, the carbon spectrum being in the centre, the iron 
spectrum above and that from the R.U. powder below. An approximate wave- 
length scale was also printed with each set of spectra, and several such sets were 
printed on each plate to ensure that one should be obtained in which the carbon 
had burned perfectly steadily during the whole of the exposure. In order to facilitate 
the analysis in the more intense parts of the spectra, one set of spectra in which the 
exposures of the carbon and iron spectra were much shorter was also taken on each 
plate. 

Despite the shorter exposures necessary in the case of the three-electrode are, 
far more trouble was experienced from sputtering than had been experienced with 
the two-electrode arc. When the arc sputters the intensity of all the lines is in- | 
creased many times and a number of fresh lines, apparently spark lines, appear; 
this must be avoided, i.e. the arc must burn quite silently for the whole of 
the exposure. The effect of sputtering is dealt with more fully later. For the 
three-electrode arc the crater had to be burned in the correct position, so that it 
was perfectly flat and perpendicular to the axis of the carbon. ‘The crater was first 
formed at a slightly higher current, the three carbons were carefully wiped free 
from adhering particles, and the exposure started immediately on the restriking 


of the are, Under these conditions the are usually burned for 10 sec. without 
sputtering. 


The impurities in the carbons were then determined by comparing the three 
spectra, i.e. those of carbon, R.U. powder and iron, under a low-power travelling 
microscope. A set of enlargements of the R.U. and iron spectra, supplied by Adam 
Hilger, was used for recognizing the lines. The origin of all the raies ultimes and 
sensitive lines is marked on these enlargements so that the elements to which the 
lines are due can at once be recognized. The wave-lengths of many of the lines } 
in the iron spectrum have also been marked in international angstrom units, sO 
that the wave-length of any unknown line can be found if desired. A visual esti : 
mation was made of the intensities of the lines in the carbon spectra at the same | 
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time, the lines being divided into four groups as very intense, intense, faint and 
very faint. From this estimation of intensity the elements were classified as very 
strong, strong, weak or very weak. 


Four different brands of carbons have been used, the various brands being 
marked as follows: 


Witton...G.E.C....Made in England...F...G.E.C. 

C. Contradty Noris...Germany 

os Contradty Nurnberg... Marke C 

Siemens-Planiawerke A.G. Germany. 36846 31-A-Homogenkohle-A 


These brands of carbons are referred to as G.E.C. Witton, Noris, Marke C, and 
Siemens Plania A respectively. 

As has previously been mentioned, spectrograms were taken with both the 
two-electrode and three-electrode arcs, and in the case of the three-electrode arc 
they were obtained for the following parts of the arc flame: (i) close to the positive 
carbon, (ii) at the centre of arc flame, and (iii) close to the negative carbons. This 
photography of different parts of the arc flame showed that the simplest spectra 
were obtained by photographing the part of the flame close to the positive carbon, 
whilst the most complex were obtained by photographing the part close to the 
negative carbons; moreover it was easier experimentally to obtain spectra of the 
former portion. Hence, in view of the simplification resulting both in the spectra 
and in the experimental technique, and more especially because a correlation 
between spectra and the candle-power per ampere of the positive crater of the three- 
electrode arc was being sought, most of the photography was done upon the part 
of the arc close to the positive carbon. 

Reading of spectra. Many very faint lines occur in the spectra and these could 
not be recognized with certainty, particularly when they occur amongst the cyanogen 
bands or are masked by stronger known lines. This often led to doubt as to the 
presence of small traces of some elements. These elements, listed below, have been 
omitted from all the analyses, except when detected with some certainty. 


Antimony Bismuth Chromium Cobalt 

Germanium Iridium Lanthanum Lead 

Lithium Molybdenum Osmium Palladium 

Platinum Rhodium Ruthenium Scandium 

Silver ‘Tantalum Thallium Yttrium 
Zirconium 


The barium lines occur amongst the cyanogen bands and great difficulty was 
consequently experienced in deciding the intensities of these lines. However, 
barium has been classed as very weak in all cases. Sodium, although it is un- 
doubtedly present in the carbons, was not detected in any of the spectra owing to 
the fact that the photographic plates were not sensitive to the sodium doublet, 
\ 5890 and A 5896, and the other raies ultimes of sodium are all extremely faint. 
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This element, therefore, has been omitted from all the tables. No trace was 
obtained of zinc in any of the spectra, although some of the raies ultimes of this 
_element are very intense. 

§3. RESULTS 

Analyses were carried out by varying the conditions in the following manner. 
(i) For the part of the arc flame close to the positive carbons: (a) changing the 
positive carbon; (b) changing the negative carbon, (c) changing the positive and 
negative carbons; (d) special purification of the carbons; (e) sputtering of the arc. 
(ii) For the centre of the flame: (a) changing the positive carbon; (b) changing the 
negative carbon; (c) changing the positive and negative carbons. (iii) For the 
part of the flame close to the negative carbons, changing negative carbons. Changes 
(i) (a), (i) (8) and (ii) (b) were made with both the two-electrode and three-electrode 
arcs; changes (ii) (a) and (ii) (b) were made with the two-electrode arc only; and 
the remaining changes were made with the three-electrode arc only. 

The results in the more important cases are reproduced in full with enlarge- 
ments of the ultra-violet parts of the spectra. The analyses reproduced were all 
carried out for the three-electrode arc. 

Alteration in the spectrum as a result of changing positive carbons, the candle-power 
per ampere being changed. The part of the arc flame close to the positive crater was 
photographed by adjusting the position of the slit in front of the arc so that the 
edge of the purple image of the flame next to the image of the crater just covered the 


slit. 
Table 1. Result of changing the positive carbon, the negative 


carbons being G.E.C. Witton 


Very strong Strong | Weak . Very weak 


Marke C Carbon, boron, | Magnesium, | Manganese, . Arsenic, barium, 
positive, silicon, iron, aluminium, titanium beryllium, 
236 c.p./A. calcium copper cadmium, nickel, 


G.E.C. Witton | Carbon Silicon, iron, | Boron, aluminium, | Titanium, arsenic, || 
positive, calcium, copper, barium, 
261 c.p./A. magnesium manganese beryllium, 
cadmium, nickel, 
tin, vanadium 


Noris positive, | Carbon, boron | Silicon Trea, calcium, Aluminium, copper, 
278 c.p./A. magnesium | manganese, 


| beryllium, | 
cadmium, tin, 
| | vanadium 


The arc investigated in this case was first obtained with G.E.C. Witton carbons 

as positive and negative. ‘The positive was then replaced by a Marke C carbon and 
-afterwards by a Noris carbon, the first change lowering the candle-power per 
ampere from 261 to 236 and the second change increasing it to 278. Table 1 gives 
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Figure 2. Effect on three-electrode arc spectra of changing the positive carbons. 
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the results of the analyses obtained with the three-electrode arc and figure 2 shows 
the spectra. , 
The spectra of the arcs that give a high candle-power per ampere are un- 
doubtedly simpler than those that give a lower candle-power per ampere, 
increasing light-output being correlated with a decrease in the quantities of the 
impurities present, and particularly of iron, calcium, aluminium, copper and 
magnesium. This finding has been confirmed in every case by the further analyses 
which were carried out to find the effect of (b) changing the negative carbons but 
| not the positive and (c) changing both positive and negative carbons. The change (6) 
was made for both types of arc and for different parts of the three-electrode arc. 
_ Alteration in spectrum due to special purification of the carbons, the candle-power 
per ampere being constant. Some Siemens Plania A carbons were purified by a 
remarkably efficient method due to Dr Pirani®. The method consists in heating 
the carbons for about 15 min., in a carbon tube furnace in a stream of chlorine. 
The temperature is maintained at 2500-3000° C. This purification does not alter 
the candle-power per ampere of the crater of the arc, the carbons being burned 
both as positives and as negatives; the value was 261 both before and after purifi- 
cation. The analyses of the spectra of pure and impure carbons was carried out for 
the three-electrode arc, and the spectra are given in figure 3. 
Table 2 shows that the treatment of the commercial carbons has rendered them 
remarkably pure, for silicon, calcium, arsenic, aluminium, cadmium, manganese 
and tin have been completely removed. In the case of iron extremely faint traces 


Table 2. Effect of purification of Siemens Plania A carbons 
used for both poles 


Very strong Strong Weak Very weak 
Commercial car- Carbon, boron | Silica, iron | Copper, calcium, | Arsenic, aluminium, 
bons, 261 c.p./A. magnesium barium, cadmium, 
; manganese, tin, 
vanadium 
| Specially purified | Carbon, boron — Copper Magnesium, arsenic, 
carbons, vanadium 
261 c.p./A. 


= 


were visible in the spectrum of the purified carbons but these were so faint and so 
doubtful that iron is also considered to have been removed by the purification. 
Silicon and iron were originally classed as strong, calcium as weak, and the other 
elements as very weak. Magnesium also changes from weak to very weak. 

From a consideration of the above facts it appears that the presence of impurities 
has in itself no effect on the candle-power per ampere of the arc, but that the 
determining factor is the structure of the carbon matrix. ‘This is unaffected by the 
purification process although it has been determined by the impurities present 
during the manufacture of the carbons, and thus originally gave the arcs their 
various candle-powers per ampere. This view is supported by the fact that the 
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spectra of the arcs having the lower candle-powers per ampere are more complex, 
and thus show the presence of a greater proportion of impurities, than those having 
the higher candle-powers per ampere. Again if the operation of the arc leaves the 
structure of the carbon matrix unaltered, the impurities being volatilized away 
before the working-temperature of the positive crater is reached, then it is reasonable 
to expect that chemical purification before use will not alter the candle-power per 
ampere. 

The spectra are shown in figure 3. 

Alteration in spectrum due to sputtering of the arc. Sputtering in the carbon are 
is primarily due to the flame clearing the loose particles adhering to the tapered 
sides of the carbons, the particles being thrown out of the arc. It was noticed 
during visual examination of the spectrum that many fresh lines appeared during 
sputtering, whilst the intensity of the original lines increased many times. This 
was particularly noticeable in the ultra-violet region, a fluorescent screen of 
vaseline smeared on an old photographic plate being used for the visual examination. 
However, it was felt that some better estimate of the magnitude of the effect would 
be of service. 

The three-electrode arc was used with G.E.C. Witton carbons. The order of | 
photographing the spectra was slightly modified, two sets of three spectra being 
taken. The first set consisted of the spectrum of the silent arc with spectra of a 
heavily sputtering arc above and below it. The second set consisted of the spectrum 
of a heavily sputtering arc with the usual comparison spectra of iron and R.U. 
powder above and below it respectively. The usual exposure of 10 sec. was given 
for the carbon spectra, the arc sputtering seven times during an exposure for the 
spectrum of the sputtering arc. This was arranged by burning the carbons for 
some time before beginning the exposure and disturbing the arc by slight draughts 
during the exposure. The spectra are given in figure 4. 

Table 3 shows the effect obtained: the quantities of several elements are over- 
estimated as a result of the increase in intensity of their lines caused by sputtering. 


Table 3. Effect of sputtering, with G.E.C. Witton positive 
and negative carbons 


Very 7. 
strong Strong Weak Very weak 
Sputtering | Carbon, | Calcium, Boron, aluminium, | Arsenic, barium, beryllium, 
arc iron, magnesium, | manganese, titanium) cadmium, nickel, tin, 
silicon copper vanadium, scandium, 
germanium 
Silent arc, | Carbon | Iron, silicon, | Copper, boron, Titanium, arsenic, barium, 
261 c.p./A. calcium, aluminium, beryllium, cadmium, 
‘| magnesium manganese nickel, tin, vanadium 


‘The total number of lines in the spectrum also increased from about 200 to about 
300, practically the whole of the increase being due to iron. No fresh elements 


were detected with certainty except perhaps scandium and germanium. The 
> 
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following changes are observed: iron and silicon increased from strong to very 
strong on sputtering; copper increased from weak to strong; titanium increased 
from very weak to weak. It is thus seen that serious errors may arise as a result of 
the sputtering of the arc, the amounts present of several impurities being conse- 
quently over-estimated. It is therefore essential that the arc shall not sputter 
but shall burn quite silently during the whole of the exposure if a true arc-spectrum 
is to be photographed. This rule was strictly adhered to throughout the present work. 

Alteration in spectrum along axis of arc. Spectrograms of the three-electrode arc 
flame were obtained (i) close to the negative carbons, (ii) at the centre of the flame 
and (iii) close to the negative carbons. The following carbons were used: 


I II Ill 
Positive G.E.C. Witton G.E.C. Witton  G.E.C. Witton 
Negatives Marke C G.E.C. Witton Noris 


The spectra from the different parts of the arcs in case IT are compared in 
table 4 and although the positive and negative carbons were of the same brand yet 
certain changes were observed, more especially between the spectrum obtained 
close to the negatives and that from the centre of the flame. These changes related 
to iron, copper, aluminium, manganese and titanium, as will be seen in the table. 


Table 4. G.E.C. Witton positive and negative carbons. 261 c.p./A. 


Very strong Strong Weak Very weak 
Close to Carbon, iron | Silicon, calcium, | Aluminium, Arsenic, barium, 
negative magnesium, manganese, beryllium, cadmium, 
carbons copper boron, titanium nickel, tin, vanadium 
Centre of | Carbon Iron, silicon, Boron, titanium Arsenic, barium, 
flame calcium, beryllium, cadmium, 
magnesium, nickel, tin, vanadium 
copper, 
aluminium, 
1 manganese 
Close to Carbon Iron, silicon, Copper, aluminium, | ‘Titanium, arsenic, 
positive | calcium, manganese, boron barium, beryllium, 
carbon magnesium cadmium, nickel, tin, 
vanadium 


at 


Visual examination of the spectra shows that they are richer in lines and that 
the intensities of the lines are greater when they are obtained from the part of the 
arc flame close to the negative carbons. There is little difference between the 
e to the positive carbons and at the centre of the flame, the 
negative carbons. Indeed 


me broadened and shaded 


spectra obtained clos 
greater change occurring between the centre and the 


in the latter case the stronger lines of the spectrum beco 
on both sides, having an appearance similar to that obtained when the spectrograph 


is slightly out of focus. 
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§ 4. CONCLUSION 


The results of this investigation show that undoubtedly a low value for the 
candle-power per ampere emitted by the positive crater of the three-electrode are 
is accompanied, as a general rule, by greater complexity in the spectrum of the are 
flame, particularly for the part of the flame close to the positive carbon. 

Spectrograms of part of flame close to positive carbon. ‘The most marked change 
of spectrum with candle-power per ampere of the arc is obtained by changing the 
positive carbon and not altering the negative carbon. The spectra show appreciable 
simplification; a steady falling-off in the estimated amounts of iron, calcium, 
aluminium, copper and magnesium occurs, with increasing value of the candle- 
power per ampere, both for the two-electrode and for the three-electrode arc. 

As would be expected, the differences obtained in the spectra when the negative 
carbons are changed but the positive carbon is kept the same were not so marked. 
However, generally similar changes were obtained. 

A comparison of the spectra of arcs with different positives and different 
negatives does not give such large differences as might be expected, only calctum 
and aluminium showing marked changes. The same general simplification was 
obtained in the spectrum of an arc giving high candle-power per ampere; with 
Noris positive and negative carbons the spectrum was appreciably simpler than 
those of the arcs with G.E.C. Witton or Marke C carbons. 

Spectra of carbon arcs yielding the same candle-power per ampere show little 
differences either in the intensities or in the numbers of lines in the spectra, 
although the tables of analysis show slight changes in the estimated amounts 
present of some of the impurities. 

The comparison of the spectra of ordinary commercial and specially purified 
carbons shows that it is possible to remove practically all the impurities without 
altering the candle-power per ampere, and that therefore the candle-power per 
ampere is probably determined by the closeness of the structure of the carbon 
matrix rather than by the chemical properties of the embedded salts. The magnitude 
and number of the holes these salts leave on volatilization in the arc is the primary 
deciding factor. 

The investigation of the effect of sputtering shows how important it is that the 
arc should burn quite silently during the whole of the exposure. Appreciable | 
increase in the number and intensities of the lines is caused by sputtering, and 
leads to over-estimation in the amounts of several impurities present in the carbons. 

Spectrograms of the centre of the arc flame. As in the previous section, spectra | 
of arcs yielding different candle-powers per ampere were obtained, firstly by 
changing the positive carbons, secondly by changing the negative carbons, and | 
thirdly by changing both positive and negative carbons. These experiments lead 
to the same general conclusions as before, the spectra simplifying with increasing 
candle-power per ampere though not to an equal extent. 

Again the analyses of arcs yielding constant candle-power per ampere show 
stent changes, though the spectra themselves show little difference as a whole. 
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Spectrograms of part of arc flame close to negative carbons. Only one series of 
spectra of this kind was obtained, by varying the negative carbons of the three- 
electrode arc. Again the results agreed with those obtained from the other parts 
of the arc flame, although the differences were not so marked as in the case of the 
part of the flame close to the positive crater. 

A comparison of spectra from different parts of the arc flame shows that, for a 
given arc, they are simplest when obtained from a part of the flame close to the 
positive crater and most complex when obtained from a part of the flame close to 
the negative carbons. There is little difference between the spectra of the central 
part of the flame and the part close to the positive crater. 
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ABSTRACT. Descriptions of some experiments to liquefy hydrogen by the expansion 
method (a) by pure expansion, and (5) by the additional use of the Joule-Thomson effect. 
The yields are of such an order that it seems promising to build large hydrogen-liquefiers 
on this principle. 


Linde process.* As the liquefaction of helium by the expansion method (29) } 

has proved very satisfactory, it seemed hopeful to try liquefying hydrogen | 
by this process, and Ahlberg and one of us made a successful preliminary experiment 
with the apparatus which we had used for helium-liquefaction. In this method } 
the gas to be liquefied is compressed into a container and cooled down as far as 
possible ; for instance, to the temperature of liquid hydrogen for helium liquefaction. 
Then it is allowed to expand through a valve outside the apparatus, and in doing so 
it cools according to both the external work done by the gas in the container and 
the internal work against the van der Waals forces. This method is very efficient 
for gases with low boiling-point for two reasons: (i) the heat-capacities of the } 
container are very small at low temperatures; (ii) the deviations from the ideal 
state increase considerably with falling boiling-temperature. 

In this paper we describe some investigations of the conditions under which 
satisfactory results can be obtained for hydrogen. Comparing the liquefaction of 
helium by this method with that of hydrogen, one has to bear in mind one great 
difference. In the first case, as we have pointed out already’, the heat-capacity 
of the container is negligible, owing to the smallness of the specific heat at the very 
low initial temperature. ‘This does not hold in liquefying hydrogen, where one has 
to start at liquid-air temperatures. Hence, in order to keep down the heat-capacity 
and get a high efficiency one must use a material of a high tensile strength, so as 
to be able to reduce the weight of the container. However, one must be very careful 
in selecting the substance of high tensile strength as most materials become very 
brittle at low temperatures, and in the case of hydrogen there is some danger 
involved if there is a burst. 


Hime hydrogen-liquefaction has been exclusively carried out by the 


* See for instance reference (1), p. 315. 
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De Haas and Hadfield have recently made a very extensive investigation on 
the properties of a large number of metals and alloys at liquid-hydrogen tem- 
peratures, and they found that some alloy steels, especially some with a high nickel- 
content, do not become brittle even at these low temperatures. Sir R. Hadfield 
was kind enough to put at our disposal a small cylinder of 144 cm? capacity, 
weighing only 212 gm. It was manufactured from AMF steel (5277 in the paper of 
de Haas and Hadfield) of a yield-point of 32 ton/in? at room-temperature, and 
48 ton/in? at liquid-hydrogen temperature. Its dimensions were such that using 
it at a pressure of 150 atmospheres at liquid-air temperature we had a safety factor 
of 2. The elongation of this steel at the boiling-point of hydrogen had a value of 
35 per cent, even larger than that, 32 per cent, at room-temperature. 

In the following table we give the heat-capacity of this cylinder as a function of 
temperature, taking the values of iron and nickel as additive. 


Heat-capacity 


T °K.) (cal./°C.) 
70 6:9 
60 5'0 
50 iS es 
40 18 
30 08 
20 Or2 


The heat-capacity of the gas contained in the cylinder at 70° K. and 150 
atmospheres is about 12 cal./°C. By means of solid nitrogen it will certainly be 
possible to start at a temperature between 50° and 55° K. Hence the heat-content 
of the container will not be too big, especially as the initial amount of gas will then 
be still higher. But the capacity of the container is not absolutely negligible, so 
that we have to remember that the following data do not apply for the values one 
would get with a container with ideal walls; but certainly the difference will not be 
very great. 

For the experiment the cylinder was suspended in a vessel immersed in liquid 
air, the temperature of which could be reduced by pumping off the evaporated gas. 
The intermediate space between the vessels was filled with a little hydrogen gas, 
in order to give heat contact with the external bath. After the cylinder had been 
filled with compressed hydrogen, and temperature equilibrium had been reached, 
this exchange gas was pumped away so that the system was thermally isolated. We 
measured the temperature by means of a copper-constantan thermocouple, one 
junction of which was fixed to the steel cylinder. The other was connected with a 
copper block immersed in liquid oxygen, its temperature being measured by means 
of a platinum resistance thermometer. As the second point for calibrating the 
thermocouple, we took the boiling-point of hydrogen, and the intermediate values 
were calculated from the tables given by Giauque“. The pressure was measured 
with a Bourdon gauge. In order to avoid big dead volumes, we took a very small 
instrument fitted with a little mirror and read the deflections with a scale and 


telescope. 
43-2 
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The experiment consisted in letting out successive small amounts of gas by 
means of a valve situated outside the apparatus. Simultaneous measurements of 
pressure, temperature and amount of gas were taken. The amount of gas was 
measured with a gas meter whose readings were sufficiently accurate for our pur- 
pose. The amount of hydrogen remaining liquid after expansion to one atmosphere 
was determined by heating up the apparatus to room-temperature again and 
measuring the amount of gas liberated. Of course, a correction had to be applied 
for the amount of gaseous hydrogen inside the apparatus. 


200 3 
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: . : : : ‘ 
Figure 1. {Pressure, temperature} relation during expansion for three different 
sets of initial conditions. 


Figure 1 gives the connexion between temperature and pressure for three 
different sets of initial conditions. In the first experiment the vessel remained 
filled with 1-4 per cent of liquid hydrogen, in the second with 4-4 per cent and in 
the third 13:8 per cent. By means of the data of figure 1 the values of figure 2, 
giving the percentage of the volume remaining full of liquid, are derived as a function 
of pressure at different initial temperatures. We see that for every temperature the 
three points from our three curves lie on a straight line. The same behaviour was 
found before for helium over a bigger pressure-range, so that we may extrapolate 
to higher pressures with some confidence. Thus we can give approximate values 
for initial conditions to be used in practice; we did not consider it worth while to 
aah these preliminary experiments to the conditions in question as this would 
have entailed considerable experimental complications. We can derive that, starti 
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with an initial pressure of 200 atmospheres and a temperature of 52°, which one 
could easily get by using solid nitrogen (with a vapour-pressure of 6 mm.) a filling- 
degree between 40 and 45 per cent will be obtained. 

One can get a considerable improvement of the yield by adding the Joule- 
‘Thomson effect as we suggested in our work on helium™. If the gas is not expanded 
to normal pressure by a valve outside the apparatus but by a valve in thermal 
contact with the container, then the gas, cooled by the Joule-Thomson effect, will 
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Figure 2. Percentage filling of vessel after expansion from various pressures 
and temperatures. 


further reduce the temperature of the vessel, if a suitable heat-exchanger is used. 
In the case of helium we do not generally use this improvement, as the yield is 
already very high without it, and it complicates the apparatus to a certain extent. 
Under the conditions prevailing in the case of hydrogen, however, it seems advisable 
to take advantage of this cooling. . 

We carried out one preliminary experiment of this kind, letting the gas pass 
through a nozzle which for the sake of simplicity was a fixed one and adjusted so 
that the whole of the gas went through in about 10 minutes. ‘The gas cooled the 
cylinder in passing along a spiral soldered on to the outside of it. The conditions of 
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this preliminary experiment were not ideal, as in the early stages while the pressure 
was still high the gas passed much too rapidly to give a good heat-exchange; hence 
this experiment only gives a lower limit for the yield. 

Actually one will use an initial pressure ot about 180 to 200 atmospheres, and a 
temperature of 50° to 55° K. In our simple apparatus we were able neither to raise 
the pressure so high as this nor to lower the temperature of the liquid air enough 
to get conditions similar to those to be used in practice. We therefore cooled the 
system further by dipping the apparatus into liquid hydrogen for a short time. 
Then the vessel containing the compressed hydrogen was isolated and the whole 
apparatus was surrounded again with liquid air. In this way we started our experi- 
ment at 45°3° K. with a pressure of 113 atmospheres. We compensated the lower 
initial pressure by lowering the temperature below that to be used in practice. 
We shall return to this point later. After the expansion to 1 atmosphere we found 
the vessel filled to 61 per cent with liquid hydrogen, i.e. 71 per cent of the gas 
originally present in the container was liquefied. 

We will compare this value with the data one can calculate by using the equation 
of state for hydrogen in this region. For this reason we will consider the following 
procedure. Directly connected to the high-pressure vessel is a little Linde liquefier. 
The gas leaving the high-pressure container passes through this and leaves the 
whole system at the temperature of the container. The yield of the first vessel may 
then be calculated from our data above. There is now an additional liquefaction in 
the Linde apparatus which may be calculated from Keesom’s enthalpy diagrams™, 
which allow us to calculate the yield to a first approximation along the whole 
temperature and pressure range in which we are interested. This yield is very high 
on account of the low temperatures in question; it averages, under our conditions, 
about 50 per cent. 

In this way we find that the container should have been filled to 70 per cent 
with liquid hydrogen, 49 per cent being due to pure expansion. Actually we 
measured 61 per cent. As we have already mentioned, our preliminary apparatus 
could give us only a lower limit, and we have to consider too that the heat-capacity 
of the cylinder was increased noticeably by the spiral of the heat-exchanger soldered 
to it. In the circumstances we think the agreement good enough. 

Calculating the efficiency for the conditions that will be used later on in practice, 
namely 200 atmospheres and 52° K., one finds about the same yield. Thus one can 
predict that an apparatus with an efficient heat-exchanger would give a filling 
degree between 65 and 70 per cent under these conditions. 

In view of this high yield, the building of large hydrogen liquefiers seems to 
be indicated, more especially because of other advantages connected with this 
principle. ‘The chief point now is to find a material sufficiently reliable and cheap 
for the container. We are at present engaged on this in the Clarendon Laboratory. 
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DISCUSSION 


Prof. A. H. Compton asked what pressure of hydrogen was used. Were the 
walls of an ordinary steel thermos flask strong enough to stand the pressure? 


Autuors’ reply: The pressure to be used in practice will be between 150 and 
200 atmospheres. A normal steel dewar flask will not stand these pressures, but 
when the special steels mentioned are used, the weight can be reduced so far 
that the cylinder weighs about one kilogram per litre capacity. 
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ABSTRACT. The humidity corresponding to various wet-and-dry-bulb temperatures 
between —2°C. and —19°C. has been measured. The wet-bulb temperatures were 
obtained by means of mercury thermometers, thermocouples and resistance thermo= 
meters, all three methods agreeing well. 

The actual humidity was generally obtained from a specially designed dew-point 
apparatus, thermojunctions being used to measure the temperature of the metal surface 
on which the deposit of dew was formed. In addition, tests by the gravimetric method 
were carried out. : 

The results are utilized to prepare a table giving the relative humidity at various wet- 
and-dry-bulb temperatures. These agree, for the most part, with previous tables, but 
they differ in the region of low dry-bulb temperatures (below about —g* C.) and small 
wet-bulb depressions (less than 1° C.). 

The results are also examined from the point of view of the usual theory which asserts 
that (e’ —e)=B,P (0—6’), where e’ is the saturation vapour pressure at the wet-bulb 
temperature 6’, e the saturation vapour pressure at the dew point (i.e. the actual partial 
pressure of water in the air), @ the dry-bulb temperature, P the barometric pressure an 
B, the psychrometric constant, Although above o° C. this formula is found to hold bi 
yet below o° C. it is found that By varies in a complicated manner with the temperatures. 
It tends to infinity when the wet-bulb depression tends to zero, and there is a further 
variation superimposed on this one; at a constant value of the depression, By) passes 
through a minimum and then through a maximum as the dry-bulb temperature decreases. 


§xr. INTRODUCTION 


HE question of the determination of the moisture content of the — 

| is one which has interested investigators for the past 100 years and yet 
comparatively little work has been done on the subject outside the range 

normal atmospheric temperatures. In recent years the problem of the measure- 

ment of humidity in cold stores has come to the fore on account of the increasing | 

attention which is being given to the scientific study of the storage of foodstuffs | 

by refrigeration. : 

Here the investigator is confronted with a two-fold problem, (1) the adaptation 

of the known methods of measuring humidity to temperatures below the freezing- 
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point of water, and (2) the calibration of such apparatus in the temperature range 
in which he is interested. 

. The. present paper deals with the measurement of humidity in the range from 
o to —20°C. particularly with reference to the wet-and-dry-bulb type of hygro- 
meter and the tables to be used with it when one of the thermometer bulbs is coated 
with ice. There are inherent difficulties associated with hygrometric measurements 
at low temperatures. For example, the weight of water vapour per unit volume of 
air is relatively small; the observer has to manipulate the apparatus without dis- 
turbing the humidity of the air: accurate data as to the saturation moisture content 
of air at low temperature are lacking. 

Consequently with the hygrometric instruments available it is not possible to 
obtain the humidity of the atmosphere with a high degree of precision when 
working at temperatures well below the freezing-point of water. 


§2. TYPES OF HYGROMETER 


Among the many forms of hygrometer which have been devised from time to 
time, only four are in common use at ordinary temperatures—the gravimetric, 
dew-point, wet-and-dry-bulb, and the extension-of-hair types. 

The first two hygrometers depend on well-founded physical principles and 
give readings that can be converted to values of relative humidity without prior 
calibration. As regards the wet-and-dry-bulb instrument, it is conceivable that in 
the future a complete theory will be worked out, but the resulting formula will 
probably contain one or more constants to be determined empirically. 

The present position is that the theory of the wet-and-dry-bulb hygrometer, 
or psychrometer, is incomplete, and it is necessary to prepare tables for any ranges 
of temperature and humidity over which it is to be used. 

In principle the hair hygrometer is the simplest of all forms of hygrometer but 
it is necessary to calibrate each instrument before use. 


§3. INSTRUMENTS FOR ROUTINE USE AT LOW TEMPERATURE 


The gravimetric method is unsuitable for routine use even at ordinary room 
temperatures, owing to the length of time occupied in obtaining a reading, but it is 
particularly difficult at low temperatures such as are met with in the cold storage of 
foodstuffs, owing to the very small amount of water which the air contains, even at 
high relative humidities. For example, if the temperature is —5° C., it is necessary 
to pass 293 litres of air through the absorption tubes before even 1 gm. of water 
can be collected, as compared with 58 litres of air necessary at 20° C, 

Moreover, to weigh 1 gm. of water to an accuracy of 1 per cent (i.e. 0-01 gm.) 
is not easy when the temperature is — 5° C. and the total weight dealt with—U-tube 
and desiccating agent—is 20 gm. or more. 

When relative humidity, rather than moisture content, is required, the greatest 
obstacle is not the experimental difficulty, but the fact that the moisture content for 
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been directly measured at low temperatures, and an uncertainty 
rical formula. 


saturation has not 
is therefore introduced owing to the extrapolation of an empi 

Turning to the dew-point method in its application to low temperature work, 
we find that the first difficulty is that of cooling the silver surface below the tem- 
perature of the surroundings. Volatile liquids such as ether do not evaporate 
readily at low temperatures, and are thus less effective than at normal temperatures; 
further, the vapours from them are often deleterious to the foodstuffs which may 
be preserved in the cold store. A second and more important point is that owing § 
to the increased viscosity of the cooling fluid, the heat transfer between the fluid 
and the metal mirror is slowed down and it may no longer suffice to measure the 
liquid temperature as an indication of the surface temperature of the metal. Also 
the dew is liable to deposit in thick clusters unless particular care is taken to 
ensure cleanliness of the surface. The dew-point method cannot be operated in a 
very small enclosure since owing to the small moisture content of the air, thet 
quantity of water removed to give a visible deposit may be sufficient to disturb 
appreciably the relative humidity of the remaining air. The small moisture content 
also adds to the necessary equipment, in that it becomes of importance to provide § 
some means of keeping the air in gentle movement. Finally, it must be remembered § 
that with the standard forms of dew-point apparatus, the observer must be in close} 
proximity to the silver surface to note the point at which dew first appears. It is} 
usually undesirable to open up a cold store too frequently (as regards the holds 
of a refrigerated ship it would be impossible). Yet from many points of view, the: 
dew-point instrument is a desirable form, and it is possible that most of thet 
obstacles to its use at low temperatures could be avoided by an instrument using a} 
photo-electric cell to observe the dew, and specially designed in other respects to 
be adapted for low temperature work. It is hoped to follow up this subject, and to 
prepare a note later dealing with such an instrument. Meanwhile, for routine work 
the choice lies between the wet-and-dry-bulb type and the extension of hair type. 
The latter has a considerable time lag and is known to be subject to sudden changes 
of calibration, especially if subjected to very dry atmospheres. Nevertheless it is} 
possible that it would be a highly useful instrument if the conditions which bring 
about these sudden changes were fully known, and if the lag could be shortened. 
By avoiding the undesirable conditions (or recalibrating immediately after they 
had been encountered) the instrument could then be regarded as reliable. This : 


. rae is at present under investigation, and the results will be made avail 
able later, 


| 


The remaining instrument, the psychrometer, appears on balance to have les 
disadvantages than other types, and is in fact fairly frequently used in practice 
Its chief disadvantage is that at low temperatures the wet-bulb depression becomes 
very small, so that a slight error in reading the wet-bulb temperature has a con 
siderable effect on the relative humidity. Thus at —10° C. an error of 0:2° C. i 
the wet-bulb reading involves on the average about 6 per cent error in the relative 
humidity, whereas at +20° C. the same wet-bulb error only leads to an average 


error of 1 per cent relative humidity. The instrument suffers also from the defec 
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that it requires attention from time to time to ensure that the wet bulb is still glazed 
with ice, though less frequently when the bulb is ice-covered than at higher 
temperatures. Nevertheless the wet-and-dry-bulb instrument is in our experience 
the most promising of those available for routine work, especially in view of the 
improvements in temperature measurement made possible in recent years. In view 
of this, and considering also that the published tables are believed to be based on 
formulae deduced from experiments at higher temperatures, it was decided to make 
a study of the wet-and-dry-bulb instrument at temperatures down to — 20° C. 


§4. DESCRIPTION OF APPARATUS 


For this investigation it was necessary so to arrange the apparatus that the 
observations could be taken without necessitating the presence of the observer in 
the same room as the hygrometers ; otherwise the water vapour given off in respiration 
would be a serious disturbance. 

A metal box measuring 7 ft. x 6 ft.x 7 ft. was constructed and placed in the 
centre of a chamber measuring 13 ft. x 16 ft. x 14 ft. This chamber* was provided 
on floor, ceiling, and four walls with piping for the circulation of cold brine, by 
which any temperature down to —20° C. could be maintained in the atmosphere 
outside the metal box. Fans were installed to promote uniformity of temperature 
in the interspace. The various psychrometers under study, together with the 
standardizing instruments, were installed near the windows of the metal enclosure. 

The two glass windows in two adjacent sides permitted of observations being 
made on the dew-point surface and on the mercury thermometers. 

The air in the metal enclosure was maintained in continuous circulation by the 
fan and duct system shown in figure 1. The air was delivered through ports in one 
side and abstracted through ports in the opposite side. Direct flow between the 
two sets of ports was prevented by the baffle plates shown. Control over the 
humidity of the circulating air was obtained by the use of calcium chloride or other 
desiccating agent which was placed on trays in the ducts. 

Various forms of the wet-and-dry-bulb type of hygrometer were installed in the 
metal enclosure together with a silver thimble and a disc form of dew-point 
apparatus. The formation of dew was observed visually through the window of the 
metal enclosure by an observer in the interspace. When electrical methods of 
temperature measurement of the dew-point surface were in use, this observer 
signalled the appearance and disappearance of dew to another observer outside the 
chamber, where the potentiometer was situated. 

A pipe leading through the wall of the enclosure enabled a sample of air to be 
led into U-tubes containing pumice soaked with concentrated sulphuric acid for 
use in the gravimetric method. The balance for weighing the U-tubes was in the 
chamber but outside the enclosure, so that the tubes could be weighed without 
subjecting them to any changes of temperature. 


* The chamber used was one at the Ditton Laboratory, East Malling. 
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§ 5. WET-AND-DRY-BULB INSTRUMENTS 


7 

The pair of observations which are given by a psychrometer can either be 
obtained by measuring the dry-bulb temperature and the actual wet-bulb tem- 
perature, or else by measuring the dry-bulb temperature and the depression of the 
wet bulb. The latter method has distinct advantages, for the actual temperatures 
need not be known so accurately if the depression is measured directly. For example, 
a depression of 1° C. at a dry-bulb temperature of —g° C. corresponds to 63 per 
cent relative humidity, and the same depression at — 10° C. corresponds to 61 per 
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Figure 1. Plan of metal enclosure and chamber. 


There is thus a considerable advantage in using thermocouples or resistance 
thermometers arranged differentially to give the depression directly, and such 
procedure has the additional advantage that temperature differences can be read 
less than 1/r1o° C., a quantity which, although adequate for 1 per cent accuracy if 
humidity at ordinary room temperatures, is not so at temperatures well below o° 

In view of the fact that the wet-bulb depression might conceivably vary with 
the size of the thermometer bulb, it was necessary to take observations with the 
more usual mercury in glass type of thermometers, as a check on the other forms of 
wet-and-dry-bulb hygrometer. Actually the electrical and the mercury thermo- 
meters were found to agree within the limits of error of the latter. ; 

“The thermocouple psychrometer was made of copper and constantan wires each 
of 26 gauge, four junctions being used in series. The wet junctions were covered 
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ith about 2 in. of linen sewn into the form of a tightly fitting sheath after placing 
into position. Both junctions were placed in a 2-in. tube inserted in the wall of the 
nclosure, through which the air was drawn by means of a fan. The wet junction 
as downstream, so that it did not affect the air passing over the dry bulb. The 
lectrical measurements were made on a potentiometer outside the chamber. 
| The resistance thermometers were of platinum wound on a mica cross, and 
nclosed in a glass sheath of length about 12 in. and diameter 8 mm. The actual 
hermometer coil was 8 cm. long, and in the case of the wet bulb, a linen sheath 
13 cm. long was applied outside the glass sheath. 

The two thermometers were inserted in a glass tube with a mica partition down 
e centre to separate them, so as to ensure that the wet-bulb thermometer should 
not affect the readings of the other. 

The mercury thermometers were of the solid stem type having a cylindrical 
bulb about 2 cm. long and 6 mm. in diameter, the customary form of linen sleeve 
being fitted to the wet bulb. They were of range —20° to +5°C. divided to 
o-1° C., each division occupying approximately 1 mm. These thermometers were 
mounted in the standard form of Assmann casing with an electrically operated fan. 
This instrument was suspended from the roof of the enclosure, near one of the 
windows, through which the observations were taken. When it became necessary 
to re-moisten the wet bulb, the whole instrument could be withdrawn through a 
hole in the roof. On these occasions care was taken that the layer of ice remaining 
on the wet bulb was melted before the instrument was replaced in position for use. 


§6. STANDARDIZING INSTRUMENTS 


In order to correlate the readings of the psychrometer with true humidities, the 
latter must be measured with instruments for which the theoretical formulae — 
contain no adjustable constants. As was pointed out in the first paragraph, the 
gravimetric and the dew-point methods are the only ones fulfilling these con- 
ditions. 

The difficulties of each of these have been referred to earlier, and it has been 
in fact necessary to modify the dew-point instrument for the present investigation. 

Initially the Regnault thimble type was used, cooling being effected by passing 
paraffin, previously cooled with solid carbon dioxide, through the silver thimble. 
The results failed to agree with those of the gravimetric method, and it was sus- 
pected that the thermometer in the liquid contained in the thimble measured a 
temperature different from that of the silver surface on which the dew was de- 
posited. This was verified by attaching a thermocouple to the silver surface itself, 
this experiment showing that there was in fact a temperature discontinuity across 
the interface, which increased with the dew-point depression. 

A dew-point instrument in which the actual metal temperature is observed 
thermoelectrically is more convenient to construct if the metal mirror takes the 
form of a disc, and in addition, it was found that observation of the dew through 
the window of the enclosure could be made more conveniently when the deposit 
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occurred on a flat surface. Consequently, the dew-point apparatus used in aan 
body of the work was constructed of a plane disc about 6 cm. in aE, . . 
to a brass block, hollowed out to form channels along which the cooling coul 

flow in contact with the disc (see figure 2). The channels were designed with a view 
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Figure 2. Dew-point apparatus. 


to obtaining uniformity of temperature over the surface. The cooling fluid, as with 
the earlier type, was pre-cooled paraffin. The temperature of the silver was observed 
by means of a copper constantan thermocouple of 36 s.w.g., with its junction 
pressed against the rear surface of the disc by an ebonite plug. This form has been 
found very satisfactory in use, and the values of the humidity found by means of it 
agree substantially with those found by the gravimetric method. 
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_ The last-mentioned method suffers from the practical disadvantage that as the 
emperature is lowered the absolute weight of water per unit volume for a given 
elative humidity decreases and also there is some doubt as to the moisture content 
f saturated air under these conditions. It was therefore only used in this investi- 
zation as a check to ensure that the main standard, the dew-point apparatus, was 
unctioning satisfactorily. Three large bore U-tubes were employed, in series, and 
it was generally found that the last U-tube of the series increased in weight by an 
insignificant amount. Errors such as those due to absorption on the glass surface, 
ere minimized by the use, during weighing operations, of a counterpoise of similar 
ubes suspended from the opposite arm of the balance. 

The absorbing medium was prepared by heating broken pumice to bright 
redness, and dropping it into concentrated sulphuric acid. 

By means of a small motor-driven pump, the air was drawn out of the enclosure 
rough the U-tubes, and then through a dry gas meter situated outside the cold 
chamber. In a typical experiment, volumes of the order of 40 cubic feet of air 
were used, the resulting increase in weight of the U-tubes due to the absorption of 
the water vapour being of the order of 2 gm. 


§7. RESULTS 


In the main experiments, which consisted of a series of observations of the wet- 
and-dry-bulb readings over a range of humidities and a range of temperatures 
between 0° and — 20° C., the standard hygrometer directly utilized was the dew- 
point instrument. It was found difficult to operate the gravimetric method so as 
to obtain frequent readings, and moreover, as has been previously mentioned, it 
suffers from the defect that at very low temperatures, the moisture content of air at 
saturation is unknown. It may, however, be regarded as having indirectly provided 
a second standard in these experiments, because a number of comparisons were 
made between it and the dew-point instrument used in the main work. Further, 
there are a few of the main experiments in which the gravimetric and not the dew- 
point method was used as standard. 

When using the gravimetric instrument, the air was metered in a dry condition 
at the temperature prevailing outside the chamber; the difference between its 
pressure at the meter and the barometric pressure was observed, and the volume 
which the same mass of dry air would occupy at the barometric pressure and the 
temperature of the enclosure in the cold chamber was calculated by the law 
pv/T =constant, where p is the pressure, v the volume, and TJ the absolute tem- 
perature. The mass of water collected in the sulphuric acid tube, divided by the 
corrected volume, gives directly the moisture content of the air in the enclosure, 
in grams per cubic metre, since the volume of the air when dry is the same as that 
of the moist air, by Dalton’s law. 

To estimate the relative humidity, the moisture content thus calculated must be 
divided by the moisture content of saturated air. This was obtained from the 
tables published by the Prussian Meteorological Institute" which give a table of 
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the difference between the moisture content f and the vapour pressure e, calculat d 
by the formula f=289-4 C/T, where J is absolute temperature. We are not aware 
of any experiments to test the truth of this formula at low temperatures, and it 
might be mentioned that experiments at temperatures between 40° and 100° C. 
show that it is not quite accurate in this region™. 

The relative humidity, when the wet-bulb temperature is below o° C., can be 
defined in two ways, according as saturation is taken to refer to the condition which 
would be in equilibrium with ice or with super-cooled water at the dry-bulb tem- 
perature. In this calculation, and indeed throughout the paper, we have taken the | 
latter standard of reference. This seems to us to be decidedly preferable on many ) 
grounds. In the first place, at moderately low temperatures, super-cooled water | 
can actually be obtained. Consequently, air in contact with it would take up 
sufficient water to become practically saturated in this condition. If the same air 


. 
was transferred to an enclosure where ice particles were exposed, it would deposit | 
some of its moisture. That is, relative to the ice standard, the relative humidity was 
originally above 100 per cent without any tendency to deposition. Again, by using 
the ice condition as standard of reference, a discontinuity in relative humidity is 
artificially introduced when the dry bulb alters from slightly above to slighty 
below 0° C. On these and similar grounds, we prefer to use the state of saturation 
with reference to super-cooled water, as our standard of reference. ‘This agrees with 
the practice of the British and Prussian Meteorological Offices, but not with that of 
the U.S. Weather Bureau. t 

The dew-point observations were reduced with the aid of the vapour pressure 
tables given in International Critical Tables, using the values of vapour pressu 
over ice at the dew-point temperature to obtain the actual vapour pressure, and 
dividing this, as explained above, by the vapour pressure over water at the dry-b 
temperature; the degree of agreement between the two methods is shown in table 
below in which some of the entries are the means of two determinations. 


‘ 
: 


= a 
| Relative humidi t 7 
Dry bulb Wet bulb Se (per cent) 
ele Cr) Dew-point Chega 
method method 
= 5:8 — 62 84 ae Sj 
— 90 —r10'8 42 a 
—10°0 —11r2 45 = 
—12'1 ~13°3 = 7 
—I4°0 — 14°6 56 ‘a 
aie eel 42 42 
se ae 40 46 : 


The tendency is for the gravimetric method to give the higher result, but the} 
mean difference between the instruments is only 3 per cent in relative humidity. | 
This may be due to the uncertainty in the saturation moisture content. On the | 
other hand, it might also indicate that the dew point gives low relative humidities, 
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as would happen if the apparent dew-point temperature was below the true. The 
error in the temperature would have to be about 0:6° C. to account for the whole 
of the difference, and it is unlikely that the observation could be in error by this 
amount, particularly in view of the agreement found between the appearance and 
disappearance of the dew. It may therefore be concluded that in general the 
dew point should give the humidities correctly, at any rate to 2 per cent. This 
degree of accuracy seems to be all that is required, since repetitions of the obser- 
vations at a given dew point show variations in the wet- and dry-bulb observations 
which correspond to 2 per cent or more in the relative humidity. In the main series 
of experiments, the air in the enclosure was first brought to the desired humidity 
jand temperature, and observations of the wet-and-dry-bulb thermometers taken 
at intervals, alternately with those of the dew-point instruments. The mercury 
thermometers for the wet- and dry-bulb readings were read by an observer 
situated in the interspace between the metal enclosure and the cold chamber, and 
he also controlled the cooling of the dew-point instrument, and signalled the 
appearance or disappearance of dew to a second observer outside the chamber. 
The latter also took readings of the thermoelectric and resistance thermometer 
psychrometers. 

It was invariably found that the three forms of psychrometer agreed with each 
other within their limits of error. The dry-bulb temperature was taken to be that 
shown by the mercury thermometer, whilst the wet-bulb temperature was taken as 
the mean of those given by all three instruments. In a typical experiment, the 
conditions were maintained approximately constant for a period of about 2 hours 
during which time about a dozen observations of each instrument were obtained. 
The various wet-bulb readings, dry-bulb readings, and dew-point observations 
were averaged, and the true relative humidity calculated from the latter. 

The results of all the experiments carried out are shown in table 2. 


§8. DISCUSSION OF RESULTS 


Attention may be drawn to one feature of the low-temperature data given in table 
2, namely, the rapid alteration of relative humidity with change of the wet-bulb 
temperature. For example, with a dry bulb of —3°5" C. an alteration of only 0-7° C. 
in the wet bulb. corresponds to a 7 per cent alteration of relative humidity (from 
34. to 21 per cent). Still more striking are the observations at — 10-7" and, — 10°8° C. 
dry bulb; in this case a change of 1° C. in the wet bulb is associated with an alteration 
from the relatively moist condition of 77 per cent to the relatively dry one of 51 per 
cent relative humidity. 

To express the results concisely, it is more convenient to draw up a table (or 
graph) of relative humidity as a function of wet-bulb depression for successive 
values of the dry-bulb reading, rather than to take the wet- and dry-bulb readings 
themselves as variables. 

The usual psychrometric formula, valid for temperatures above o° C., is 
(e’ —e)=B,P (9—0’), where e’ is the vapour pressure at the wet-bulb temperature 
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Table 2. Observed humidities corresponding to various wet- and dry-bulb 
temperatures 
Temperature (° C.) Welkewe 4 Temperature (° C.) Relative 
humidity | humidity 
Dry bulb Wet bulb oa Dry bulb Jet bulb (%) 
— 2°23 — 5°74 30 = G42 | . —Tege 30 
—2'43 — 5°87 32 — g47" ] — 10°84 45*, 43 
— 2°65 — 5°78 39 — 954 | —10°73 46*, 41 
—3'10 — 6°80 22 — 960 — 11°68 27 
— 3°15 = Ui 22 — 9°62 | —Li°74 29 
eer =. 6-77 31 Rete | Stee = 
(PRE — 6-77 29 — 996 | 1122 45, 47* 
Ey, 2 21 —1039 | —11°64 48 
3355 =ROcnt 34 —1047 | —12°12 36 
3055 — 6°89 75 | — 10°70 — 11°94 51 
oD) = Ye) 21 —1080 | — 10°90 77 
— 4:05 — 7:64 21 — 10°93 — 10°88 86 
— 5:07 — 5:62 87 — 11-02 — 11°33 66 
— 511 — 5:60 82 — 11°37 —II-I9 77 
= 5 22 =) 5°59 83 1557 — 12°67 49 
— 5:19 — 6-70 63 —11-80 — 13°08 49* 
— 5°44 — 635 73 — 11-80 — 13°16 43 
— 5°64 =17°30 53 — 11-96 — 13°25 43 
— 5°74. — 6:19 86 —12°02 — 13°26 42 
— 5°74 — 6:19 87 —12716 | — 13°07 51 
—5:76 — 619 84 —12726 | —13°43 44 
— 5°82 => O97 84 —1237. | —13°44 45*, 42 
— 5°85 =) 6°23 83* — 12°39 rat wn 42 
— 5:88 — 9°03 21 —1265 | —I4'12 31 
— 5°92 — 7°92 42 —12°68 | —13-98 37 
— 6:09 — 9°22 22 — 12°68 — 14°23 22 
—6:21 — 6-61 82 — 12°84 — 14°40 29 
ake — 9°47 2 — 13°63 — 13°78 67 
aos — 8-64 39 — 13°79 —13°99 69 
a =p as 26 — 13°99 — 14°57 60*, 56 
— 6:54 833 2 — 14°45 57s 30 
— 6:59 — 8-38 46 — 14°56 — 15°90 28 
NG — 9°27 31 —1468 | —15:87 31 
ic? 4 — 9°42 2 —ise7 | = xha3 43 
—OrgI — 9°74 20 — 16°05 — 16°74 50 
— 7:20 — 9°32 42 |  —16°06 — 16°97 38, 48* 
—7°24 — 7-40 86 — 16:10 — 17°04 44 
— 7:26 — 7:66 82 — 16:28 —17730 . ay 
—17°38 — 7°70 8x — 16:29 — 17°05 42, 42* 
ig bu ey et ae 87 | = 16°63 — 17°82 27 
*753 oan Oh 91 _ —16°66 —17°53 41, 48°5* 
= os =. 7°03 87 / — 16°75 mate oe ase 
ep nee 46 | — 16°76 — 17H 28 
a cis — 982 43 — 17°03 — 17°70 51* 
“ee | Sak [oe | Cee) ee 
a =o" 7 —17°72 — 18-72 
‘és Be — 8:94 78 | —17°82 _ tie  ¥ 
= ESS 22 — Ton —I1g°01 32 
— 8-92 — 1012 51 ; —18:22 — 18-80 4s 


* . . C8 ; . 
These relative humidities were obtained by the gravimetric method. 
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', € is the vapour pressure at the dew point, 0 is the dry-bulb temperature, P the 
barometric pressure, and B, is the psychrometric constant. There is evidence that 
above o° C. the “‘constant”’ B, is a linear function of the wet-bulb temperature. 
A preliminary examination of the data obtained in the present investigation 
showed that B, P is not a simple function of the above variables at low temperatures. 
Indeed it is evident that below o° C. B, cannot be either constant or a function of 
et-bulb temperature only, since with ice-covered bulbs it is possible to have 
= 6’ without e=e’ since the saturation vapour pressure over ice is not the same as 
hat over an undercooled water surface. When 6=6’ and e=e’, B, is infinite. This 
act by itself would suggest that B, might be a function of (6—6’), the wet-bulb 
depression, which took indefinitely large values as (9—6’) approached zero, The 
bservations do show that B, increases rapidly as the wet-bulb depression tends to 
ero, but it is not a simple function of the latter, since at a fixed depression it is 
ound that there is a considerable range of values of B,. Consequently if B, is 
introduced into the theory at all, it must be taken as depending on two quantities, 
wet-bulb depression and dry-bulb temperature. Since two independent variables 
must be taken into account for the formula it seems simpler to deal directly with the 
relative humidities than to introduce the parameter B). 

No attempt was therefore made to deduce an equation, and the observations 
were smoothed graphically. As a first step, the relative humidities were plotted 
against wet-bulb depression, a separate curve being drawn for each 1° range of 
dry bulbs. These curves were for the most part spaced about 4 per cent of relative 
humidity from each other, and the extreme separation was only 7 per cent. 

With the aid of this preliminary chart, a correction was applied to each obser- 
vation so that it gave the relative humidity corresponding to the observed depression, 
at the nearest integral dry-bulb temperature. Thus, the first observation in table 2, 
which gives the relative humidity corresponding to a dry bulb of —2-23° C. and a 
depression of 3-51° C. was corrected to give the relative humidity at a dry-bulb 
temperature of —2-0° C. and a depression of —3:51° C. Similarly the second 
entry of the table was corrected to a dry bulb of —2-0° C. and the third to — 3-0" C. 
In no case did the correction exceed 3 per cent relative humidity, and it is probable 
that any error it introduced would always be less than 3 per cent. 

The corrected results were again plotted against wet-bulb depression, and 
smoothed values read off at round values (0:0°, 0:2°, 0-4°... 4:0° C.) of the de- 
pression, to give a table (not reproduced) which we call table A. 

At this stage it is known that the results for any dry bulb vary regularly with 
depression, and represent the observations which were taken at about that dry-bulb 
reading. Individual curves could, however, lie slightly low or slightly high as 
compared with the others, on account of experimental error, and it is therefore 
necessary to plot the results against dry-bulb temperature, in this case using one 
curve for each fixed depression. Smooth curves were drawn through these points, 
and values again read off at the integral dry-bulb temperatures, and for depressions 
of 0°, 0-2° ... 4:0° C. to give table B. This process disturbs the smoothness of the 
curves of humidity against wet-bulb depression, and these were therefore re-drawn 
44-2 
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from the last table. However, it is important that in this final smoothing of t 
results from table B, the final curves should not depart more than can be avoide 
from those of table A, which represents the observations more directly. Con- 
sequently the results of table A were also plotted on the same sheet, and used as 
a guide in drawing the lines to represent the points. The net result is to obtain a 
- able in which the relative humidity varies smoothly when considered either as a 
function of wet-bulb depression or of dry-bulb temperature. The final results are 
shown in table 3. The fidelity with which this table represents the observations i 

shown in figure 3. To prepare this, the humidity corresponding to the observed wet- 
and dry-bulb temperature was obtained from table 3 for each experiment individually, 
and is plotted against the humidity observed by the dew-point or gravimetric 
method in the experiment concerned. 


100 


Relative humidity from table 3 (per cent) 


0 - ~ 
0 25 50 75 100 
Relative humidity observed (per cent) 


Figure 3. Comparison of tabular values with observed values. 


From this it will be seen that in general the values read from the table 
within about 4 per cent of the observed values ; closer agreement cannot be expecte 
since the experimental error in an individual experiment is probably of this ord 
of magnitude (as may be noted, for example, by comparing the fourth, sixth and 
seventh entries in table 2). Further evidence that the errors are distributed 
random is provided by figure 4, which shows the frequency distribution of 
various errors. 

Nevertheless, it is desirable to ensure that no part of the discrepancies is due 
to the table running consistently high in one area and low in another. (Figure 
shows that if such areas exist, they occur in pairs which balance in this way, sine 
otherwise there would be a preponderance of points either above or below the line.) 
To this end the errors (i.e. the differences between humidities observed and those 
read from table 3) were grouped into a table of double entry, with dry-bulb and 
wet-bulb temperatures as variables. The purely random errors in such a table tend 
to obscure the general trend, so that ranges of one or two degrees in the temperatures 
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were marked off, dividing the table into rectangles, each of which contained from 
two to six entries. The mean of the errors in each rectangle is given in table 4 } 
below. 
This table shows no serious preponderance of large errors in any area, an 
therefore confirms the fact that table 3 represents the observations throughout the 


Number of occurrences 


Magnitude of error (per cent) 


Figure 4. Distribution of deviations. 


Table 4. Mean deviations of observed humidities (per cent) from the tabular 
values at various wet- and dry-bulb temperatures 


Wet-bulb 


temperature Dry-bulb temperature (° C. below 0° C.) 
(°C. below 


o° C.) ao 35 5-7 7-9 Q-1n- = XI-"3 -EQ-1§ 15-27 Se 


5 to 6 TF — o'7 —- = — =e 
6to 7 —_ oo rx — — — — 
7 tOm 3 == = Ons = TO I'o — — — 
8 to 9 | — — —0o'7 O73 — — — 
9 to 10 — = = 6°65 ries =a 


* Including one observation at a dry-bulb temperature of 17°03° C. 


whole region which it covers. In this connexion, it may be noted that the meat 
deviation between humidities in our experiments and those read from the table 
0-35 when sign is taken into account, and is 2-5 when the absolute magnitude ale 
is considered. It is of interest to compare the results given by this table with tho 
from tables published previously. Only three of these are known to us, the Assman 
tables“, Marvin’s Psychrometric Tables and those of the Meteorological Office‘ 


ERRATA 


‘An investigation of the wet-and-dry-bulb hygrometer at low temperatures”’, 
iby J. H. Awsery, B.A., B.Sc., F.Inst.P., and Ezer Grirritus, D.Sc., F.Inst.P., F.R.S., 
iProc. Phys. Soc. 47, 699 (1935). 


For table 5 substitute the following 


! Wet-bulb 


Dry-bulb temperature (° C.) 
3 depression | ; | 
(.) ° | —4 = 8) 3) 125 = 16 | 18 
= on = Ss | 
fo) Meteorological Office 100)~=Cl |_—s«9@6 | 2 etite SOO eel eee rr 
Marvin 100 96 25 te SO mele COm 84 
Assmann 100 97 O35 acOse iy SOnr WE 4 
Present paper 100 97 Sons s.5 ma OOM LOZ 
rete, Meteorological Office 81 73 63 | 53 38 | 
Marvin 8I [a OS 54 41 32 
Assmann 81 OS ae (ee 5 eee B2 
. Present paper 80 74 geen 62 (i 40 CY) 
2:0 Meteorological Office 61 BOs 35 
Marvin 63 520) 38 
Assmann 63 wa || gs 2 | 
Present paper 62 | 53 30 
3:0 Meteorological Office | AB coal) 82, | — 
Marvin Ase alee t 12 
|) Assmann | 406 | 3r | — 
Present paper AA Nes 2u | pal 
4°0 Meteorological Office 25 
Marvin 25m ae CI 
Assmann | 28 a 


Present paper 31 


b 
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In Marvin’s, the basis for the calculation of the tables is stated to be the usual 
psychrometric formula quoted above, with B, taken as a linear function of the wet- 
bulb temperature, a condition which cannot be quite true when the wet bulb is 
ice-covered. The tables use a different definition of humidity from the one adopted 
here, since they take saturation to refer to the condition of equilibrium with ice 
instead of with water. In the comparison below, the relative humidities extracted 
from Marvin’s tables have been converted into relative humidities relative to 
saturation with liquid water. 


Table 5. Relative humidity (per cent) from present psychrometric table, 
and from those of previous tables 


et-bulb Dry-bulb temperature (° C.) 
depression l | 
EC.) ° —4 —8 —12 —16 —18 

° Meteorological Office _100 96 92 89 —_ — 
Present paper se — — — = = 
Marvin OO) MeO) 93 QI 89 | 86 
Assmann | 100 97 89 82 OO 

I‘o Meteorological Office 81 FB} 63 53 38 — 
Marvin 81 74 65 54 4I 32 
Assmann 81 74 65 55 4I 32 
Present paper 80 74 62 49 27, 33 

2°0 Meteorological Office 61 50 a5 15 , 
Marvin 63 52 38 Pi 
Assmann 63 52 38 21 
Present paper 62 53 36 24 

3:0 Meteorological Office 43 Py) — 
Marvin 45 31 12 
Assmann 46 ai —— 
Present paper 44 a2 16 

4:0 Meteorological Office 25 = — 
Marvin 28 20 10 
Assmann 28 = == 
Present paper 31 24. yen, 


The only region in which any serious difference occurs is at low ,dry-bulb 
temperatures combined with small wet-bulb depressions. An examination of our 
experimental results in this region shows definitely a better fit for our table than 
for that of Assmann, as shown in table 6. 

The distinctly smaller sum of the errors without regard to sign shows that 
table 3 represents our own observations much more closely than does the Assmann 
table; moreover, the sum of the errors when sign is taken into account confirms this, 
and shows clearly that relative to our observations, the values given in the Assmann 
tables are much too high in this region (about 6-4 per cent on the average). Indeed, 
Since 21 of the errors are positive and only 3 negative, in the case of the Assmann 
tables, it is clear without any numerical examination that these tables give results 
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Table 6 
Relative humidity ' Errors 
Dry Wet Depression Present | Assmann | Present 
os vale ; re tables Observed | tables tables 
. 87 3 |. = 
= 8753 — 8:66 0°08 go 85 | 
— 8-73 — 8:94 o-21 87 81 7 9 i , 
— 10°70 — 11°94 1°24 51 47 5 es / a 
— 10°80 — 10°90 o'IO 87 vii a2 : | 3 ; 
— 10°93 — 10°88 —0°05 94 81 66 “ ) 4 
—11'02 — 11°33 o-31 80 72 A 4 a 
— 11°37 — 11°19 —o'18 96 83 77 19 
—11'57 — 12°67 1°10 53 47 49 é x 7 
—12'16 — 13°07 o-gI 57 50 51 - 5 
— 12°37 — 13°44 1-07 50° 7 44 : 4 
— 13°63 —13°78 O15 82 pa pid a __ 
— 13°79 — 13°99 0°20 80 65 3 = 
— 13°99 — 14°57 0°58 65 54 5 7 - 
— 14°68 Sete) I-19 38 35 31 7 + 
— 15,07 — 16°43 0-76 52 45 43 9 _@ 
— 16°05 — 16°74 0-69 54 46 5° 4 + 
— 16-06 — 16°97 o-9I 43 40 43 ° — 3 
= 10°10 — 17°04 0°94 43 39 44 —2 —- 
— 16:28 — 17°30 1°02 40 36 27 13 9 
— 16:29 —17'05 0°76 51 43 42 9 I 
— 16°66 SECS) 0°87 44 39 45 = a 
— 16°75 —17°51 0°76 50 42 45 5 -— § 
8703 =17-70 0°67 53 44 51 : 7 H 
—17°36 — 18:18 082 | 44 39 47 —3 = 
— 17°82 — 18-22 0-40 | 64 51 61 3 —10 
— 18:22 — 18-80 0°58 52 | +4 45 | 7 = 
Totals without regard to sign 176 
| Totals regard being had to sign 166 | 


higher than the experimental values. In our case the negative errors are mor 
numerous, but only in the proportion 16 to 8. 


Table 7. Values of ByP 


Wer bulb Dry-bulb temperature (° C.) 

depression 
° -3 —6 -9 —12 —15 
fe} — —_ —, — — — 
O'5 0°53 0°46 0°54 o'75 086 084 
I'o o'55 0°49 O53 060 0:60 0°56 
x5 0°54 0°48 0°52 0°54 o's 0°46 
2°0 0°53 0°48 Ost "50 0°46 — 
2°5 0°52 0°48 0°49 O°47 ie = 
3°0 O°52 0°47 0°47 — — sone 
3°5 0°50 0°46 0°45 = = _ 
4°0 O47 0°44 = —< — — 


If now we accept table 3 as giving the relative humidities corresponding t 
various wet- and dry-bulb readings, it may be used to examine the question as t 
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how B, in the psychrometric formula varies with these temperatures. This is shown 
in table 7 below, where B,P is tabulated, B, being the psychrometric “‘ constant” 
and P the barometric pressure. 

It will be seen that the constant tends to fall as the depression increases; as 
pointed out earlier, this must be so, since the constant becomes infinite at zero 
depression. Superposed on this variation, however, there is a considerable de- 
pendence on the dry-bulb temperature. It appears that in any horizontal line of the 
| table, By P passes through a minimum and a maximum, the actual positions of which 
| vary with the depression. 

It is thus clear that the theory of the psychrometer which is found to be satis- 
factory when the wet bulb is covered with water, cannot be extended into the region 
where it is ice-covered. 
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DISCUSSION 


Prof. W. WiLson remarked that “‘relative humidity” is best regarded as the 
quantity of water per unit volume when the unit is the saturation or equilibrium 
quantity. Below 0° C. there are two equilibrium quantities, namely those corre- 
sponding to the solid and liquid states, and to avoid ambiguity one or the other 
might be adopted. He suggested that ‘equilibrium pressure” is a better term than 
“saturation pressure.” 


Prof. ALLAN FerGusoN asked whether the method previously described by the 
authors, in which the refractive index of glycerine is taken as a measure of humidity, 
would be applicable to the range of temperatures dealt with in the paper? 


Dr Bruce CHALMERS asked whether the wet bulb is always iced below Oo Gs oO; 
whether it is wetted with supercooled water. If both bulbs were dry it would be 
better to speak of an ‘‘evaporation hygrometer”’. 


¥. H. Awbery and Ezer Griffiths 


The authors agree with Prof. Wilson that the two standards 
evertheless, to avoid unnecessary duplication of 
standard to be adopted universally if 
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can in fact exist below o° C. N 
tables it seems preferable for one form of 


possible. 
In reply to Prof. Ferguson: the hygrometer to which he refers could doubtless 


be employed at temperatures which were not low enough to freeze the glycerine 
solution, although it might prove much less convenient in practice than the wet-anc¢ 
dry-bulb instrument. 


As regards Dr Chalmers’s questions: care was always taken to see that the 
water had frozen. Experiments in which the bulb was coated with supe 


water showed that the formula applicable above o° C. was still valid. 
It would be difficult at this stage to introduce a name such as “‘ evaporati 
hygrometer”’ or “sublimation hygrometer” since the name “wet-and-dry-bul 


had been in use now for over a hundred years. 
. 
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ABS TRACT. The vortices produced by sound in jets of air are examined by stroboscopic 
cinematography, and their velocity, growth, and angular velocity are determined. It is 
found possible to explain the salient characteristics exhibited by sensitive jets and the 
mechanism of their sensitivity. The physical processes underlying the instability of gaseous 
jets in general are discussed also. 


PART I. THE VORTEX MOTION IN GASEOUS JETS 


§1. INTRODUCTION 


observed in a stream of air when sound waves impinged upon it were due to 

incipient vortices travelling alternately up the opposite sides. A few obser- 
vations with a stream of air issuing from a slit sufficed to show that this was the 
case. The object of the present paper is to examine the character of this vortex 
motion and to see what light it throws on the peculiar properties exhibited by 
sensitive jets. It is important, however, to note that although it is necessary, in 
order to be able to observe and photograph the vortices clearly, to use a column of 
air issuing from a slit whose width is small compared with its length, the resulting 
yortex-formation is not identical with that found in a jet of circular cross-section. 
In the first case the vortices are cylindrical and have their axes parallel to the longest 
length of the slit: as they grow in size they occupy the whole of the triangular space 
into which streams of this kind spread, figure 1, plate 1. In the case of the jet of 
circular cross-section the axes of the vortices are more or less semicircular and 
these vortices may interact, in favourable circumstances, in such a way as to cause 
the stream to bifurcate, one vortex being thrown to the right and the next to the 
left and so on, figure 2, plate 1. The experiments described in this paper were all 
made with jets in the form of a slit. 


|: a former paper on sensitive flames”) it was suggested that the sinuosities 


§2. EXPERIMENTAL METHOD 


A large part of the apparatus used in the former investigation and described 
in reference (1) remained unaltered in the experiments which follow. ‘The hetero- 
dyne oscillator and amplifier built to give a constant energy output of about half a 
watt, and the Rice-Kellogg moving-coil speaker were the same. So also were the 
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pump, the large tank into which the air was discharged, and the arrangement 
for producing cigarette smoke. Before the air from the large tank was led through 
the cigarette it passed through a gas-meter, so that by means of its readings and 
those of a stop-watch the volume of air passing per second could be calculated. | 
The gas-meter had a thermometer attached to it, and was connected to a pressure- 
gauge consisting of a mercury U-tube. The dial read up to 50 litres and each litre§ 
division was divided into ten parts: the pointer moved uniformly over the scale for 
the velocities required. 

After passing through the cigarette the air entered an empty washing-bottles 
and then a long glass tube containing calcium chloride. The air was not forced tof 
pass between the pieces of calcium chloride as this caused a variable resistance | 
its flow, but was allowed to flow over the top for a distance of about 50 cm. This 
reduced its moisture content and prevented a deposit on the jet of a sticky nicotine 
slime. The drying tube was connected to a wooden box 23 x 43 x 18 cm. which 
stood on the table facing the loud-speaker and 60 cm. distant from it. In the top% 
of the box a brass plate was fixed containing a variable slit of length 2-36 cm. andj 
depth 1 cm.: the width could be altered from zero up to 4 mm. and the value rea 
off on a scale on the adjusting screw. A cardboard funnel was waxed on to 
lower surface of the brass plate and hung downwards to a depth of 5 cm. inside 
box. This helped to produce a more uniform flow. All joins and screw holes in the 
box were filled with soft wax and then coated with shellac to prevent leakage. The 
storage space for the cigarette smoke afforded by the box, drying tube, and washin 
bottle is a most important feature of the apparatus because it allows of the cigarette 
(6 inches long) being burnt nearly completely before any smoke appears at the jet 
The screw clip controlling the flow of air through the cigarette is then closed and 
another clip controlling the by-pass tube is opened until the velocity is that desired! 
In this way the burning cigarette with its variable resistance to air flow is removed : 
from the circuit before observation and measurement commence. 

From a knowledge of the area of cross-section of the jet and the volume of ain 
passing per second, the mean value of the velocity can be calculated. Allowance 
is made for the difference in pressure between the gas-meter and the box. The 
pressure-drop between the box and the outside air is always very small for the 
velocities observed and never exceeds 2 mm. of mercury. In order to keep th 
pressure constant in the large tank a tap attached to it was turned so as to allow 
small leakage of air: by adjusting the speed of the pump, a balance between 
supply and the leakage could be obtained such as to produce a pressure of a fe 
centimetres of mercury in the gas-meter which remained constant over periods 0 
tie ae ve ae viet taken. Care was, of course, take 

Bea at cal is : eee fa pro aS raughts which could affect the jet no 
issuing from the slit oe ar a fal renreiihs Rees Sint 
2° C. The volume correction ey th arena ey 

erefore less than 1 per cent and could b 
neglected. 


Owing to the fact that the jets examined are sensitive only to notes of lo 
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frequency and consequently of large wave-length, it was possible to surround the 
jet with cardboard screens, to prevent disturbance from draughts, without ex- 
periencing any trouble from reflection or diffraction. This was a very great advantage 
for jets of air of velocity from 100 to 200 cm./sec. are extremely susceptible to 
disturbance. A thick curtain of felt formed the background at a distance of 6 ft. 
from the speaker. 

The optical system is shown diagrammatically in figure 3. Light beams from 
two Leitz arc lamps A and B pass through cylindrical lenses C and D, through 
slits in the stroboscopic disc E and through two more cylindrical lenses, and 
combine to illuminate the slit S. After passing this slit the two beams separate 
again, leaving a dark space in which the cinematograph camera G is placed. In this 
way direct light is excluded and only light which has been scattered at a small angle 
by the smoke enters the lens. The dull black screen F provides a dark background 
and prevents the entry of stray light. 


Figure 3. 


The stroboscope consists of an aluminium disc of diameter 12 in. in which 
twelve radial slits 2 in. long are cut. The ratio of the width of the slits to the space 
between them, always an important matter where sharpness of definition is required, 
is 1 : 8. The disc is supported by an axle on ball bearings and driven by friction 
by a fibre wheel W fixed to the axle of a constant speed motor H. The fibre wheel 
bears on sheet rubber stuck on to the back of the disc, and is constructed in such a 
manner that its distance from the axle of the disc can be varied. ‘Thus the rate of 
revolution of the disc may be altered and stroboscopic frequencies of 84-250 per sec. 
attained. The design was suggested by Prof. E. N. da C. Andrade; it has been 
used by J. W. Lewis and works very satisfactorily. ‘The position of the fibre 
wheel can be read off on a vernier and these readings can be calibrated in terms of 
the stroboscopic frequency by the use of a revolution-counter and stop-watch. 
The constant-speed motor H is controlled by an electrically maintained tuning 
fork of frequency 50 c./sec., and this is kept as far as possible from the jet and covered 
over to prevent the sound from affecting it. 

The cinematograph camera was fitted with a Dallmeyer f/2-9 Pentac lens and 
the holder allowed of the lens being pulled out sufficiently far for an object at a 
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film. The fastest panchromatic (Eastman 
dure in obtaining a series of photographs 
was as follows: the stroboscope was run at such a speed as to cause the vortex 
motion in the jet to appear nearly stationary; the stop-watch was started as the 
pointer of the gas-meter passed one of the litre marks on the scale and then the 
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distance of 1 ft. to be in focus on the 
super-sensitive) film was used. The proce 


handle of the camera was turned slowly so that from thirty to fifty photographs ; 


were taken; finally the stop-watch was stopped at the next convenient coincidence } 


of the pointer with a litre mark. In this way a large number of photographs of the ; 


periodic motion in its various phases at a known velocity of the stream were 
obtained. All the photography was done at night so that external disturbance was 
reduced to a minimum. 

The examination of the films was carried out by means of a Leitz projector ) 
which was examined for distortion, and this was found to be negligible. Tey 
estimation of the distance between the centres of successive vortices is a matter 
of some skill and cannot be done with any great measure of certainty: consequently | 
a large number of measurements were made whenever possible and the mean was . 
taken. In view of these inherent difficulties, an accuracy of more than 5 per cent 
is not claimed for any of the numerical results given in this paper. 


§3. DESCRIPTION OF CHARACTERISTIC PHENOMENA 
OBSERVED IN SENSITIVE JETS 
Before describing the phenomena observed in jets of air rendered visible with ) 
cigarette smoke, it will be useful to recall briefly the characteristic behaviour } 
exhibited by jets of ignited coal-gas which is fully described in the paper first 
referred to. With streams of illuminated gas which have a definite upper boundary 
the easiest method of obtaining a measure of the effect of sound upon them is tof 
measure the height of this boundary above the jet as the frequency is increased] 
from zero. If a graph is plotted of flame-height against frequency it is found to} 
consist of a large number of maxima and minima within a range of frequency} 
whose magnitude varies according to the jet used. Provided, however, that the 
frequency ranges of different jets have some portion in common, it is always found| 
that the maxima and minima occur at identical frequencies for every jet. The most 
marked ducking (i.e. minimum of height) occurs for notes of pitch 5850, 4600, 3300, | 
and 2400. The frequencies at which the jets were least disturbed (i.e. attained a 
maximum height) were 12,250, 10,850, 5300, 3500-3600, 2800 and 2200 c./se¢. 
These frequencies are independent of the shape of the jet,* the size of the jet, the velocity 
of the stream, the amplitude of the sound, and the nature of the reservoir or tubing 
supplying the jet with gas. Such frequencies as could be observed with hydrogen 
flames agreed with those given above. 
When we pass from streams of ignited gas to streams of unignited gas an 
streams of air in air, the range of frequencies to which they are sensitive becomes 
very much lower in pitch. 'This is to be expected from considerations of dynamica 


* A slight difference is found in the case of slits in which the 1 i ith the 
breadth. Cf infre its in which the length is large compared with th 
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similarity together with the fact that the higher the velocity of the jet the higher 
the frequencies to which it is sensitive. For if we neglect all forces except those 
of inertia and friction, we have, by Osborne Reynolds’s law of similarity, that 


Vap_ 
uf] 


where V is the velocity, a a linear dimension, in this case the radius, p the density, 
and 7 the viscosity. R is Reynolds’s number which is dimensionless. Thus if the 
fluid is changed, this formula shows that if the kinematic viscosity 7/p is increased, 
the velocity, and therefore the frequency range of sensitivity, is increased also. 
Therefore unlit coal gas responds to slightly higher frequencies than air, and 
ignited coal gas to very much higher notes still, since viscosity increases and density 
decreases with temperature. 

From the observational point of view the chief difference of behaviour ex- 
hibited by a smoke stream is that the stream has no sharp upper boundary: all that 
can be seen when the frequency is slowly increased from zero is that the column 
widens out in a fan-like manner from a certain point above the jet, and that in 
correspondence with the maxima and minima of height of ignited gas jets the fan 
closes and opens. When it closes the apex of the fan moves further from the orifice: 
when it opens the apex moves nearer to the orifice. The angle of the fan varies in 
different circumstances between a minimum of a few degrees and a maximum of 
nearly go°, but if the velocity of the stream and the amplitude of the sound are 
kept constant the variation in angle of the fan with frequency is never more than 
about 20°. Consequently the variation with frequency is far less spectacular than 
in the case of ignited coal gas, where the height may change suddenly by as much as 
20 cm. It is clear that it will be most convenient to describe the effect of sounds of 
different frequencies in terms of the amount of widening of the stream produced: 
consequently when a given frequency produces a greater widening than frequencies 
just above or below it, this state of the stream will be called a maximum, and 
similarly a frequency producing less widening than those just above or below, will 
be said to produce a minimum. These terms therefore stand for increased or 
diminished disturbance of the stream, which correspond, as will be shown, to 
increased or diminished vortex-growth. It is important to notice that these terms 
have exactly opposite meanings to those which they had in the former papers 
mentioned, where a maximum stood for an increased height of the flame (which 
corresponds to minimum disturbance) and a minimum represented a diminished 
height of flame (corresponding to a maximum disturbance). 

It is found that throughout the range of frequencies within which the air streams 
examined were sensitive there is always some vortex development, and as the 
frequency alters this is constantly changing; that is to say, there are in reality a 
large number of maxima and minima. It is of interest to see whether the frequencies 
for a circular jet are exactly the same as those for a slit, and to determine this a slit 
and a glass tube were set up close to one another, so that their behaviour could 
readily be observed as the frequency was changed. It was found that their maxima 
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and minima coincided in almost every case, and only one frequency was found 
which represented a maximum in one case and a minimum in the other. The 
relative effect, however, differed considerably, and consequently in table 1, which 
gives only well-marked maxima and minima, the frequencies in one column do not 


always coincide with those in the other. 


Table 1. Frequencies (c./sec.) for jets of air in air 


Slit Circular orifice 
Maxima Minima | Maxima Minima | 
76 = 84 — 
94°3 = = - 
97°6 =— = a 
126 = 126 112 
130 35.8) I= — 
138 136 | 145 —_— 
163 — — — 
175 = Wg» t- as | 
190 — | 190 — 
210 = 215 | 290 
346 384 | 310 | 390 
373 390 = | —— 
455 = | 455 | 420 
510 me Wy acc 
| 660 = | 660 510 { 


The general characteristics of the vortex motion can be seen by examining 
figure 1, plate 1, which corresponds to a slit-width of 1 mm. The stream remains 
straight-sided in the shape of a wedge of very small angle up to a certain height 
above the orifice, and then a bulbous disturbance appears first on one side and 
then on the other. This travels upwards and very soon shows that it is an incipient 
vortex by forming a hook-like portion which spreads downwards towards the 
orifice and then curls round inwards and continues in a nearly circular path, the 
gradual expansion of the outer portions making this circular motion possible. As 
the vortices travel up the stream their shape becomes markedly triangular and then 
finally quadrangular. These quadrangular vortices have unequal sides and angles 
and pack together in such a way as to produce the familiar wedge-shaped spreading. 
It will be noticed, further, that above a certain height (marked A and 4’ in figure 1) 
the vortices no longer entrain outside air, the boundary being a closed surface 
from this height upwards. It is at this point also that the rate of rotation in the 
vortex slows down and becomes, as far as one can observe, ultimately zero. The 
entrainment of outside air can be shown very strikingly by having the stream 
invisible and allowing cigarette smoke to approach it at various heights. If the 
cigarette smoke is admitted into the stream anywhere above A and A’ it streams 
away upwards and there is no sign of circulation. To get smoke into the region 
marked B the smoke must be admitted below AJ’, and to fill it completely must 
be entrained close to the orifice. 

The above description holds in the case of streams varying in width from 
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0-14 mm. up to 4 mm., which was the range investigated, but at both limits the 
motion becomes difficult to observe. For narrow jets the velocity has to be high 
and the vortices consist of very tenuous filaments, while in wide jets the velocity 
is low and the vortices are very thick and diffuse; compare figure 4C, plate 1. A 
width of about 1 mm. represents an optimum value, and this was used whenever 
possible throughout this research. The distance between the centres of successive 
undulations or vortices on the same side of the stream will in what follows be 
referred to as the wave-length A of the vortex motion: it is the distance moved by 
a vortex in a time corresponding to the period of the sound waves affecting the jet. 
This distance varies slightly from vortex to vortex and tends to increase with 
increasing height above the orifice. To estimate it is easy when the vortex develop- 
ment is small, but becomes more and more difficult when the development is 
great, as can readily be seen by examining figure 5 (A-C), plate 2. In every case as 
any measurements were made as the number and distinctness of the film photo- 
graphs allowed. 

The variation of wave-length with velocity of the stream and with frequency 
f the sound and the question of the angular velocity of the vortices and their rate 
f growth and other characteristics will be dealt with under separate headings. It 
ill be convenient however to consider under the two first headings some results 
hich do not depend on stroboscopic cinematography. 


§4. VELOCITY FOR TURBULENCE 


It is well known that streams of fluid are only markedly sensitive to the vibrations 
f sound when at, or very near, the point of breaking down into turbulent flow, 
though after this point is passed, it is still possible to ‘force’ a periodic vortex 
ormation on the otherwise completely irregular turbulence™, and periodic dis- 
tbance can also be produced at very much lower velocities, as will be seen later. 
graph in which the velocity for turbulence is plotted against the slit-width is 
iven in figure 6. The stream was taken to be on the point of turbulence when a 
ickering appearance first became visible as the velocity was increased. ‘The 
lickering appearance is due to irregular vortices travelling rapidly up the column. 
he Reynolds lower critical velocity for turbulence in tubes of diameters equal to 
he widths of the slit is also shown. 

The graph shows very clearly that the phenomenon of acoustical sensitivity in 
ets is not connected with turbulence already existing in the stream when it issues 
rom the orifice, since the velocity for sensitivity is far below that for turbulence in 
he orifice itself. Its non-hyperbolic form is also noticeable. In what follows 
he critical velocity will always refer to that for maximum sensitivity to sound: the 
itical velocity for turbulence inside the orifice itself, which is so much higher, will 
e called the Reynolds critical velocity. 
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§5. LIMITING VELOCITIES FOR VORTEX DEVELOPMENT 
AT DIFFERENT FREQUENCIES 


‘When the velocity of the stream issuing from a jet of given width is increased | 


until it becomes sensitive, it is always found that this sensitivity only appears for 


frequencies above a certain minimum value. The curves of minimum frequency 
~. It will be observed 


against velocity for jets of various widths are given in figure 7 
that they are very nearly linear. The points on the graph were obtained by setting 
the condenser of the variable oscillator to 10°, 20°, 30°, etc. and measuring the 
velocity of the stream for the first appearance of vortex development, i.e. for the first 
visible trace of increased angular spreading of the column. This is an important 
point, because if we are satisfied with vortex-formation which may disappear 


Velocity (cm./sec.) 


0 | 2 3 - 5 6 
Slit-width (mm.) 
© Slit-length 2°36 cm. x Slit-length 4-90 cm, 


Figure 6. Mean velocity for turbulence. 


within a few millimetres from the orifice, then very much lower velocities will 
suffice. For instance, with the aid of the stroboscope, a I-mm. jet will show vortices 
symmetrically placed with respect to the median plane at a velocity of 42 cm./sec., | 
but these disappear in a distance of 3 or 4 mm. The velocities given in figure 4 | 
peor are those sufficient to develop the vortices once they are formed at the | 
oe re tra for the stream to exhibit sensitivity which is readily | 
It happened that one of the readings to which the condenser was set (126 c. /sec.) | 
eae ee San cate and in these cases the minimum velocity is always | 
nee : ; a marked drop in the curves appears at this frequency. Clearly, 
condenser-settings had included other marked maxima and minima the: 
curves would not be smooth as shown, and these must therefore be regarded as 
| 
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representing average values. It will be noticed that the points for jets of width 
1 to 4 mm. lie very close together, but from 1 mm. downwards the difference 
becomes more and more marked. The effect of the frequency 126 c./sec. on the 
smallest jet of all, 0-14 mm., is also very noticeable. 


0-14mm. 


Velocity (cm./sec.) 
Critical velocity for turbulence 


0 500 1000 1500 2000 


Frequency (c./sec.) 


Figure 7. Velocity range within which a given frequency produces visible vortex development. 


Attempts to measure the upper limit of the velocity for development of a given 
frequency were largely frustrated by turbulence setting in, but the few obser- 
vations which could be made are recorded in the graph. 

The maximum and minimum distance apart of the vortices cannot, of course, 
be calculated from figure 7 without a knowledge of the vortex velocity relative to 
the mean velocity of the stream at the various frequencies. ‘This is a matter which 


will be referred to later. 
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§6. VARIATION WITH RESPECT TO THE STREAM-VELOCITY OF 
THE RELATIVE VORTEX-VELOCITY 


A number of films were taken of the vortex motion in streams of varying width 
and velocity and for different frequencies. A frequency was chosen to represent 
the general case ; that is, afrequency which did not correspond toa marked maximum 
or minimum. The frequency selected was 97 ¢./seC., and with the stroboscope 
running at this rate it was possible without alteration to examine also the effect 
due to frequencies double, treble, and four times as great. The results are given 
in table 2, together with others in which the frequency was not a multiple of 
g7 c./sec., some of which were minima and others maxima. The consistency of 
the figures obtained show that in considering phenomena exhibited at frequencies 
of 97 c./sec. and octaves thereof we shall be dealing with a perfectly general case. 

The figures are arranged in table 2 so that the first five columns in most cases 
give the results obtained for a constant frequency of 97 c./sec., while the velocity 
of the stream is gradually increased, and the last five columns give the values 
recorded when the frequency is increased. In the latter case the velocity had 
usually to be increased together with the frequency in order to obtain adequate 
development for measurement. Since a slit of width 1 mm. gives, on the whole, 
the clearest vortex-development of any in the range 4 to } mm., such extra obser- 
vations as were made to test special points were always made with this width, and 
a set of observations which refer only to frequencies that produce maximum dis- 
turbance are included in the last five columns of the 1-mm. group. In this table 
n denotes the frequency, A the wave-length, U the mean velocity of the stream, 
and u the velocity of the vortices. u is obtained from the relation 


M=U  — eesnee (2). 


The figures are arranged in order of increasing stream-velocity. 

A glance at table 2 shows that if the frequency is kept constant the wave- 
length increases with increasing stream-velocity and so in consequence does the 
vortex-velocity u, but in such a manner that the relative vortex-velocity decreases. 
This is illustrated photographically in figure 5 of plate 2, which consists of natural- 
size enlargements from a film, and by a graph in figure 8. Figure 5 (4—G) shows 
the successive stages exhibited by the vortex-formation in a stream 1 mm. wide, 
for sound of frequency 126 c./sec. and constant amplitude, with the mean velocity 
varying from 380 down to 100 cm./sec., which, as can be seen from figure 6, is 
well below the turbulent velocity of approximately 150 cm./sec. Commencing 
with the lowest velocity, it can be seen that near the orifice the vortices are level 
with one another, i.e. are symmetrically disposed with respect to the median plane 
of the stream. This is well shown in the case of wider jets, as in figure 4 (A-C), 


plate 1. As the vortices proceed, one of them is pushed ahead until they become — 


disposed alternately, a disposition which they retain until they are finally dispersed. 
This stage can be clearly seen; the vortex on the right-hand side is being pushed 
ahead, and in consequence its velocity momentarily is rising from 45 to 63 cm./sec. 
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Table 2 
Re- | - 
Hes ference n d U Roce n U 
of number | (c./ (cm./ | u/U |number A 
slit of sec.) | (cm.) sec.) of ie (cm.) aaa tie 
film film 


3mm. | 2A 97 | 0-62 74 o'81 — — — — = 
12B Om Os 77, 89 0°84 | 13A 97 opie || ay | CeryZ 
tS O77 0-64 all 130 062 | 13B 194 O71 | 225 2661 
12D O7 ae O:O7 Hn79 0°53 13 Cae zon 6-60) 240) 0770 
12F O7M ILO. e227 048 | 13D | 388 Or5O mest 4 O-02 


2mm. 6A 97 | 0°66 97 0°66 — == ae = == 
6B Cir) || Kory A IIO 0°63 7B 97 Cry || asst) || wre 
6E O7aOr7 = 146 0°47 7A 97 (yt THI) || CRzIGs) 
6C O7aneO-O5. 4) 205 0°46 _ — 
6D 907 T-O2 225 0°44 Tbs 194 ©2500 | 150070 
6F 194 | 0:61 193 o'61 HE 194° CPSO) | U@R || CHRO 
— — —_— — — ae 194 0758 | 206 | 0°54 
= — — — — Fi 291 Car || ane || CxO) 
6G 390 || O55 |) 388 0°55 GAGy |) Syke) O'51 se 0°56 


Imm. 8A O77 5201 6L07, piigy |) tig} 604-3 10:59) £6 oO 
8B D7 a) OFC mLOS pete) 4) sey) || ee¥) 0'50 ae oF 
8C O77 O70 9237 oA) || Zuid) ||) sey 0°55 TO2 NN O:37 

22 Ke 20) O42 rere) es || arlD) || meme || pgs nO || Cray 

22 Geo lei? OM O-3 0 aL OO 0°45 17G | 190 OrAG mee 4.0) 0234 

22F2 E200) O54 i) 125 0°54 — —_ = — 

22E2 126 | 0°57 | 160 CVSS || Teg lB 175 oMig || wigei || rey 

PPAWS £20) 1) 0:63) |) 200 0°40 — — == 

17. 120 OSS 3) 1250 Cpa || iG Agl |) Bie: O45 mee 70 Os: 
8D OAs O75 1 253 0°39 I7E TOSs5eOr5 tal OS a O2O 
8E 291 | o-41 | 282 0°42 9B | 373 0°44 | 444 | 0°37 
8F | 388 | 0-46 | 374 0°48 9C | 384 0°44 | 430 | 0°39 


4mm. | t10A G7 NOS 1 yie224. o22 | 1rA | 07 0°63 | 309 | 020 
10B 07 | 0-61 |) 276 o-2I 11B 194. opis || Gxe~} || toh) 
} 10D OFAN: 04 a 375 ovitg, |) iol || exe Cito) |) Psat |) ory 
I0E 97 | 0°69 | 396 o17 | 11D | 388 OAsn | O20 | No2%7 

} — — IrE 485 (orety || “7feley || Tero 


+ mm. 14A O7 O74 a5 OL 0068} 14D 97 0°56 | 665 | o-081 
14B 97 | 0°62 | 894 0:067}] 14E 194. O53 1) 922" | o-1t 
Tae 97 | 0°88 | 1640 o052| — — 


The increased flattening of the vortex produced by this excess velocity relative to 
the air outside is also very marked, and results, as we should expect, in increased 
circulation, so that when this vortex finally settles down in its place it shows greater 
development than the originally stronger ones on the left-hand side. ‘This interesting 
_ phenomenon holds throughout the whole series of films, and the reason why the 
vortices on the left-hand side are originally the stronger and able to push the 
others ahead is no doubt that the velocity of the stream on this side was very slightly 
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greater than on the other. This was discovered in some unpublished ea 
on edge tones, in which the edge of a wedge which bisected the stream e. the 
orifice no longer did so exactly when raised to a height of several centimetres above 
it. The photographs F, E and D show the development produced by increasing 
the velocity to 110, 160 and 180 cm./sec. respectively. A still further a 
in velocity produces the appearance shown in C, B and A, where the sound is able 
to force a periodic motion on the general turbulence. 

If now we examine the graph in figure 8, where the values of u/U for jets of 
widths from 4 to } mm. are plotted against the stream-velocity, we see that u/ U 
remains constant or may even rise slightly for low velocities* and then falls, rapidly 
at first in the case of wide jets and more slowly in the case of narrow ones, until for 
higher velocities it tends to become constant again. A comparison of these curves 
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Figure 8. 


with the respective films shows that the initial flat portion corresponds to the stage 
in which the vortices are changing from the symmetrical to the alternate position, 
and the velocity is below the critical value. The portion of the curve in which u/U 
drops corresponds to the stage where the vortices are alternate and the development 
is in the stage G to D of figure 5. Finally the later parts of the curves, where the 
value of u/U seems to tend to constancy once more, correspond to what we may 
call the excessive-development stage illustrated by A, B and C in figure 5, in which 
the velocity is about double that of the critical velocity for turbulence without 
sound, 

It is clear that vortices may travel in streams of air with relative velocities which 
vary within large limits according to the width of the jet, and there is no tendency 
: is Figure 8 and table 2 refer to developed vortex-formation, which means that the column of air 
is visibly disturbed when viewed in the normal way. With the aid of stroboscopic illumination, 
however, it is possible to discover, at much lower velocities, vortex-development in the symmetrical 
stage which dies away within a few millimetres of the jet. This is very difficult to observe, and was 
clearly seen only in the case of the 1-mm. slit: an estimate of the wave-length A was made and the 


resulting values of u/ U were plotted in figure 8, giving the first two points on the 1-mm. curve which 
clearly rises to a maximum just before the alternate stage sets in. 
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to reach a limiting value of half that of the stream as calculated by Rayleigh. 
In this calculation, applicable to “‘sinuous disturbance”, Rayleigh gets u/U to be 
1/(1+cosh Kb), where K=27/\ and 6 is half the width of the slit. This is a curve 
rising from the origin and approaching asymptotically the value }. If suitable 
values of u/U and Kb are taken from table 2 and plotted on the same graph, the 
- curves have only one point in common, where they cut one another, and the limiting 
value of u/U is 0-7. That these results are not in agreement is hardly surprising in 
view of the non-uniform velocity-distribution in the jet and the large entrainment 
of air by the vortices in the alternate position, a condition not allowed for by 
Rayleigh, who neglected the effects of viscosity. It should be noted, however, in 
this connexion that E. G. Richardson, using a hot-wire method, found good agree- 
ment with Rayleigh’s formula in the case of the vortex formation in edge tones, 

Even if the agreement is not satisfactory in the case of vortices in the alternate 
position, it might seem reasonable to suppose that Rayleigh’s calculation for the 
case where the disturbance is symmetrical about the axes of the jet would apply 
to the first stage in which the vortices are opposite one another and there is little or 
no entrainment of air (cf. figure 4 A, plate 1). But in this case Rayleigh finds 
u/U to be 1/(1+tanh Kd); and this is a curve which starts at the value unity and 
falls off, approaching asymptotically the value 3. This is, of course, completely 
contrary to the results obtained, which indicate that the curve starts at or near the 
origin and approaches asymptotically the value unity. 

Another comparison of theoretical results is of interest in the case of the Karman 
vortex-street. In table 3 are given values of d/A in cases where d, the distance 
between the rows of vortices, remains constant and is equal to the width of the 
stream. It is clear that there is no evidence of d/A tending towards Karman’s value 
0-28. 


Table 3 
Slit- | 

width d Film | d/n 

(mm.) (mm.) 
} 14D | 5°6 0°05 
i 10B 671 0:08 
I 8B 5°8 o'17 
2 6B Wp Cray 
a 12D 9°7 O°31 
4 I5k | 120 0°33 


The crosses marked in figure 8 correspond to values of u/U for a frequency of 
194. The cross on the extreme right is for a r-mm. jet and lies on the curve for 
2-mm. jets. The four remaining crosses are for the 2-mm. jet and one is seen to 
lie on the 4-mm. curve; the remaining three however indicate that we cannot say 
that the vortex-production in a given jet for a given frequency is dynamically 
similar to that in a jet of half the size and double the frequency, as we might be led 
to suppose if the hyperbolic relation between the size and the velocity assumed in 
equation (1) were true and might deduce from Rayleigh’s formula above. 
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§7. VARIATION OF RELATIVE VORTEX-VELOCITY 
WITH FREQUENCY 
We may now consider how the relative vortex-velocity u/U varies with the 
frequency of the sound when the velocity is kept constant. If we select from 
table 2 values for which the velocity is the same or nearly the same, we find that the 
relation between u/U and n is very nearly linear and since U is constant we may 


write 


u— An+B where A and B are constants = =— «++: (3), 
(U=const.) 
And since nA=u we have the further relation 
ey or (4). 8 
‘ | 


Figure g illustrates these results in the case of velocities in the neighbourhood | 
of 230 cm./sec. for jets from 1 to 4 mm. in width. 
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Figure 9. 


§8. VORTEX-GROWTH 


If the critical velocity for turbulence is not exceeded, the boundaries of a stream 
of air are nearly straight and diverge slightly as the distance from the orifice 
increases owing to diffusion and the consequent falling off of the velocity. If. 
however, vortices are produced either by excessive velocity or by sound thet | 
vortices grow as they pass up the column and the boundaries are then no lon er 
approximately linear but curve outwards in the manner shown in figure (C6) | 
and if these are examined it will be observed that for velocities up : about 


160 cm./sec. the vortices, although they grow, remain attached to one another: 


further increase in velocities causes them to break up, a process which is beginnin 
in figure 5 (D) and which is very evident in the remaining photographs (A Band C) 
where the vortices literally burst and filaments of smoke spread poner to s ‘ 
i extent that in some cases they get entrained by the following vortex. This is ee 
a in ae 5, especially in (4), and occurs most markedly on the right side 
» as we have seen, the vortex-development is greatest. It is interesting at this 
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point to compare this growth with that which takes place in circular jets (figure 2, 
plate 1) where, as has been remarked, the vortices on separating may, in favourable 
circumstances, be flung into two paths inclined at an angle, the intervening space 
being free from smoke. In figure 2 the forking is not quite perfect and filaments 
extending across this space may be discerned. 

The vortex-growth in wide jets follows the same course, with the important 
difference that the development may not reach the stage at which the vortices 
become alternate before the velocity is so high that the resulting general turbulence 
masks any further development (cf. figure 4, plate 1). 

In the lower part of figure 5 (a-g), plate 2, is shown the vortex development 
as the amplitude of the sound of frequency 126 c./sec. is decreased from its full 
value to zero for a 1-mm. slit and the velocity is constant at 150 cm./sec. It is 
interesting to notice in comparing photographs in which the angular spread is the 
same, e.g. D and d or E and e in figure 5, that the development begins much further 
from the orifice in the case of the reduced-amplitude series. Consequently, 
although we can obtain a given angular spread by adjusting either the velocity or 
the amplitude of the sound, if we consider the jet as a whole its condition is unique 
and depends on both velocity and amplitude. Another noticeable feature is the 
increase in thickness of the vortex filaments with increase in amplitude of the 
sound. Figure 5 g shows the stream with the loud-speaker shut off: owing to the 
velocity being the critical velocity of 150 cm./sec. there are signs of slight 
vortex-development initiated probably by sound from the rotating stroboscopic 
disc. 

We may now consider in more detail the conditions which control the angular 
spread of the stream when the amplitude of the sound is kept constant at its 
maximum value. A hint in this direction is given by the second group of figures 
for the 1-mm. slit given in table 2. All these results refer to cases in which the 
velocity has been adjusted so that the vortex-development is as great as possible 
and at the same time is clearly defined in the upper portions, and it will be seen 
that the value of u/U is practically constant at about 0-35. This indication that the 
stage of vortex-development is dependent on u/U is also borne out by the following 
tables in which values for slits of different widths are compared for three different 
' stages: (A) minimum sinuous development, in which the vortices are alternate but 
do not increase in size appreciably, giving to the column a sinuous outline ; (B) small 
angular development of about 20°; and (C) maximum angular development (about 
60°) in which the vortices break up so that they are no longer clearly defined in the 
upper region. The velocity for this stage is that at which the angular spread first 
reaches 60°. The figures referred to in table 2 indicate that there is a linear relation 
between m and U for constant angular development. 

In attempting to see what effect was caused by the variation in the slit-width, 
it was found that for the widths 1 mm. to 4mm. u/ Ud? was approximately constant 
and values of this function are given in the table. The widths } and } mm. do not 
- give values in agreement, and, considering the difference between the 1- to 4-mm. 
group and smaller slit-widths already noticed in figure 7, this is perhaps not to be 
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Table 4 


Slit (mm.) ... | i 4 | 5 | 2 | B | 4 


A. Minimum sinuous development 


i | 89 85 
F Velocity 581 224 107 97 ; 
eee d (cm.) o'41 o’5I | 0°52 066 | O77 | o-80 
u/U 0°07 022 | 047 | 0°66 084 | oO ae 
u/ Ud* o'I4 0-31 | O47 || O47 0°44 o°4 
Film 14A 10oA | 8A 6A  12B | I5A 
Frequency Velocity — —— oe. 242 | 249 | 212 
Bon c./sec. A (cm.) — — o-4I 0-51 | 0-60 a 
u/U ; — — 0°42 0-60 o-71 : in | 
Ud = = 0°42 042 | O41 | oO 
ie — — 8E 7F 13C 16C 
B. Small angular development (20°) 
i [seq al 6 | 225 | 189 
Frequency | Velocity 922 402 We) 253 20 5 
194 c./sec. A (cm.) 0°53 0°45 / o°51 0758 o-7I | 067 
u/U OLE 0°22 | 0°39 0°54 o-61 0°69 
ul/Ud* 0°22 o-31 | 039 | 038 0°35 0°35 


C. Maximum development 


Film | 14E | 11B 8D 7D 13B 16B 


Frequency Velocity 1640 375 237 
97 c./sec. A (cm.) 0°88 0°64 "70 
u/U 0°05 Q:17 0'29 

u/Ud* o710 0°24 0-29 | 

Film 14C 1roD | 8C | 


expected. However, if we restrict ourselves to the 1- to 4-mm. group we may 
state that 

Minimum sinuous development occurs when u/Ud>= 0°43), 

Maximum angular development occurs when u/Ud? = 0-29)" (5). 


It must be noted that the examples given in the above tables are the best that 
could be selected from the various films, and as the films were not taken with this 
special object in view the values are not always entirely consistent. A certain 
latitude also inevitably exists in deciding when two streams are in the same stage 
of development. Thus the table above indicates a fall of u/U with increasing 
frequency, whereas the figures in table 2 indicate a slight rise. We may therefore 
conclude that the values of u/Ud! are approximately independent of the frequency. 

The formula (5) for maximum development gives a fair approximation to the 
asymptotic value to which the curves shown in figure 8 approach. 


§9. ANGULAR VELOCITY OF THE VORTICES 


It is clear that when the vortex-formation appears stationary in the stroboscopic 
illumination, as it is for instance in the photographs, any given vortex represents 
the stage which the next vortex below it on the same side would reach in a time 
equal to the reciprocal of the frequency. Consequently if we note the angle turned 
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through by the leading filament of the vortex between these two positions and call 
this «, then its rate of rotation w is given by 


w= an. 


Now the most surprising fact emerges from the study of all the hundreds of feet 
of film taken and from visual observation made specially for the purpose, that 
the angle is always about 180° or 7 radians. It is difficult to estimate exactly since 
the leading edge of the vortex filament is not always very distinct, but in every case, 
for jets of all sizes, for all velocities, and for all frequencies up to 600 at least (above 
this frequency the vortices are very small and difficult to observe clearly) the 
angle « is very close to the value 180°. We have therefore the fundamental relation 


w=n radians per sec. ttt (6), 


that is to say, the angular rotation of the leading filament of the vortices is directly 
proportional to the frequency of the sound. 

It will be evident at once that this striking fact contains the secret of the most 
puzzling result of the former research on sensitive flames, viz. that whatever the 
size of the jet, the velocity of the stream, the amplitude of the sound, and the 
nature of the reservoir or tubing supplying the jet, the frequencies for maximum 
and minimum disturbance for a given gas are fixed and unalterable. For now that 
we have discovered that the angular velocity depends only on the frequency and is 
independent of the velocity and slit-width, and moreover since it is the only feature 
of the phenomenon of which this can be said, we are led to the conclusion that 
some rates of angular rotation of the vortices are more favourable to vortex-development 
than others. 

And as soon as we make this statement, the question at once arises whether the 
statement applies to vortex-formation in the symmetrical as well as in the alternate 
position. When this point was tested experimentally, it was found that as long as 
the vortices remain symmetrically placed and do not attain the alternate position, 
there is no sign of any differential effect with change of frequency. We may therefore 
amend our former conclusion to the following: some rates of angular rotation are 
more favourable to the interacting growth of vortices in the alternate position than others. 

It is evident that at high frequencies the rate of rotation is very great. 
In the case of the highest frequency in which the rotation could be accurately 
observed, viz. about 600, we have the leading filament of the vortex rotating at 
approximately 300 rev./sec. If formula (6) holds in every case, then we should 
have, for the limiting frequency available for a 1-mm. stream which is about 
1800 c./sec. (mean velocity 700 cm./sec.), a rate of rotation of goo rev./sec. Again 
‘€ the same relation holds for burning coal-gas, jets of which are in some cases 
sensitive to frequencies of over 20,000, the rate of rotation must be as great as 
10,000 rey./sec. The fact that the angular velocity is constant for the leading 
filament of these spiral vortices must not lead us to infer that it is also constant for 
the outer portions. In fact, a little consideration will convince us that this cannot 
be the case, and that the motion is a very complicated one. This consideration of 
the circulation and its origin will be given in a later section. 
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§r1o. THE DIFFERENCE BETWEEN MAXIMA AND MINIMA 


A series of photographs was taken in two instances where the slightest turn 
of the condenser dial of the variable oscillator changed a maximum vortex-develop- 
ment into a minimum. These were for frequencies of 373 (max.) and 384 (min.) 
and for 130 (max.) and 1334 (min.) for constant velocities of 430 cm./sec. I 
192 cm./sec. respectively. The last pair is illustrated in figure 10, plate 1, and two 
horizontal lines have been superimposed to aid in comparing the two photographs, 
which were very carefully selected so as to exhibit the vortex-formation in the 
same phase in each. In both cases it is clear that no fundamental difference between 
the vortex-formation at a maximum and at a minimum exists. A change of 25 per 
cent in the frequency produces no observable difference in the wave-length A and 
consequently none in u/U, since the mean stream-velocity U is the same in each 
pair. At the same time the difference in vortex-development in the two cases is 
very marked, as is also the subsequent angular spreading. Now, as we already 
know, if we alter the slit-width, or if we alter the velocity, we should alter both A 
and u/U, and yet the frequency 130 c./sec. will always produce better development 
than 1334, and 373 than 384. So we are forced to the conclusion put forward in the 
last section that the rate of rotation of the vortices in the alternate position has a 
very marked effect on their development, since this is the only physical phenomenon 
that depends directly on the frequency and is independent of A, u/U, the slit- 
width, and the amplitude of the sound. 


PART II. THE ORIGIN OF THE SENSITIVITY OF GASEOUS 
JETS TO SOUND 


§11. DISTURBANCE OF THE STREAM BEFORE IT LEAVES 
THE ORIFICE 


The possibility that turbulence may be already present in the stream when it 
emerges must be ruled out because the velocities are so much below the Reynolds 
critical velocity ; e.g. in 1-mm. jets this velocity is about 3000 cm./sec., whereas the 
stream begins to flicker at 150 cm./sec. and is sensitive to loud knocks at 1 30 cm./sec., 
and further, as has been mentioned, traces of vortex-production can be seen with 
the stroboscope at velocities as low as 42 cm./sec. Clearly, then, in smooth-lined 
jets we are not dealing with vortex-motion in the stream before it leaves the orifice. 
Further, jets stuffed with cotton wool are still sensitive and show the same maxima 
and minima although the frequency range for sensitiveness is usually altered, as was 
shown in the former paper.* The effect of periodic disturbance in the supply tubing 
was tried by placing a whistle in the tubing, and this causes the critical velocity to 
be lowered and the sensitivity to be much impaired.t 

It is of interest to note that as the velocity is progressively increased from the 
sensitive value the wedge-shaped spreading gradually approaches the jet, the last 


* Reference (1), figure 9, p. 176. + Reference (x), p. 166. 
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movement to the jet itself taking place with a sudden jump. The velocity at which 
this jump takes place and at which the wedge-shaped spreading commences at the 
jet itself was found to agree well with the Reynolds critical velocity. This is to be 
expected, since if vortices already occur in the stream they need no space for 
development, and the wedge of entraining air can begin at the jet. On the other 
hand, if the disturbance commences at the jet we should expect a short length of 
apparently undisturbed column in which the vorticity is increasing to the stage at 
which a filament spreads out and entrains air as shown in figure 1, plate 1. 

The case of a jet through which air is travelling at a speed above the Reynolds 
critical velocity and in which, in consequence, the spreading begins at the jet, has 
been dealt with mathematically by Tolmien™, who adapted a method due to 
Prandtl, and the results are found to agree well with experimental values obtained 
at Gottingen. No mathematical treatment of the earlier stages of jet turbulence 
has, however, been successful. 


§12. VIBRATION OF THE JET 


In the case of the symmetrical stage in large jets it is easily observable that the 
column alternately swells and contracts as it leaves the jet, and the magnitude of 
this lateral motion is of the order of a millimetre, whereas the jet is, as far as can 
be seen, quite stationary; cf. figure 4 A, plate 1. An experiment was made with 
an Amplion diaphragm speaker to which a cylindrical funnel 5 cm. long was 
attached, so that when the amplitude was very small the only motion of the air 
was in the direction of the axis of cylinder. When this speaker unit was placed 
within a few centimetres of the jet and with its axis horizontal and at right angles to 
the length of the slit, alternate swelling and contraction of the stream at the orifice 
could be seen. If the loud-speaker was removed to 10 cm. no effect was discernible 
owing to the extreme feebleness of the sound, which could only just be heard by 
placing the ear at the mouth of the cylindrical opening. The sensitivity of jets 
to sounds is of the order of that of the human ear. In this position the diaphragm 
and the outer side of the slit were put in contact by means of a light metal rod, and 
thus the vibrations could be transmitted directly, but no trace of disturbance was 
visible. The same amplitude of vibration of the air had produced marked effects at 
a distance of a centimetre or two, and so we can conclude that vibration of the jet 
is not the cause of sensitivity in gaseous streams. 


§13. PRESSURE EFFECTS 


It is already well known that jets are most sensitive, in almost every case, at 
the antinodes in stationary waves. This fact must be put beside the facts established 
in the former paper, that the insertion of resonating chambers in the orifice or 
supply, and the filling of the orifice with cotton wool, do not materially alter the 
sensitivity. These facts all lead to the conviction that the sensitivity is not a pressure 
effect but is in some way due to motion of the air and must therefore be directional. 
This point was conclusively demonstrated by means of the Amplion unit men- 
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rtex production occurred when the 


tioned above: it was found that the maximum vo 
loud-speaker caused the air to vibrate horizontally and at right angles to the length 
of the slit, and that no effect whatever could be found when the Amplion loud- 
speaker faced downwards into the orifice. Further, it was possible, with wide jets 
in stationary waves, to find positions in which vortex production occurred only on 
one side of the stream. Clearly, then, the disturbance of the jet is a lateral one, 
and is a maximum at right angles to the slit length and is not due to vibrating of 
the air in and out of the orifice; although we do, of course, know that symmetrical 
swellings in a column of gas can be produced by vibratory movement of the air 
in a direction parallel to the stream. This, for instance, is produced in the well- 
known singing-flame experiment. 

Periodic disturbance of a jet of gas by vibration parallel to the direction of flow 
is therefore possible and does occur in at least one well-known case, but apparently 
this is not the type of disturbance produced by sound, and probably is only effective 
for large-scale motion of air such as occurs in resonating pipes. 


§14. DIRECTIONAL EFFECTS 


Experiments with the Amplion unit and very low intensity (to avoid reflection) 
showed that vortex motion was produced in the sides of the stream when the loud- 
speaker faced the side of the slit, and in the ends when the loud-speaker faced the 
ends, but not vice versa. Vortices were therefore produced only with axes per- 
pendicular to the direction of sound, i.e. perpendicular to the direction of motion 
of the vibrating air. The vortex motion was always greatest when the motion of the 
air was perpendicular to the edge of the stream. Circular cross-sectioned jets 
showed, as would be expected, approximately equal sensitivity in all directions, 
and the vortex-production and forking occurred in a vertical plane containing the 
direction of motion of the vibrating air. Needless to say, very few circular jets 
give an accurately uniform flow over their circumference, but differences in 
velocity, if they occur at opposite ends of a diameter, favour the production of 
marked forking, and such jets exhibit marked directional properties. 


§25. SENSITIVITY ONLY AT THE JET 


It is well known that the sensitive region in a gaseous stream is in the immediate 
neighbourhood of the orifice. This can be demonstrated by lowering a shield near 
the jet and between it and the loud-speaker: no change in the vortex-formation 
can be observed until the shield cuts off the sound waves from the last millimetre 
or so at the orifice. This also shows that once the vortices are started the sound has 
no effect on their further development. It was also possible to demonstrate, by 
moving the Amplion unit about, that nothing ever occurred unless the loud- 
speaker pointed at the column close to the jet. We may therefore conclude that a 
jet is essential to sensitivity, and gaseous streams by themselves are insensitive. 


To see more clearly why it is a fundamental requisite, we may first attempt to 
define what is meant by a jet. 


i 
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§16. WHAT IS A JET? 


A jet is essentially a solid boundary, and this means that any stream of gas passing 
it emerges with those portions of it which have been in contact with the solid 
boundary practically at rest. And it is to this outer sheath of slow-moving molecules 
in the neighbourhood of the jet that the sensitivity to sound is due, for these mole- 
cules start to diffuse outwards, and since diffusion is a molecular process we shall 
expect that such a process will be affected by other molecular motions such as the 
periodic to-and-fro drift produced by the vibrations of sound. That diffusion does 
occur mafkedly at the jet is shown more strikingly by streams of burning coal-gas 
or of hydrogen. Any jet of burning coal-gas exhibits an external luminous boundary 
which is greater than that of the orifice from which it issues, and the amount of 
spreading at the orifice increases as the velocity of the stream is reduced. The 
magnitude of this diffusion at the jet was well shown by an experiment in which 
burning coal-gas issued from a hole 1 mm. in diameter in a brass plate: when the 
pressure was reduced to a very low value, so that the flame was almost hemispherical, 
the diameter of the luminous outer boundary at the surface of the plate was 5 mm., 
and when hydrogen was substituted, the diameter was 8 mm. The increase in the 
case of hydrogen is to be expected in view of the fact that the hydrogen in the 
coal-gas is mixed with slow-moving molecules and its diffusion velocity is con- 
sequently less. This spreading at the jet is just observable in air streams and was 
estimated to be of the order of one or two-tenths of a millimetre. In figure 4 (A-C) 
plate 1, for instance, light reflected from the slightly chamfered edges of the slit 
shows through the smoke. 

Diffusion does, of course, take place at every point of the boundary of the 
stream and is not restricted to the orifice, but it is only at, or very near, the orifice 
that the molecules are approximately at rest. Further along the stream the velocity 
of the central portions of the stream has been communicated to them owing to the 
fact that the gas possesses viscosity; and moreover this is handed to the external 
air which starts to move in the same direction. In these regions, then, the lateral 
diffusion-velocity has to be compounded with the much greater velocity of the 
edges of the stream, and the resultant motion is only inclined at a very small angle 
to the axis of the stream; cf. figure 5 g, plate 2. 

The diffusion at the jet is no doubt further favoured by the stagnant region 
which in most cases exists in its neighbourhood owing to the fact that the circulation 
of the external air is such as to involve a turn through a right-angle at this point. 
This is illustrated diagrammatically at a in figure 11 (A). At first sight, it might 
seem that impaired sensitivity would ensue if the jet had a razor edge, and to test 
this a thin circular brass jet sharpened to a fine edge was compared with a circular 
glass tube of the same diameter with the usual blunt end. No difference could be 
noted and it was found that the stream spread downwards over the edge, this 
process being much more marked in the case of burning coal-gas, and this is 
illustrated in figure 11 (B). A stagnant area exists also in this instance, and it was 
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found by moving a shield about that this was the region in which the stream was 
most sensitive. 

Perhaps it would be well at this point to mention an apparent exception to our 
view that the jet is an essential factor. This exception is a flame such as that of the 
candle, and this, as we should expect, is insensitive in the ordinary state, but, 
according to Tyndall, it can be made to show sensitivity if the flame is distorted 
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by a stream of air impinging on it from a blowpipe. The writer was not able to 
repeat this, but from the consideration which has just been put forward it seems 
very unlikely that conditions for sensitivity can be produced by blowing air at the 
upper portions of a flame, and a more probable explanation would be that the 
blowpipe orifice acted as a sensitive jet and the candle flame was only an indicator 
of the disturbance produced. Flames employed as indicators and radiators of dis- 


turbances impressed on them in this m i 
S s manner have been examined exhaustiv 
Chichester Bell. amet 


§17. THE EFFECT OF SOUND ON THE DIFFUSION AT THE ORIFICE 


ee must now consider the effect of sound in the stagnant region near the jet 
ae there is very little vertical motion and movement is due almost entirely ti 
oe Such movement will be very easily increased or decreased by any 
at ee ) the - : a whole: consequently when a sound-wave approaches the jet 
e vibration of the air towards and awa j i 
vay from the jet will cause the diffusi 
ye iffusin 
particles to advance and retreat, and thus will produce periodic undulations in tha 
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boundary of the stream. At the orifice the crest (b), figure r1 (A), is further forward 
and the trough (c) further back than the normal boundary, but measurement of 
photographs and careful observations indicated that near the orifice the bottom of 
the troughs never lay appreciably within an imaginary surface made by projecting 
the orifice vertically (the inner dotted line). At points removed from the orifice, 
however, where marked vorticity may be developed, it is possible for the troughs to 
be well within this surface; cf. figure 4 (C), plate 1. This is what we should expect 
if, in the immediate neighbourhood of the orifice, the stream was surrounded by a 
thin sheath of slow-moving molecules. The amplitude of these undulations varies 
with the amplitude of the sound, and an experiment was made to see if the two 
amplitudes were the same. A tuning-fork was lightly struck and held with one 
prong close to the jet: by means of the stroboscope a slow-motion view was obtained 
in which the amplitude of vibration of the prong and of the undulation could be 
compared. They were found to be the same, and although the experiment was 
only a rough one it indicates that the amplitude of the undulations is, as we should 
expect for wide jets, approximately the same as the vibratory motion in the sound 
wave. 


§18. VORTEX GROWTH AND DISRUPTION 


The fact that shielding the stream of gas from the sound has absolutely no 
effect, except when the shield covers the first millimetre or so nearest to the orifice, 
shows that the vibrations of sound play no part in the subsequent development of 
the undulations produced there. This development must therefore arise through 
the contact of the crests and troughs with the external air as they move up the 
column. Observation shows that the first effect of this motion through the relatively 
stationary external air is to produce in the crests, as we should expect, a flattening 
in front and an overlapping of the trough at the rear, so that a pear-shaped pro- 

“tuberance results; cf. figure 4 (B) and (C) and figure 5 (G). This is shown dia- 
grammatically at (d) in figure 11 (A). Further motion causes entrainment of air in 
the trough and definite circulation then commences; it increases until the vortex 
occupies half the width of the stream. At this point it comes in contact with the 
circulation due to the vortex symmetrically placed on the other side of the stream, 
see (e), figure 11 (A). The vortex with greatest circulation then forces the weaker 
one ahead, as it should do even in classical hydrodynamics. This action continues 
until the vortices are arranged alternately, and they are then free for further develop- 
ment since they can grow until their circulation includes the whole stream. Whether 
they do so or not depends on the velocity: if the velocity is low, as in figure mG), 
they may become diffuse and tend to disappear; if the velocity is a little higher, as 
in figure 5 (F), they may remain in the same state growing but little; further 
increase in velocity causes them to grow and pack into one another in the very 
beautiful manner shown in figure 5 (Z), and in this stage the vortices at a certain 
height above the orifice fill the whole of a trough and further entrainment of air 
therefore ceases. Velocities in excess of this cause the vortices to burst as soon as 


PHYS. SOC. XLVII, 4 46 


726 G. Burniston Brown 


their circulation involves the whole of the column: their filaments then spread 
radially, and this motion, combined with the upward motion, produces the well- 
known wedge-shaped spreading of gaseous streams. Perhaps, then, figure 5 (£) 
can best be described by saying that the vortices are bursting in an orderly manner. 

If we are correct in our view that further vortex-development is due to the 
contact between the undulations produced very near the orifice and the nearly 
stationary external air, then we should expect that if the troughs and crests are 
large it will not need so great a velocity relative to the external air to produce over- 
lapping and vorticity, as it would require if they were small. In other words, we 
should expect the minimum velocity for vortex-production to be a function of the 
amplitude of the sound wave. An experiment was made to test this, a 1-mm. slit 
and the stroboscope being used so as to show up disturbances which are invisible 
to the unaided eye. The results, for a frequency of 100 c./sec., are shown in figure 12. 
The amplitude was reduced to about one-fifth of its full value and it can be seen that 
this necessitated doubling the minimum velocity. 


Frequency 100 c-./sec. 
Slit-width 1mm. 


Velocity (cm./sec.) 
S 
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Amplitude of sound 


Figure 12. Velocity for minimum effect against amplitude of sound. 


§19. LIMITS GOVERNING SENSITIVITY TO SOUND 


We can now see clearly why there is a minimum velocity, below which gaseous 


streams are insensitive to sound: the velocity must be great enough to develop the — 


undulation produced at the jet. Further we can also see why, when this velocity 
is attained, there is then a minimum frequency to which it is sensitive: very low 


| 


notes will have their troughs and crest so far apart in the stream that only the mildest _ 


undulations will be produced even though their amplitude be very great. 


No clear limit to the maximum velocity exists, for some change can usually be 


observed when sound impinges on jets, even when in a state of great turbulence. 
Maximum and minimum values of A, the distance between successive vortices 
on the same side of the stream, were found in this research to be of the order of 


1§ mm. and I mm. respectively, the maxima occurring in the widest jet and the 
minima in narrow jets. 
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§20. THE EFFECT PRODUCED BY STATIONARY WAVES 


It has so far been assumed that the effect of sound on the stream near the jet 
is to produce symmetrical swellings and contractions such as are shown in figure 4, 
plate 1 and figure 5g, plate 2. But it is obvious that this cannot be the general case 
because if it were all jets should be sensitive at the nodes when placed in stationary 
waves. The air would have to be moving outwards on both sides of the jet to produce 
the swellings and moving inwards on both sides to produce the contractions. But 
it is a well-known fact that sensitive flames are most affected at the antinodes. 

Repeated attempts were made to demonstrate sensitivity at nodes when the 
vortices were in the symmetrical position, but in order to get definite stationary 
waves the loud-speaker and reflecting boards must be large compared with the 
wave-length of the sound, and unfortunately this condition could not be realized 
in the apparatus available. However, it was found possible to demonstrate the 
effect with a jet of width 3 mm. and a frequency of 252 c./sec., giving a wave-length 
of about 136 cm. Ata distance of 68 cm. from the reflector the vortex development 
was markedly greater than at a distance of 34 cm., showing that the nodes are more 
effective in this case. With full intensity of the sound some vortex development 
occurred in any position, but if the intensity was reduced so that the vortices were 
barely visible stroboscopically at the node, then they disappeared entirely at the 
antinodes. 

To account for the fact that maximum sensitivity is usually shown at antinodes, 
we must suppose that in narrow jets with consequently high velocities (and these 
are what are generally employed) the circulations of the two initial vortices interact 
on one another within a very small distance from the orifice, causing the weaker 
vortex to be displaced ahead, and that a point arrives at which it is actually easier 
to form the vortices already displaced, i.e. alternately, than to form them sym- 
metrically. 


§21. THE CAUSE AND NATURE OF THE VORTICITY 


We must now consider the method by which the vorticity in the stream is 
initiated, and attempt also to explain why, when the vortices are produced, their 
rate of revolution is proportional to the frequency of the sound. 

The first effect of the sound is to produce, as we have seen, undulations in the 
boundary of the stream and these crests and troughs are carried upwards and have 
to pass through the relatively stationary air surrounding the jet. This causes the 
crests to become flattened in front and to overhang the trough following them: thus 
a filament extends backwards from the tops of the crests. In narrow jets the 
vortices have reached the alternate position before this stage is reached, and then 
the whole stream becomes sinuous: the mechanism of the filament-production is, 
however, similar in both cases. This is shown in greater detail in figure rr (C). 
One crest and one trough, together making a distance which has been called in this 
paper one wave-length A, are drawn with a thick line. The distortion of this for- 


mation caused by its motion upwards past the stationary air is observed to take 
46-2 
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the form shown by the dotted line. Air is entrained in the direction shown by the 
arrow at k, and appears to prevent the filament f from extending so as to cover the 
trough completely. Observation shows that contact of the particles at m with the 
external air reduces their velocity practically to zero. 

We have, then, a flattened vortex symmetrical about the point O and extending 
for a distance of about half a wave-length in the vertical direction. Further develop- 
ment consists in the end of the filament turning inwards and then upwards and 
curling round on the space surrounding O, which enlarges to allow of this motion 
taking place. Now, examination of the photographs shows that the leading filament 
describes a nearly circular path of constant diameter, and this, of course, must be 
the case since there is no sink. Consequently the increasing convolutions of the 
spiral can only be added externally, so that the spiral must grow in size continually. 

What relationship now holds between the velocities of different portions of the © 
vortex? Observation shows that the leading filament describes its constant path | 
with the same velocity, so that w is constant. Owing to viscosity there will be a 
tendency for the velocity of the portions following and surrounding it to increase, 
and this does seem to be the case since, during the second revolution of the leading 
filament, the outer filament moves down occupying the whole of the trough and 
finally making contact with the following crest. That while it does so its velocity 
with respect to the external air is no longer zero, seems to be indicated by the thin 
film of smoke which appears to be torn from it and, travelling upwards, produces 
the straight-line boundary which is such a marked feature of the vortex-develop- 
ment beyond the point where entrainment of the external air ceases; cf. figure 5 
(A-E), and (a-e), plate 2. This could only occur if there were relative movement | 
between the vortex filament and the external air. ) 

As soon as the descending filament makes contact with the following crest, 
entrainment of air ceases and the outer filaments thus begin to unite, and from this 
point onwards the circulation appears to slow down. It seems therefore that the 
vortex filaments do not have long in which to increase their velocity, and so this’ 
probably remains very nearly constant in the general case. A special case arises, 
however, in streams such as those illustrated in figure 5 (4—C), in which the 
velocity is much above its critical value for turbulence and a frequency is forced upon 
them near the lower limit of their frequency range. The vortices then grow to a 
very large size and the outer filaments have very much increased velocity, which 
is shown by the abnormal angular spreading on disruption and by the very marked 
film which is torn from them as they move downwards towards the jet. In fact, it 
will be observed that flying filaments of the disrupted vortex may even travel 
backwards sufficiently far to be re-entrained by a following vortex. ) 

We may now attempt to explain why the rate of rotation is proportional to the 
frequency of the sound. Let the mean upward velocity of the particles in a thin 
layer near the boundary at m be V. The velocity of the particles in f, we have seen, 
is practically zero. Now this incipient vortex is symmetrical about the point O 
which will appear to move upwards with the velocity w equal to V//2, and relatively 
to this centre there is an upward velocity of V/2 on one side and a downward 


) 
| 
| 
| 


Vortex motion in gaseous jets and origin of their sensitivity to sound 729 


velocity of V/2 on the other. The time of rotation will therefore be the time taken 
by the filament to travel with a velocity V/2 down a distance approximately A/2 
and up a similar distance, the time taken in turning at the narrow ends being 
neglected. Hence the time T taken to complete one revolution will be given by 
eae 
V/2 
277 cel 
ie oa 
But the wave-length is the distance travelled by this thin layer of particles of 
velocity V-in the time of one complete vibration of sound, so that 


A=V/n. 


Hence we have w=T7N, 


Sas: 


Therefore the angular velocity w= 


which is the relation (6) obtained experimentally. Although this treatment is only 
approximate it does give valid physical grounds for inferring that the rate of 
rotation of the vortices will be proportional to the frequency of the sound. 

We have here taken wu, the vortex-velocity, to be half that of the mean velocity V 
of the stream in a thin outer layer of thickness similar to that of the leading filament. 
Now as the vortex grows its circulation will enclose faster-moving layers of the 
stream and this will tend to increase V. But this will only be true up to the centre 
of the jet: from this point onwards the circulation will include slower- and slower- 
moving layers until finally the whole of the stream is involved in the circulation of 
one vortex. We should therefore expect the relative vortex-velocity to increase up 
to the point at which the circulation includes half the stream, and to fall off after 
this point has been reached, and this is just what we have seen in the graph in 
figure 8: u/U rises until the vortices adopt the alternate position (i.e. occupy half 
the stream) and then falls off to what appears to be a constant value when the 
circulation involves the whole of the stream. 


§22. THE INSTABILITY OF GASEOUS JETS IN GENERAL 


The conclusions to which we have been led during the course of our con- 
sideration of the phenomena exhibited by acoustically sensitive jets allow of a 
certain amount of light being thrown on the question of the instability of jets in 
general, and especially on the cause of the wedge-shaped or conical spreading of 
jets which, although so familiar, has not yet received an adequate physical ex- 
planation. 

When a gas first escapes through a jet it develops a mushroom-shaped head 
owing to its action in pushing aside the stationary gas outside, and this causes a 
circulation in the outer portions producing what is known as Overbeck’s vortex. 
The latter moves upward and is followed by a column of gas whose sides are 
inclined at a very small angle outwards, representing the resultant motion of 
particles having an upward velocity together with a lateral velocity due to diffusion; 
ef, figure 5 (g). In the upper portions the velocity of the stream falls gradually 
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to zero owing to the transfer of velocity to the outside air by virtue of viscosity ; 
the boundary then becomes more and more diffuse. At this stage, disturbances of 
large amplitude may affect the sensitive region near the jet, but any vortex motion 
which may ensue soon dies away and is not visible to the unaided eye. As the 
velocity is increased it approaches the critical value for sensitivity; and disturbance 
then produces vortices which travel up the column and cause the boundary of the 
stream to widen; cf. figure 5 (g). This is the cause of the flickering appearance 
presented to the naked eye. 

Increase of velocity beyond this critical value initiates what we may call the 
sound-maintained turbulence stage, and the stream then adopts, independently of 
any outside disturbance, the well-known form of a column which, at a certain 
height, spreads into a cone in the case of circular jets, or into a wedge when the 
orifice is a slit. In this stage the velocity is sufficient to develop the vortices so 
that they reach the alternate stage and then increase until their circulation occupies 
the whole width of the column, at which point, as we have seen, they disintegrate. 
By listening through a tube applied to different parts of the stream it can be found 
that the sound is produced in the region where the air is entrained and is generally 
audible as a low hissing noise: in ignited streams it produces what is usually 
termed a “roar”. The turbulence in the stream is now self-maintained and 
very irregular, but it can be forced by sound of a definite pitch and then presents 
a periodic appearance which we have noted for instance in figure 5 (4-C). 

Further, if we remember the results of the investigation discussed in § 5 and 
illustrated in figure 7, viz. the approximately linear relation between the velocity 
of the stream and the lower limit of frequency-sensitivity, we see that as the 
velocity is increased the frequencies affecting it become higher and so if the 
turbulence is to be sound-maintained the pitch of the sound emitted will have to 
rise with the velocity. That the general tone emitted by turbulent jets does 
rise with the velocity, and that the relation is a linear one was first observed by 
Kohlrausch""®, 

The radial expansion of the vortices due to centrifugal force combined with 
their upward velocity is the cause of the wedge-shaped and conical spreading of 
gaseous jets. The amount of this irregular spreading will depend in a complicated 


manner upon the ratio of the lateral velocity of the rotating filaments, at the moment | 


when the circulation of the vortex occupies the whole of the stream, to that of the 
vortex itself, and upon the motion of the external air. Now we have found the 
angular spreading to be dependent only on the value of u/U and that when this 
ratio is constant there is a linear relation between m and U (§ 8). But this is just 
what was found by Kohlrausch for the general tone emitted and the velocity. On 
the assumption that the turbulence is maintained by the sound it produces this 
indicates that the angle of the wedge or cone will not increase beyond a certain 
amount but will remain sensibly constant, a characteristic of turbulent jets first 
recorded by Thomas Young“. 

Finally, when the Reynolds critical velocity is reached the stream emerges 
already in a state of turbulence, and the apex of the wedge or cone then jumps 


io 


Vortex motion in gaseous jets and origin of their sensitivity to sound 731 


suddenly to the orifice itself, where it remains for all subsequent increases in the 
velocity. 


§23. SUMMARY AND CONCLUSION 


The secret of the acoustical sensitivity is found to lie in the fact that the portions 
of the stream in contact with the solid boundary of the jet emerge with very small 
velocity and spread laterally owing to diffusion. This lateral drift is very sensitive 
to the to-and-fro motion of the air caused by the vibrations of sound, and the 
result is that undulations are produced in the boundary of the stream which, on 
being carried upwards, develop into vortices owing to the friction between them 
and the stationary air through which they travel. A solid jet from which the gas 
issues is therefore an essential feature of the sensitivity, and so we must “look upon 
all jets as musically-inclined”, in the words of John Leconte who discovered 
sensitive flames. 

The subsequent growth of the vortices entrains air which, in ignited streams, 
increases the combustion and thus causes a marked drop in height, the characteristic 
phenomenon to which sensitive flames owe their discovery and their use. 

The most surprising property of sensitive jets, viz. that certain frequencies are 
more effective than others in producing vortex development whatever the velocity 
of the stream, the size of the jet and the amplitude of the sound, is found to be 
connected with the rate of revolution of the vortex, which is the only feature of the 
vortex motion that depends only on the frequency. 

With the knowledge gained of the vortex motion produced by pure notes it 
has been found possible to throw some light on the physical processes underlying 
the instability of gaseous jets in general. It has been found that three stages occur: 
firstly, a non-turbulent flow; secondly, a turbulent flow in which the turbulence is 
due to the sensitivity of the jet to sounds produced by itself; and thirdly, a stage in 
which the turbulence already exists in the jet before it emerges and is due to the 
velocity being above the Reynolds critical value. In particular, it has been found 
possible to account in a general way for the constancy of the angle of the wedge or 
cone into which the column spreads during the sound-maintained turbulence stage. 
It appears that the reverse of Tyndall’s explanation of sensitive flames is really the 
case. Tyndall said that jets were sensitive to sound because they were readily 
turbulent; actually they are readily turbulent because they are sensitive to sound. 

Every effort has been made to treat the matter as fully as possible, in the hope 
that mathematicians may feel induced to address themselves to it, and for the 
same reason all the reproductions from the cinematograph films have been enlarged 
to natural size. 

It is hoped, in a further research, to apply the same treatment to the elucidation 
of the vortex motion produced by edge tones, the mechanism of which is very 


similar to that of sensitive jets. 
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DISCUSSION 


Dr E. G. Ricuarpson. The clarity of the author’s photographs has enabled him 
to made deductions about the vortex motion in jets which should provide a basis for 
future mathematicians to attack the theory not merely of sensitive jets but of the 
efflux of fluids from orifices in general. It is unfortunate that at present the mathe- | 
maticians, even those trained in the Prandtl school, can scarcely cope with this _ 
difficult problem. To my mind the most important observation which the author | 
has made concerns the rate-of rotation of the leading filament of the vortices, a 
result which he deduces (p. 729) theoretically on the assumption that the centre of | 
the vortex moves at half the jet-speed. But does not the assumption imply that no ) 
air is entrained by the outer edges of the jet, whereas on p. 715 he adduces en- 


trainment of the air as a reason for the failure of Rayleigh’s theory in the case of his 
jets? 


AuTtHor’s reply: In my attempt to show that the rate of rotation of the leading | 
filament might be expected to be independent of everything except the frequency of 
the sound, I assumed that the vortex growth commences in ‘‘a thin outer layer of 
thickness similar to that of the leading filament’ and that the vortex travels with | 
half the mean velocity of this layer—not half the mean velocity of the stream itself, 
an assumption which, as Dr Richardson suggests, is not borne out by the experi- 
mental results. ‘The treatment would apply, for instance, to vortex growth in the 
boundary of a semi-infinite stream of fluid. The width of this layer is a function of 
the amplitude of the sound—cf. figure 5 (a-g)—and of the width of the stream. 
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ABSTRACT. Experimental methods are described for the production of single crystals 
of tin and for the determination of their orientations by optical measurements. The 
conditions under which parts of the crystals can be caused to twin by impact or by tension 
are investigated, and the determination of the energy relations for certain controlled cases 
is described. It is found that when twinning occurs, energy amounting to 8 x 10° ergs 
is converted into heat per cm? of crystal twinned. The process of twinning in relation to 
the crystal structure of tin is discussed. 


Sa. LN ERODU CLION 


HE behaviour of the crystals constituting a metal test-piece under stresses 
large enough to cause permanent distortion of the test-piece has been the 
subject of many investigations. It has long been known that one of the ways 
in which yield occurs is by the glide of lamellae over one another, and experimental 
work on specimens consisting of single crystals of metals has shown that in many 
cases the whole distortion can be attributed to such glide”. It has been shown, 
however, by S. W. J. Smith, Dee and Young), that the formation of Neumann 
bands in « iron is due to twinning of the volume of which the Neumann band is 
the trace on the surface of the specimen. The process described is a definite 
movement of each layer of atoms relatively to the neighbouring layers, so that the 
atoms then occupy positions in a lattice inclined in a definite direction, that of a 
twin crystal, to the lattice of the original crystal. The paper cited above gives an 
adequate account of the geometry of the process of mechanical twinning, but no 
experimental investigation has been made of the mechanical conditions governing 
twinning, or of the quantitative energy considerations involved, 

In order to investigate such conditions, it is necessary to utilize specimens 
consisting of single crystals, in order that effects occurring inside the volume of a 
crystal may not be modified by restraints imposed by neighbouring crystals and by 
inter-crystalline materials. The material with which the present investigation is 
concerned, namely tin, is particularly suitable, both on account of the ease with 
which large single crystals can be produced and because it has a crystal lattice 
which appears to be particularly susceptible to twinning by shock. Work on other 
aspects of the mechanical properties of single crystals of tin is described and referred 
to by Obinata and Schmid. 
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The experimental work described below consists in the preparation of the 
crystals, the measurement of their orientation by a new optical method, a qualitative 
investigation of the conditions in which twinning occurs, and a quantitative 


examination of the energy involved in the process. 


oo 


§2. PREPARATION OF THE CRYSTALS 


The crystals were prepared by the following method from Chempur tin 
comprising tin 99-987 per cent, copper 0°00132 Pet cent, antimony o-oo118 per 
cent, lead 0-00585 per cent, iron 0-00055 per cent, bismuth 0-00352 per cent, 
arsenic 0:00005 per cent, nickel 0-00003 per cent, silver o-o0018 per cent, but no 
zinc, cobalt or sulphur. The tin was melted in a crucible over a bunsen burner and 
maintained at a temperature of about 300° C., the temperature being measured by 
means of a thermocouple. Into this was lowered a glass tube of which the bore was 
the required diameter of the crystal, drawn out at its centre to a narrow capillary. 
The length of the tube was such that the surface of the liquid tin came up to the 
bottom of the capillary. When the tube was lowered into the tin it was closed at the 
top by means of a rubber tube and a clip so that no tin could enter the tube at the 
lower (open) end. After the tube had been immersed in the tin for a few minutes 
the clip was opened, allowing the tin to enter, and suction was applied to the 
rubber tube to draw the tin up the capillary until it solidified at the top. The glass 
tube was then raised out of the molten tin, the tin inside it solidifying progressively 
as a rod as it cooled. The tube was raised by means of a lever to which it was 
clamped, the lever being moved by a clock mechanism which could be adjusted to 
give any desired speed of raising. It was found that when the rate was of the order 
of o-s cm. per minute a single crystal of diameter 5 mm. and length 6 cm. could 
usually be obtained. With somewhat slower raising, crystals up to I cm. in diameter 
were obtained. 

It was found that when the crystals had cooled they could be made to slide out 
of the tube without suffering any damage, i.e. without showing either slip bands or 
Neumann bands. This is due to the fact that tin contracts by about 2} per cent on 
solidification. The surfaces of the crystals so prepared were sometimes pitted, 
but when the tube had been allowed to heat up sufficiently before the tin was 
admitted, this pitting was usually very slight and sometimes apparently absent. 
After a crucible full of tin had been in use for some time and had been melted and 
cooled a number of times it was found that single crystals could no longer be 
obtained, crystal boundaries being always seen in such specimens. This was taken 
to be due to impurities in the melt. 

Crystals with flat faces were also obtained by inserting slips of mica diametrically 
in the tubes, so that the tubes were divided into two semi-cylinders. A spectro- 
scopic comparison of the composition of the crystals and of the original tin showed 
that the amounts of bismuth and lead were slightly reduced by crystallization; the 
other impurities showed no reduction. y 
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§3. DETERMINATION OF THE ORIENTATION 


The first step in the investigation of any of the properties of single metallic 
crystals is the determination of the orientations of the crystal-axes to the geometrical 
axes of the specimens. The basic method by which this can be done is by the use 
of X rays, but the process is complicated and laborious. Various alternative methods 
have been described from time to time, some depending on measurements on the 
specimen after it has been distorted”, and some being based on the appearance 
of the surface after it has been etched®. The method used in the present in- 
vestigation is of the latter type, modified so that the orientations can be read off 
directly and quickly. 

The specimen, having been cooled and removed from the tube in which it was 
prepared, was next etched to prepare its surface for optical examination. It was 
found that a 5-per-cent aqueous solution of ferric chloride was a suitable etchant 


Figure 1. 


for tin. A preliminary visual inspection of the specimen served to reveal any 
crystal boundaries that were present, and if the whole specimen, or a large enough 
part of it, consisted of a single crystal, the following property was utilized for the 
determination of the orientation. It was found that when a slightly converging 
beam of light was allowed to fall on the surface of the specimen, which was cylin- 
drical in shape, the reflected light did not travel in the directions normally followed 
when light is reflected from a cylindrical surface. It was instead reflected in a 
number of definite directions inclined at angles to the geometrical normals of the 
cylinder. 

The directions in which the reflected light travelled were investigated by 
measuring the positions of the spots of light formed on a suitably placed screen. 
The optical system employed was that represented in figure 1, in which B is a 
straight filament lamp, the line of the filament being perpendicular to the plane 
of the diagram, C a slit, on to which light from B is concentrated by the condenser 
lens D; E is a system of lenses forming an image of the slit at H. A Microid micro- 
projector is used to give this optical system. ‘The specimen, placed at A, is mounted 
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on the rotating axis of a goniometer, while a white screen F with a hole cut in it 


3 


to allow the beam of light to pass is arranged to receive the’ light reflected from the ~ 


specimen. 

The light received on the screen consists of a number of well-defined spots, 
some of which are joined by faint streaks. The number of spots observed while the 
specimen is completely rotated about its axis depends on the orientation of the 
crystal-axes and the state of the surface of the specimen. In the most favourable 
cases as many as 20 definite spots are obtained. 

The positions of the spots are measured in terms of two angles, namely the 
setting of the goniometer when the spot is on a line through G normal to the plane 
of the diagram, and the angular displacement of the spot from the plane of the 
diagram along this line. The spots are formed by reflection from planes whose 
normals do not coincide with the geometrical normal to the surface, so it is reason- 
able to suppose that the faces concerned are the elementary crystal facets of which 
the apparently cylindrical surface must in reality be composed. In order to verify 
this, the angles between the faces giving rise to the various spots were calculated. 
The tin crystal is known to have a tetragonal lattice in which c/a=o-541, and from 
this ratio the angles between the various simple faces can be calculated. The 
identification of the angles obtained in a typical experiment with those calculated 
from the lattice constants is shown in table 1. 


Table 1 
Iol oor oll Tor 
oor 27° (284°) . | | 
ort 40° (40°) 28° (283°) | | 
tor | 56° (57°) | 30° (284°) | 40° Go) | 
110 72° (693°) 89° (90°) | 70° (698°) | 67° (694°) 
| sor | 28° Go) | 56° (584) | 6x" (63°) | 84° (8589) | 


The left-hand figure in each space shows the experimental value of the angle 
between the reflection normals associated with the two spots concerned, while the 


right-hand figure, in brackets, gives the value of the angle calculated from the 
lattice constants. The six spots are referred to by their crystal planes, which were 
found by a method described below. The agreement between the two sets of figures 
is such as to preclude any possibility of error in the identification of any spot. The 
spots observed in various experiments have all been identified as 001, 100, O10; 
IOI, OI, 110}; 301, 031; 111, or the corresponding faces with the signs changed, 
It was found further that the faint streaks joining the spots were only present where 
one of the three indices was different for the two spots concerned. 

The definite identifications of the spots in this manner made it possible to pick 
out by inspection any required spot from the characteristic pattern on the screen. 
In particular, the oo1 spot is at the centre of a square of the o11 spots, to each 
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of which it is joined by lines; the distance of these spots from the central spot is 
fixed for any given distance of the screen from the specimen, and a circle marked 
on the screen facilitates the identification of a part of this arrangement when it is 
not all visible. With the visual identification of the oo1, or any other, spot, the 
measurement of its orientation becomes very simple. A holder is fitted so that the 
specimen can be placed at a definite distance (5 cm.) from the screen, with its axis 
parallel to the line through G, perpendicular to the plane of the diagram. The 
specimen is rotated until the required spot is on this line, and the angle between 
the corresponding normal and the axis of the specimen is read off directly from 
a scale of angles marked on the line through G. Hence the orientation of any axis 
to the axis of the specimen can be determined immediately, the accuracy of a 
determination being estimated as within 1°. 

It was found that with specimens prepared in the way described above, in the 
majority of cases the oor axis was nearly normal to the axis of the specimen. 
Specimens were, however, obtained with orientations having various other values. 


§4. MECHANICAL TWINNING OF TIN 


When certain conditions are satisfied, the effect of the application of a force, 
either impulsive or steady, to a single crystal of tin is to cause parts of the crystal 
to become twinned with respect to the original crystal. The conditions under which 
this happens will first be described generally, and then quantitative results will be 
given. 

Qualitative description. Twinning takes place most readily when an impulsive 
force is applied to the end of a cylindrical single crystal, the oor axis of the crystal 
being roughly perpendicular to the length of the specimen. ‘The twinned portion 
is always bounded by parallel planes of the 301 type or by the ends of the specimen. 
Subsequent applications of the same type of force may extend the region twinned 
or may cause a second part of the crystal to twin; when this occurs, the second 
part is usually bounded by planes parallel to those of the first part, but occasionally 
by a second pair of planes of the same type. The plate shows at (a) two perpendicular 
views of a crystal in which two parts between planes parallel to each other are 
twinned, the darker parts being the parts which have twinned. 

The plate shows at (b) a crystal on which three different sets of parallel planes 
have come into operation as twinning planes. 

It is possible by continual longitudinal tapping to cause the whole crystal to 
take up the twin orientation. ‘The twinned part is of the form of an elliptical cylinder 
obtained by inclining the axis of the original cylinder by about 5° to the normal to 
the circle forming its base. This angle between the untwinned and twinned parts 
is visible at (a) in the plate. ; 

If the surface of a part of a crystal that has been twinned but not re-etched is 
examined optically, it is found that the reflection pattern corresponding to the 
original orientation persists. Etching in ferric chloride solution to remove the 
surface layer reveals, however, an arrangement of spots corresponding to the 


Bruce Chalmers 


orientation of a twin about the 301 plane, which separates the twinned and un- 
twinned parts. A part of a crystal twinned as described above, or a crystal with its 
oo1 axis nearly parallel to the length of the specimen, will not undergo any further 
change if further longitudinal impact is applied, unless the force is sufficient to 
cause the specimen to bend with irregular distortion of the lattice. The reason for 
this is considered in the discussion of results (§ 5). 
If, however, a tension is applied to a specimen 
sometimes revert to its original (untwinned) orientation. T 
a distinct click is audible as any portion of the crystal changes its orientation. The 
reversion to the original orientation is demonstrated by etching and optical examina- 
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that has been twinned, it will 
his occurs suddenly and 


tion. 

Reversion to the original lattice can also be brought about by transverse impact 
in a direction perpendicular to the axis of the specimen in a plane containing the 
normal to the 301 plane of the original twinning and the axis of the specimen. 
Twinning on other planes owing to undue violence prevents a succession of more 


than one or two of the alternate twinnings and untwinnings which should otherwise 
be possible. Longitudinal compression of a suitable specimen in a vice causes 


twinning to occur in the same way as by impact, a characteristic click being heard as | 


the twinning takes place. 


In general twinning may occur when a compressional force, either impulsive _ 


or steady, is applied in a direction perpendicular to the oo1 axis, or when a tension 

is applied parallel to the oor axis. The limiting variations from these definite 

orientations within which the twinning occurs have not yet been determined. 
Quantitative results. The observations described in the preceding paragraphs 


indicate that when twinning is brought about by longitudinal impact, the volume | 


of the crystal in which twinning takes place is in some way dependent on the 
conditions of the impact. This variation was studied by using a ballistic pendulum 
to apply definite known impulsive forces to the specimen. 

Two brass cylinders, each of mass about 200 gm., were suspended with their 


axes in the same horizontal line by means of a system of threads so that they | 


could only swing in the vertical plane containing their common axis. A hole was 
drilled to a depth of about r cm. in the end of one of these cylinders, and the 
specimen on which observations were being made was held firmly in contact with 
the bottom of this hole, and projecting towards the second cylinder, by means of 


three set screws and a ring of rubber sponge. When both cylinders were at rest the | 


free end of the specimen was just in contact with the end of the second cylinder. 
When the second cylinder was displaced from its position of rest by a given 
amount and released, it struck the end of the specimen, giving to it and its holder 
an amount of kinetic energy that could be determined from the subsequent swing 
of the first cylinder. The displacement of each of the cylinders was observed by the 
movement along a horizontal scale of pointers attached to them. By using a 
specimen of which the orientation was such that no twinning took place on impact, 
a calibration curve relating the displacement of the striker and the swing of the 
holder was obtained; this is the curve A of figure 2. When specimens were used in 
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which twinning took place, the points shown in figure 2 were obtained. The 
horizontal distance between a point and the calibration curve gives some indication 
of the loss of kinetic energy, and it is apparent that even with the same specimen 
and the same displacement of the striker, this energy-loss may vary very widely. 
Hence while some kinetic energy is lost in these collisions, this loss of energy is 
not directly related to the initial displacement of the striker. 

A measurement was also made of the amount of twinning that took place during 
each collision, the volume twinned being calculated as the product of the cross- 
section of the specimen and the axial distance between the boundaries of the twinned 
part. ‘These measurements were made with a travelling microscope. 
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Figure 2. 


The calibration curve of figure 2 corresponds to a definite loss of kinetic energy 
during a collision. A point to the left of the calibration curve corresponds to a 
greater loss of kinetic energy, and this difference of energy-dissipation was calculated 
for each collision. A correction, based on a consideration of the momentum, was 
made for the kinetic energy of the striker after collision. 

The points in figure 3 are those obtained when this loss of kinetic energy is 
plotted against the volume twinned in the same impact. The points, while showing 
that the accuracy of the observations is not high, indicate that the relation 1s 
approximately linear, i.e. that the loss of kinetic energy in an impact which results 
in twinning is proportional to the volume twinned thereby. ‘The numerical value of 
this relationship is that the energy dissipated is 8 x 10° ergs per cubic centimetre 
twinned. 

It is noticeable from figure 2 that when the initial displacement of the striker 
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‘5 less than a definite minimum for each specimen no energy loss occurs; this 
corresponds to collisions in which no twinning takes place. The minimum dis- 
placement with which twinning occurs will probably depend on the orientation 
and cross-section of the specimen; the results obtained so far only indicate that it - 
is greater when the cross-section of the specimen is greater. 

If the atoms of the twinned part of a crystal occupy a lattice identical with, but 
inclined to, the original lattice, it follows that the potential energy of the atoms in 
the twinned lattice will be the same as that of the atoms in the untwinned lattice; 
hence none of the kinetic energy that is lost in the collision can be more than 


temporarily changed into potential energy of the lattice. A small part of the energy 


Volume of twinning (cm?) 
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Figure 3. 


will be converted into sound as the characteristic click that always accompanies ~ 
twinning, while the remainder must take the form of heat. : ) 
It follows that the temperature of a part of the lattice that has twinned must be 
higher immediately after twinning than it was before. The energy-loss given above, — 
8 x 10° erg/cm?, would, if completely converted into heat, represent a rise of 
temperature of o-05° C. in the twin crystal. This temperature-rise was roughly 
measured by inserting a thermocouple into a hole drilled transversely in the | 
specimen and observing the deflection of a galvanometer connected to the thermo- | 
couple when the specimen was caused to twin by tapping it. The corresponding rise 
of temperature was found from a calibration of the thermocouple against a thermo- 
meter over a wider range of temperature. In a typical experiment the rise of 
temperature obtained was in two parts, coinciding with two impacts, and amounted 
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to o-or” and 0-03° C. Further tapping caused no further observable rise of tem- 
perature. The fact that the observed rise of temperature is less than the calculated 
rise is due to the twinning being somewhat irregular as a result of the distortion 
of the lattice consequent on the drilling of the hole in the specimen. 


§5- DISCUSSION OF THE RESULTS 


‘In the foregoing sections of this paper it has been assumed that the phenomenon 
that has been described and measured is a process of twinning. It is necessary now 
to examine critically the evidence that this is the case. 

We may define twin crystals as crystals such that the crystal axes of each form 
a mirror image of those of the other about the surface separating them. For the 
present purpose we must identify one of the twin crystals with the original or 
unchanged specimen, and the other with the part that has been altered by the 
treatment applied to the crystal. 

In the first place it can be shown that the changed part is itself a single crystal ; 
this has been demonstrated in the following ways: (i) after etching, the surface of 
the changed part can be made by the method of § 3 to show a definite series of 
reflection spots which are quite different in their disposition from those of the 
unchanged crystal, and are not altered by further prolonged etching; (11) when the 
changed part of the crystal is stretched, in certain cases it yields by glide, with the 
formation of slip bands; (iii) by the application of a suitable force, either impulsive 
or steady, the orientation of this part of the specimen can be made to revert to that 
of the original crystal, as determined by the reflection spots; (iv) that the effect is 
not confined to the surface layers of the specimen can be shown by polishing and 
re-etching the specimen; the arrangement of the reflection spots is not altered by 
this treatment. 

The relation between the lattices and the plane separating them must now be 
considered. The plane of separation is found by calculation from the reflection 
‘spots of both parts of the crystal to be within 2° of the position of a plane of 301 
type of both lattices. Since such a plane of separation must be a definite low-index 
erystal plane, it follows that the measurements are sufficiently accurate to show 
that it is a 301 plane. 

A more elegant method of showing the two crystals to be twins about the 301 
plane depends on the relation between the reflection spots of the two surfaces. The 
diagram, figure 4, represents the section of the lattice of tin by the oro plane, the 
crosses and dots representing the atoms in alternate layers. ‘The structure is a 
tetragonal lattice with c/a equal to 0-541, with atoms at the corners of the unit cell 
and at the centres of the rectangular faces; such a unit cell is indicated in the 
bottom left-hand corner of the diagram. The sections of the densest planes per- 
pendicular to the plane of the diagram are also shown on the left-hand side of the 
diagram. 

The line AB represents the trace of a 301 plane on the plane of the diagram ; 
the crosses and dots surrounded by circles to the right of this line represent a lattice 
which is a twin of the original one about this plane. ‘The traces of the more important 
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planes of the twinned crystal are marked on this part of the diagram, their identity 
being indicated by figures enclosed in round brackets. The planes of the original 
lattice are indicated by dotted lines in the same part of the diagram. It can readily 
be seen from the diagram that the following pairs of planes in the twinned an 
untwinned parts (the round brackets indicating the twinned lattices) are only 
separated by small angles, the values of which are marked on the diagram : 100, (Tor); 
301, (oor); Tor, (101); 007, (301); 101, (100). It follows from the fact that the 
reflection spots are caused by the reflection of light from these crystal planes tha 
certain spots in the reflection pattern of the twinned lattice will be only sligh 

displaced from the positions of spots coming from the untwinned lattice; othe 
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spots, however, that are present in the untwinned pattern will not appear in the 
twinned arrangement. The most prominent spots to which this applies are the 
ort spots of the untwinned lattice. Figure 5 represents the relative positions of the 
various spots of which some or all may be seen when reflection takes place from the 
two parts of the crystal, the same convention as to notation being observed as 
before. (‘The figure strictly represents the positions which the spots would occupy) 
on a sphere whose centre is the point of reflection.) It can be seen by inspectior 
of the spots actually observed when reflection takes place from the two parts of th 
specimen, either consecutively or simultaneously, that the relations between th 
two lattices are as indicated in figure 4. 

In all cases in which these methods were applied, the twinning plane was foun: 
_to be of the 301 type, of which there are four sets in the crystal lattice. Twinnin 
on three of these planes is clearly visible at (5) in the plate. 
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It is next necessary to consider the movements of the atoms which correspond 
to the process of twinning, i.e. their movements from their positions in the original 
lattice to their equally stable positions in the twin lattice. A mechanism suggested 
by Edwards"® is obviously contrary to the data described above, and will be 
disregarded. It is clear from the lattice diagram, figure 4, that the simplest move- 

‘ment of the atoms indicated by crosses is a rotation of each Tor plane through 63° 
towards the ror plane (i.e. anticlockwise in the diagram), as indicated by the line CD 
rotating to the position CE. Each atom concerned (i.e. three out of every four in 
the whole lattice) is now in its position in the new lattice. The atoms in the alternate 
planes cannot take up their new positions in such a simple manner; their probable 
movement is indicated by the arrows on the lower right-hand corner of the diagram. 
That the scheme described is correct for the more densely packed planes is con- 
firmed by the observation described above, that the axis of the twinned part is 
rotated through an angle of about 5° to that of the untwinned part. It can be seen 
at (a) in the plate that the sense of this rotation agrees with that expected from the 
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lattice diagram, since the geometrical axis of the specimen is roughly in the oo1 
plane of the untwinned lattice. 

We can now see why twinning only occurs when certain relations between the 
directions of the applied force and the crystal axes are satisfied. The lattice diagram 
shows that the force applied must cause shear to occur in a definite sense between 
the planes in which twinning occurs. A sufficient impulsive shear stress will give 
the atoms sufficient kinetic energy to overcome the forces that retain them in their 
original arrangement, and to allow them to take up their new positions. ‘The kinetic 
energy will afterwards be dissipated as heat. When the force applied is steady, 
the elastic displacements of the atoms eventually reach a value such that they are 
in positions where forces act to bring them into the new lattice. 

In either case, there must be a sufficient component of shear stress in the right 
direction in a set of 301 planes for twinning to occur. When a compressive force is 
applied perpendicularly to the oo1 axis, there may be such components in all four 
of these sets of planes; the crystal shown at (4) in the plate shows regions of twinning 
on three of these sets of planes. Tension in a single crystal rod perpendicular to the 
001 axis, or compression parallel to this axis, will not provide components of shear 
in the right direction in any of the twinning planes; hence no twinning occurs in 
either of these cases. When tension is applied in a direction nearly parallel to 
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y be either twinning or glide, depending in some way not 
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the oor axis, the result ma 


yet analysed on the exact orientation. a 
When there is a component of shear stress in the appropriate direction in two 


or more of the twinning planes, the plane on which twinning takes place appears to 
be the one in which this component is the largest, although the numerical results are 
not yet sufficient to establish this principle definitely. 

It has often been observed in the past* that when twinning has been caused by 
straining in a polycrystalline metal, recrystallization tends to start from regions at 
which twinning has occurred, and it is suggested that this is due to instability of the 
twin crystal. This phenomenon has not been observed in the present investigation, 
although twinned crystals have been kept above the recrystallization temperature 
for some weeks. An explanation lies in the fact that with single crystals, in which | 
twinning has occurred throughout the whole cross-section, there is no region in | 
which the conditions approximate to those of an intercrystalline boundary, i.e. | 
there is no region of misfit necessitating the presence of atoms not in a lattice. Ina} 
polycrystalline specimen, on the other hand, a twinned section of a small crystal 
will not fit perfectly the neighbouring crystals on which it abuts; further, the change 
of shape due to the shift of 5° which occurs with twinning will set up a state of 
strain in a polycrystalline specimen although not in a single crystal. Both these } 
factors explain why a twinned region of a polycrystalline specimen may serve as al 
nucleus for recrystallization while a twinned single crystal does not. 

From the regularity with which the transformation occurs, and the agreement | 
found between various specimens in the present experiments, it would seem that} 
whereas the resistance to glide is a structure-sensitive property, the incidence of | 
twinning is non-sensitive. This may be due to the fact that the process of glide} 
chiefly concerns a few (possibly specially constituted) lattice planes, while twinning | 
concerns every atom in the twinned lattice. Since every atom takes part in the| 
twinning process, it is possible to express the energy relation that results from the: 
ballistic experiments as the mean energy per atom that must be supplied to cause: 
twinning by impact. The figure obtained is 2x 107" erg per atom. The mean| 
energy per atom, however, does not give any exact information, because different! 
atoms play different parts in the twinning process and probably require different! 
amounts of energy. It is clear, however, that the energy is small compared with that! 
which would entirely overcome the cohesion of the lattice and cause melting. | 
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DISCUSSION 


Prof. B. P. Haicu. The effective demonstration of the mechanical reversibility 
of the process of twinning and of its thermally irreversible character suggests that 
it may be an important feature of mechanical strain in other metals as well as in tin. 
It seems possible that twinning and untwinning may be the direct cause of elastic 
hysteresis, the nature of which has not yet been explained. 

In a paper contributed in 1927 to the Faraday Society* the present writer 
showed that hysteresis exhibits different characteristics in three distinct stages in 
the course of fatigue tests on mild steel. In the first and third stages slip bands are 
produced on the surface of the test piece subjected to cyclic variations of stress; 
and the plastic hysteresis observed in these stages may be attributed in large 
measure to the process of slip which probably includes both the production of the 
amorphous phase and its partial recrystallization with liberation of heat. In the 
second stage, however, no slip bands are observed, but heat continues to be liberated 
during long periods which may include many millions of cycles of stress. The 
characteristics of twinning, demonstrated so clearly by the author, suggest that 
twinning and untwinning occurring in a cyclic process during successive variations 
_ of stress may be a probable cause of this elastic hysteresis as exhibited in the second 
stage of fatigue tests; and it appears that the subject deserves further investigation 
with this possibility in mind. It is clear that tin is admirably suited for the in- 
vestigation of twinning phenomena and that if twinning is not as readily observed 
in other metals it may be because untwinning occurs more easily on relaxation or 
reversal of stress. 

Prof. E. N. pa C. Anprabe. The author has accomplished a valuable piece of 
work in measuring for the first time the energy per cm? required to produce twinning 
in a given crystal, and probably owes his success in this difficult task to his ingenious 
method of utilizing shock to produce the twinning and measure the energy. The 
obvious course of direct thermal measurement would be very difficult to carry out 
with the same degree of precision. Many interesting extensions of his work suggest 
themselves: for instance, how does this energy vary with the temperature of the 
crystal? One would naturally suppose that less energy would be necessary to produce 
twinning at higher temperatures, since the heat agitation throws the atoms further 
from their equilibrium position, but a quantitative estimate of the variation would 

* B. P. Haigh, Trans. Faraday Soc. 24, February (1928) 
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throw light on the complicated question whether twinning or glide takes place in a 
given lattice at a particular temperature. af 

It would be of very great interest for the same question to know what direction 
of blow, relative to the crystal axes, is most favourable for twinning. Can the 
author give us any closer estimate than the general indication of § 4 of his paper? 

The fact that the whole of the twinned part of the crystal turns through 5° 
indicates that the modification of the lattice is propagated from the twinning 
boundary. The readjustment of the atoms into the twinned lattice without any 
atom moving through more than the interatomic distance is conceivable, if the 
twinning takes place simultaneously throughout the volume. It might be worth 
while to find out whether twinning would take place if the crystal were enclosed 
in an unyielding cylinder and struck, and, if so, whether it would be in close | 
narrow bands alternating in orientation. . 

I was struck by the use of the optical method for identifying the crystal axes. It | 
has been utilized once or twice previously, notably by Bridgman,* but it seems to | 
have been too much neglected if it is as simple as it appears to be from the author's | 
demonstration. ) 

: 


Mr E. J. Dantzts. The author’s method of determining orientation appears to | 
be more readily applicable in metallographic investigations than those discussed 
by Tammann in the paper to which he refers. The observation, recorded on page 739 
of the paper, that twinning produced by compression can be reversed by tension | 
giving again an untwinned crystal, seems very illuminating in connexion with a 
suggestion of Elam{ that certain results given by annealing of crystals bent in | 
various manners can only mean that some of the strain set up by bending one way | 
is reversed when the metal is bent in the reverse direction. | 


AuTHoR’s reply. Prof. Haigh puts forward a very interesting suggestion re- 
garding the relation between twinning and fatigue; it would seem, however, that a | 
considerable amount of experimental work must be done on metals other than tin. 
before the conclusions arrived at with respect to tin can be regarded as generally 
applicable to metallic crystals. At the same time, it seems likely that the mechanical | 
reversibility of the twinning process is shared by every metal in which twinning can 
occur. | 

I should like to thank Prof. Andrade for the suggestions he has made for future 
work on twinning. I am not yet in a position to answer any of the specific questions 
that he raises, but I hope to deal with them in a future communication. 

In reply to Mr Daniels, it seems clear that any distortion resulting in the 
formation of a lattice identical with, but inclined to, the original lattice can be 
reversed by the application of a force bearing the same relation to the new lattice 
as the previous force bore to the original lattice. The fact that this takes place as 


described in the paper indicates that the twinned lattice is identical with, though 
inclined to, the untwinned lattice, 


* Proc. Amer. Acad. Sci. 60, 305 (1925). 
+ C. F. Elam, Distortion of Metal Crystals, p. 175. 
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ABSTRACT. The coincidence experiments of Bothe-Kolhérster, Rossi and others, 
considered in the light of various alternative interpretations, show the existence of pene- 
trating, electrically charged particles which are either primary cosmic rays or are secondaries 
of primaries that are absorbed high in the atmosphere. ‘The shower-producing radiation, 
which seems to consist of photons, must, in view of the marked latitude effect to which 
it is subject, be produced by some electrically charged primary rays, which are provisionally 
identified as electrons. 

The variation of cosmic-ray-intensity with latitude is shown to increase from about 
16 per cent at sea-level to a ratio of 40-fold between 5 5° and 20° at very high altitudes. 
Extrapolation to the top of the atmosphere near the poles and the equator would indicate 
a ratio greater than 100: 1, which would imply that less than r per cent of the unfiltered 
primary cosmic rays are electrically neutral. In conjunction with the coincidence experi- 
ments, this means that the primary rays responsible for cosmic-ray effects are nearly all 
electrically charged particles. 

A method of analysing these electrically charged rays is described and applied to 
typical ionization data for different altitudes at various latitudes. The method consists 
in (i) calculating the effective minimum energy of various types of particles admitted through 
the earth’s field at different magnetic latitudes; (ii) determining the minimum ranges in 
air of the particles corresponding to these minimum energies; and (iii) analyzing the data 
relating the altitude with ionization and thus obtaining experimental range-minima that 
can be compared with the calculated values. The balloon experiments show two such range- 
minima, A and B, at higher and lower altitudes respectively. Their ranges progress with 
changing latitude approximately in the manner that the theory predicts. A third range- 
_ group C appears on analysis of the curve showing the latitude effect for sea-level. Using the 
best available information regarding magnetic latitudes and the relation between energy 
and range, these range-groups are identified respectively as alpha particles, electrons and 
protons. Comparison with directional experiments indicates that the electron group 
probably consists of about equal parts of positrons and negatrons. 

The possible errors involved in applying this analysis are of such magnitude as to 
leave the identification of the range-groups questionable. Comparison with other data is 
on the whole however confirmatory, except for the failure to find proton tracks in Wilson 
photographs of cosmic rays. For this a possible explanation is offered. 


§1. COINCIDENCE OBSERVATIONS 


Bothe and Kolhdrster’s famous coincidence experiment, in which two Geiger- 
Miiller counting-tubes” were used. ‘The counting-tubes were placed one 
above the other as shown in figure 1, and were shielded by heavy blocks of lead and 
iron. Between the tubes, at A, could be inserted a 4-1-cm. block of gold. In their 


18 HE first important information regarding the nature of cosmic rays came from 


' 
Si Arthur H. Compton ' 


experiment these observers found that the gold reduced the number aie 
per hour to 0-78 of the value it had without the gold. This reduction is 7 ‘ 
the same order of magnitude as the reduction in intensity of the cosmic rays whic 
is observed in ionization chambers when they are shielded by an equivalent screen, 
Thus Bothe and Kolhérster concluded that the rays that produce the coincidences 
are the same as the penetrating cosmic rays that affect the ionization chambers. 
Assuming that coincidences can be produced only by penetrating particles which 
ionize continuously along their paths, and since the only known particles that 
produce such continuous ionization are those which are electrically charged, Bothe 
and Kolhorster concluded that the cosmic rays were some kind of charged particles. 
Several alternative interpretations of this experimental result have been pro- 
posed : (i) Primary photons may produce secondary f-rays, proceeding in nearly the | 
direction of the primary rays, at such frequent intervals that there is a good chance | 
of ionization occurring within a Geiger-Miiller tube placed anywhere in the path of . 


Figure. 1 Experimental arrangement of the two Geiger-Miiller counting-tubes 
used by Bothe and Kolhérster. 


the photon™. Experiments by Street and Johnson have shown that the probability 
of ionization being produced in such a tube by a coincidence-producing particle is 
at least very nearly 100 per cent. On the other hand, Anderson’s cloud-expansion | 
photographs show pairs and showers of high-speed electrons emerging from lead | 
plates into which no ionizing particle enters“. He finds it necessary to ascribe each 
of these showers to a photon, which does not ionize the gas in the chamber until at 
some cataclysmic event in the lead plate it spends itself in the production of a group 
of high-energy electrons. ‘The energy of these photons, as determined by summing 
the energies of the secondaries they produce, is of the order of 10° electron-volts, 
which is within the range of primary cosmic-ray energies. The photographs show 
however above the lead plate an open region where the photon does not produce 
ionization. Such photons accordingly do not have ionizing particles associated with 
them continuously along their paths, as they would need to have if the production — 
of coincidences were to be accounted for in this manner. 
A similar conclusion can be drawn from experiments, such as those of Rossi 
and others, with three counter tubes out of line, in which case a few coincidences 
are observed which may be ascribed to secondary rays. It is found that by proper 
shielding of the counter tubes to absorb the secondary rays, such coincidences may 


— 
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be almost completely eliminated, whereas with similar shielding the coincidences 
occur at a normal rate if the counters are in line. It is thus evident that in the latter 
- case the coincidences are due, not to any secondary rays, but to the direct action of 
individual penetrating particles. 

(ii) Another suggestion has been that the primary cosmic ray is a photon, 
_ which however gives rise to a secondary f-ray of penetrating power nearly the same 
as the primary photon. That this suggestion is untenable has been shown by another 
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Figure 2. Hsiung’s coincidence experiment. 


coincidence experiment performed in slightly different forms by Rossi‘ and in our 
laboratory by Hsiung. Triple coincidences for three counters in line are observed, 
with lead shields arranged to prevent the counters as far as possible from. being 
affected by secondary rays. A heavy lead block (20 cm. thick in Hsiung’s experiment) 
may be placed, as in figure 2, either between the first and second counters or above 
the first. If the secondaries have no effect, and if all of the coincidence-producing 
particles come from above the apparatus, since the fraction of the particles stopped 
by the lead in cases B and C of figure 2 should be the same, the coincidence rate in 
these two cases should be identical. If on the other hand non-ionizing photons 
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produce secondary penetrating electrons (coincidence particles) in the lead block, 
the coincidence rate should be greater with arrangement C than with B, since in the 
latter case these newly-formed particles would not traverse counter 1. After 
making allowance for the slight effect of the well-known soft secondary rays, both 
Rossi and Hsiung find the coincidence rate in cases B and C identical within experi- 
mental error. This means that all the coincidence-producing particles originate 
above the apparatus. Thus the proposed interpretation, which would require the 
production of a considerable number of penetrating secondaries in the lead shield, 


is untenable. 


§2. COINCIDENCE RAYS AND SHOWER-PRODUCING RAYS 


Rossi‘? has brought forward strong evidence to the effect that the rays which 
produce the coincidences which we have been discussing are not identical with 
those which produce the showers of ionizing particles observed in Wilson chambers 
and with coincidence-counting tubes out of line. Bothe and Kolhérster’s early 
conclusion that the particles producing the coincidences are absorbed by matter at 
substantially the same rate as the total cosmic-ray beam observed with ionization 
chambers has been confirmed by later experiments. Thus Hsiung finds 0-016 cm 
for the absorption of the coincidence particles in lead, and calculates o-o14 cm~* in 
lead from the depth-ionization data. Rossi® and Johnson find however that with 
increasing altitude the number of coincidences observed with the arrangement of 
counters shown in figure 3 (due to showers) increases more rapidly than those with 
the three counters in line. Thus between sea-level and 2370 
metres Rossi and Benedetti® find a ratio of 1:5 for the 
coincidences when the counters are out of line and 1: 2 for 
those when the counters are in line. Street and Johnson“® 
have given direct evidence that some showers result from ,; gure 3. Rossi's sana 


secondary rays excited by penetrating primary corpuscles, ment for studying 
and this seems to be supported also by the evidence obtained hoe ae ~ 
lation. 


by Anderson and Blackett from their Wilson photographs. 

The difference in the relative number of showers at different altitudes would seem 
however to require the assumption of an additional shower-producing radiation 
which is more strongly absorbed in the atmosphere than are the corpuscles re- 
sponsible for coincidences of the Bothe-Kolhérster type. 


Experiments with counter tubes and Wilson chambers agree in giving convincing ) 


evidence” that the direct agent producing the showers of corpuscles responsible 


for coincidences with the counters out of line is a non-ionizing radiation with a mass- _ 


absorption coefficient of about 0-05 gm:! cm? in lead, and roughly proportional to — 


the atomic number. In its non-ionizing property and its ability to produce “ photo- 


wae ‘ ; a ee | 
electronic” pairs of positrons and negatrons, this shower-producing radiation is 


identical with hard gamma radiation, and almost certainly consists of photons. 
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So. LHE LATITUDE EFFECT 


When Bothe and Kolhérster first drew the conclusion from their coincidence 
experiment that the primary cosmic rays are electrical particles, they remarked“? 
that these particles should on approaching the earth from the outside be deflected 
by the earth’s magnetic field so as to reach the poles more easily than the equator. 
J. Clay had just published” his first measurements indicating a greater cosmic-ray- 
intensity in Holland than in Java. This effect Bothe and Kolhdrster ascribed to the 
anticipated action of the earth’s magnetic field. Millikan and Cameron, however, 
had reported no measurable difference in‘intensity between California and Bolivia", 
Bothe and Kolhérster“* were themselves unable to detect a difference between 
Hamburg and Spitzbergen, as also were Kerr Grant“) between Melbourne and 
Antarctica, and Millikan“® between California and Hudson Bay. In spite of Clay’s 
confirmation” of his own findings, it was therefore supposed"? that the earth’s 
magnetic field had no effect on the primary cosmic rays, and that the effect found 
by Clay was due to some more obscure cause. The absence of such an effect could 
have been reconciled with the coincidence experiments by supposing that the 
primary cosmic rays are uncharged particles which are absorbed high in the 
atmosphere, there giving rise to the penetrating electrical particles which the 
coincidence experiments show at the earth’s surface. Then came, however, an 
extensive series of observations which established the existence of Clay’s latitude 
effect, and has thrown a flood of new light on the problem of the composition of the 
primary cosmic rays. 

By the work of Stormer“, Epstein”, Rossi®”, Lemaitre and Vallarta”, and 
others it has been shown that for electrons of a definite energy approaching the 
earth isotropically from remote space, at magnetic latitudes less than a definite limit 
the electrons are unable to reach the earth (Stérmer), at latitudes greater than a 
second limit the number of rays reaching the earth is unaffected by the earth’s 
- magnetic field (Lemaitre and Vallarta), and at intermediate latitudes the rays can 
reach the earth from some directions but not from others. For electrons of energy 
more than 2x 102° e.V., the effect of the earth’s magnetic field is negligible at all 
altitudes. Electrons just able to traverse the earth’s atmosphere must have an 
energy of about 6 x 10° e.V., for which the upper and lower latitude limits are 45° 
and 35° respectively. In figure 4 is shown a family of very useful curves, calculated 
approximately by Lemaitre and Vallarta, which describe the intensity of the 
electrical rays at different latitudes for particles with different energies. It is clear 
from these curves that if the incident particles have a wide range of energies, there 
should be observed a gradual increase in intensity from the equator toward the 
poles. Since the earth’s atmosphere does not permit particles with less energy than 
about 2:3 x 10% e.V. (as calculated for protons) to reach sea-level, measurements 
made at sea-level should show such variations only up to about 50° magnetic 
latitude. At higher altitudes, where lower-energy particles are transmitted, the 
latitude effect should extend to correspondingly higher latitudes. 

The recent cosmic-ray surveys have given results in complete accord with these 


Arthur H. Compton : 


calculations. During 1931 to 1933 we had twelve different expeditions, manned by 
some eighty cooperating physicists, making measurements at more than one hundred 
stations widely distributed over the earth. The data showed ® that at north and 
south magnetic latitudes higher than 50° no significant variation with latitude occurs 
at sea-level. From the equator to 50°, however, there is at sea-level an increase of 
intensity of about 16 per cent. Similar contemporaneous measurements by many 
independent observers have led to essentially the same results. In figures 5 and 12 
are collected typical data%**# showing the intensity of the cosmic rays at sea-level 
as a function of the geomagnetic latitude. 

There are several interesting features of these data which cannot be elaborated 
here. Among these are our finding °? that the variations in cosmic-ray intensity are 
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Figure 4. Intensity as a function of latitude calculated for particles of different | 
energy, by Lemaitre and Vallarta. * | 

| 


much more closely correlated with the earth’s average (or ““geomagnetic’’) latitude 
than with the geographic latitude. Similarly, Clay has found that the decrease in | 
intensity at the equator is more prominent at longitudes about 120° E. than at | 
longitudes 0 to go° W., in accordance with the fact that the earth’s magnetic field 
is stronger in the eastern hemisphere“). These details can leave no doubt but that 
the latitude effect is due to the action of the earth’s magnetic field. 

In its bearing on the composition of cosmic rays, a most significant aspect of the 
latitude effect is its rapid increase with increasing altitude. This became evident 
from the high-mountain measurements at different latitudes on our cosmic-ray 
survey *, and has been confirmed and extended to higher altitudes by the airplane 
measurements of Bowen, Millikan and Neher“ and Clay®?, and especially by a 
comparison of the stratosphere balloon observations of Regener®, Piccard and 
Cosyns®”, Clay”, and Compton, Stephenson and Millikan, In figure 6 are 


+ 
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shown some of these data, chosen because of the similarity of the methods of 
measurement. They show the striking fact that whereas at sea-level the latitude 


_ effect is relatively small, near the top of the atmosphere the ratio of the intensity of 


the rays near the equator to that near the poles seems to be of the order of only 
I per cent. 

Clay notes that the values got on his balloon flights in Java are not of high pre- 
cision. By comparison with his more reliable airplane observations, however, it 
would seem improbable that his balloon data are in error by more than 20 or 30 per 


Intensity at sea-level (ions)— 
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Figure 5. Cosmic-ray ionization at sea-level as a function of geomagnetic latitude. The numbers 
refer to our different expeditions. 


cent. From the shape of his curve it appears that but little increase in intensity is to 
be expected at the equator above 15 km., and thus that at the top of the atmosphere 
the intensity of the cosmic rays should be not far from 12 standard ions. The 
measurements made with the unshielded chamber on our Century of Progress 
balloon flight, on the other hand (curve 52°, figure 6), showed an intensity of 500 
standard ions at a barometric pressure of 5 cm. and increasing with altitude in 
such a way that a linear extrapolation to the surface of the atmosphere, figure 6, 
would give about 800 ions. Analysis of our {altitude, ionization} data shows a marked 
effect ascribable to the earth’s field for altitudes over a barometer of 35 cm., so that 
near the magnetic pole the intensity should be considerably greater, probably more 
than 2000 ions (cf. figure 7). Thus at the highest altitudes at which observations have 
been made (at a pressure of about 5 cm. of mercury) the measured ratio of the 
cosmic-ray-intensity at 52° to that at 0° is about 500/12 or 42. At the surface of the 
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atmosphere the ratio of intensities between the poles and the equator is certainly 


reater, and probably more than 100: 1. 
; Since electrically neutral rays should be unaffected by the earth s field, this 
result means at once that probably not more than 1 per cent of the ionization at the 
top of the atmosphere near the poles is due to electrically neutral rays. This possible 
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Figure 6. Cosmic-ray ionization as a function of depth below the surface of the atmosphere at 


different geomagnetic latitudes. 52°, Compton-Millikan; 42°, Millikan-Bowen; Peru, Millikan- 
Neher; Java, Clay. 


fraction of 1 per cent is reduced to a still smaller value if we note that the rays 
received at the equator show a marked east-west asymmetry, indicating that the 
earth’s magnetic field affects a large portion even of those rays which reach the 
earth at the equator. Thus only a very small fraction indeed of the primary cosmic 
rays can be electrically neutral. 

The coincidence experiments described above, however, show a shower- 
producing component of cosmic rays that seems identifiable as photons. This 
finding can be reconciled with our conclusion of electrically charged primaries if we 


An attempt to analyse cosmic rays 755 


assume that the photons are secondary rays, excited when primary particles strike 
the atmosphere. From the fact that the shower-producing rays are relatively less 
_ abundant at lower depths we may infer that the primary rays which excite them are 
less penetrating than the coincidence-producing electrical particles that constitute 
the chief component at sea-level. ‘There thus appears to be an electrically charged 
- component of the primary cosmic rays which excites the shower-producing photon 
as it traverses the atmosphere and is more absorbable than the total cosmic-ray beam. 
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Figure 7. Intensity at different depths for radiation coming vertically throug ; ere, 
Se icerved at different latitudes. 52°, Compton-Stephenson-Millikan; 42°, Bowen-Millikan ; 
20°, Clay. 


The large east-west asymmetry found by Rossi“ for the coincidence-producing 
rays that penetrate 8 cm. of lead is further evidence of the electrical character of the 
more penetrating rays. There thus appears no reason to doubt Bothe and Kol- 
hérster’s conclusion that such coincidences are due to the direct action of a com- 
- ponent of the primary rays. dea 

Other lines of evidence, based on the form of the {depth, ionization} curve, the 
independence of the transition effect of latitude, etc., have also led” to the conclu- 
sion that electrically neutral particles are negligible in the primary cosmic rays. In 
view, however, of the apparently conclusive character of the evidence from the 
latitude effect at high altitudes, it seems unnecessary to elaborate the argument. 
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The need for further consideration of photons, neutrons or other neutral pala 
as an important part of the primary cosmic rays seems thus to be eliminated”. 


§4. MASS ANALYSIS OF THE PRIMARY COSMIC RAYS 


Our problem is now reduced to that of identifying the various electrically 
charged components which may be present in the cosmic rays incident upon the 
earth. For particles of lower energy such an analysis may be performed by using a 
mass-spectrograph, in which electric and magnetic fields are employed. Attempts 
to deflect cosmic rays with laboratory electric and magnetic fields have recently met 
with some success. The energies of the primary particles are, however, so high that 
these particles are deflected only with the greatest difficulty ; and even when they are 
deflected, it is hard to distinguish between the primary cosmic-ray particles and the 
secondaries excited within the atmosphere. Fortunately, however, Nature has sup- 
plied us with a ready-made magnetic spectrograph suitable for analysing the primary 
cosmic rays. The earth itself acts as the magnet, and in place of the electric field we 
have the stopping-power of the earth’s atmosphere. This natural instrument has 
the advantage of such great dimensions that the rays are analysed far above the 
atmosphere, where they cannot become confused with secondaries. It leaves some- 
thing to be desired regarding the uniformity of its magnetic field, and we have not 
as yet been able to learn accurately the calibration curve with which to determine 
the energies of the particles in terms of their penetrating-power in the atmosphere. 
In spite of these limitations and even with the incomplete information now available, 
an attempt to analyse the components of cosmic rays with our earth magnet leads 
to valuable results °°’, and indicates the kind of data that must be obtained if such an 
analysis is to be made more rigorous. 

Calculation of minimum ranges for different types of rays. From the Lemaitre- 
Vallarta curves given in figure 4 we may choose a limiting value of x) such that at a 


given latitude particles with greater will be transmitted, whereas those with smaller _ 
x9 will not be transmitted. Actually, as figure 4 indicates, this limit is not sharp. In | 
table 1 I have accordingly chosen a mean x, between the Lemaitre-Vallarta limit of ) 
complete transmission and the Stérmer limit of complete obstruction. Though no — 
precise calculation of this intermediate region has been made, the values here given 


cannot differ greatly from the limiting value of x» for the rays passing vertically 
through the atmosphere. 


Table 1. Minimum energies at different latitudes 
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The quantity x, is defined by 


mv 

M=tr suit poe © ee a (1); 
where r is the radius of the earth, m the relativity mass of the particle, v its velocity, 
e its charge, and M the magnetic moment of the earth. From this expression, 

Lemaitre and Vallarta have tabulated values of the kinetic energy of electrons, 
protons and alpha particles for various values of x). In table 1 are given the 
corresponding minimum values of the kinetic energies of these particles, and also of 
oxygen nuclei, for various latitudes. In comparing these figures with experiment, 
the greatest error is probably that due to the irregularities in the earth’s magnetic 
field , which make uncertain the effective latitude and value of x, at a given point on 
the earth’s surface. 
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Figure 8. Estimates of the ranges for different energies, for four types of particles. In the preferred 
estimates (solid lines) account is taken of radiation and collisions with electrons and nuclei. 


Corresponding to each value of the minimum energy of a particle there will be 
a minimum value of its effective range. Unfortunately our information is scanty 
regarding the relationship between range and energy for particles with cosmic ray 
energies. Figure 8 gives however in the solid and broken lines two different estimates 
of this relationship for each of our four particles. We shall consider later (see § 5) 
how these estimates are made. For the moment we note merely that the estimate 
represented by the solid line is to be preferred, and that the difference between the 
two estimates is an indication of the large uncertainty in our knowledge of the ranges 
of particles with such great energies. 
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Using the curves of figure 8, we find a minimum range corresponding to each . 
of the minimum energies of table 1. Thus we obtain figure 9, which gives the 
minimum effective ranges corresponding to different latitudes for each type of 
particle. The significance of this figure is that, to about the degree of precision of the 
range curves of figure 8, at any chosen latitude the particles entering the earth’s 
atmosphere may have ranges greater but not less than those listed in figure 9. 

Experimental range-minima. A comparison of these predicted minimum ranges 
with the results of experiment is complicated by the fact that the cosmic rays enter 
the atmosphere from all directions above the horizon. Gross%* has however shown 
that if I is the observed intensity at a depth z below the surface of the atmosphere, 
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. . . . . | 
Figure 9. Estimated minimum ranges for different latitudes, for protons, electrons, | 
alpha particles, and oxygen nuclei. | 

| 


the intensity ‘i’ which the radiation would have if it came normally through the | 
atmosphere to the depth z is given by | 


WaI-s(didz2) haa (2). 


By use of this transformation equation, the data collected in figure 6 give the curves — 
shown in figure 7, which represents therefore the intensity of the radiation passing | 
vertically through the atmosphere. 


. In order to interpret these curves in terms of ranges, consider the following 
idealized cases: 


| 
| 
| 
a Range particles, which ionize uniformly along their path until they reach the | 
end of their range, and then stop. High-speed beta and alpha particles approximate _ 


- sae type, though both show somewhat stronger ionization near the end of their 
ge. 


(ii) End-ionizing particles, which have a definite range but produce most of their 
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ionization near the end of their path. In the limiting case they would give no 
ionization except at the end of the range. A particle which produces most of its 
ionization through the secondaries it excites will, if it has a definite range, approxi- 
mate to this type. 

(iit) Particles which are absorbed exponentially, and produce ions where they 
_ are absorbed. This means that there is a constant probability per cm. of path that the 
particle will be stopped, but that there is no energy spent by the particle except in 
the region of absorption. High-speed electrons losing energy in nuclear collisions 
at which most of their energy is radiated, and alpha particles suffering destructive 
nuclear encounters, as well as photons photoelectrically absorbed, would fall 
approximately into this category. 

If the absorption is of the exponential type, Eckart S® has shown how curves like 
_ those of figure 7 may be analysed into absorption spectra by use of Laguerre 
functions. Over the altitude range above 7 kg./cm?, where the curvatures of the 
flog V, z} curves are chiefly downward, such an analysis must however lead to im- 
_ possible negative intensities°°. Such an exponential analysis would thus lose its 
physical significance if applied to these curves. 

If, as in the limiting case (ii), all the ionization were to occur at the end of the 
range, the curves of figure 7 would give directly the range-distribution of the par- 
ticles, since the ionization at each depth would be a measure of the number of 
particles arriving at that point. In this case, however, we should expect the ioniza- 
tion W to approach zero at the top of the atmosphere, which it apparently does not do. 

If, as in case (i), the ionization is uniform throughout the range, it can beshown ea) 
that the intensity J, of the particles having ranges between z and z+ dz is given by 


dase as ike = atts (@): 

- In figure 10 are shown the range spectra corresponding to the curves of figure 7, as 
calculated according to this assumption. In this case, since all the ranges are 
presumably greater than some minimum, the slope of the {‘’, 2} curves should 
approach zero at the top of the atmosphere, and should nowhere become positive. 
Though the former condition seems to be satisfied, the uppermost portions of the ‘’ 
curves show positive slopes. 

It is not surprising that none of our idealized cases is capable of representing 
accurately the cosmic-ray ionization. This ionization is undoubtedly the result of a 
complex system of primary and secondary rays, each of which ionizes in several 
different ways. It is apparent from the above discussion, however, that in the 
upper reaches of the atmosphere the ionization is less like that appropriate to ex- 
ponential absorption than like that due to particles with a definite range. We may 
in any case use equation (3) and figure 10 for giving the effective range-distribution 
as if by uniformly ionizing particles. These effective ionization ranges may however be 
slightly greater than the effective ranges of the primary particles, as used in figures 8 
and 9, in view of the additional range of the secondary radiation which may contri- 


bute to the ionization. 
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culated from all of the available balloon 
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In figure 11 are collected the ¥ curves cal 
data for which observations to a sufficient altitude have been made. On the basis of 
the data from which his curve in this figure was calculated, Kolhérster first called 
attention °®) to the break in the intensity values at about 0-5 kg./cm?, which corre- 
sponds to our peak B of figure 10. For the data from the unshielded meter used on 
our Century of Progress flight, two ‘F curves are given. The solid line is identical 
with that in figure 7, being based on the smooth curve drawn through the datum 
points of figure 6. The dotted line is the result of a similar Gross transformation 
applied to the smoother curve drawn through the same points by Bowen, Millikan 
and Neher, who did not recognize any irregularities. I have preferred the solid 
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Figure 10. Effective ionization-range distribution of the cosmic-ray particles 
traversing the atmosphere. 


curve, because it represents the datum points more accurately. As will be seen 
from the corresponding dotted curve of figure 10, however, the range analysis of 
Bowen, Millikan and Neher’s curve leads to limiting ranges of about the same values 
as given by our curve, though less sharply defined. Similarly the close-dotted curve 
representing Bowen and Millikan’s combined airplane and balloon data near 42° 
is taken from their smooth {/, 3} curve “® in which no irregularities were recognized. 
The corresponding range curve plotted in figure 10 shows prominently both peaks A 
and B. ‘The curve ascribed to Regener-Gross is identical with that of figure 7, and is 
merely a copy of Gross’s own analysis“* of Regener’s average high-sldrade data 

Piccard and Cosyns® called attention to the departure of their data from af 
exponential curve in the neighbourhood of our B peak. The curve representing their 
data here was calculatedS” from a smooth curve drawn through all their ae 
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points. That for Clay’s data is taken from the corresponding smooth curve of figure 6. 
The curve for Compton and Stephenson’s data from the Century of Progress 
balloon flight, being taken with a meter shielded by 6 cm. of lead“”, is not strictly 
comparable with the others. It is of interest however in showing the B peak 
prominently at about the same depth as that found with Millikan and Neher’s 
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Figure 11. Comparison of vertical intensities as found on various balloon flights, 
showing systematic variations which depend upon latitude. 


unshielded chamber. There would thus seem to be no reason to doubt the validity 
of the breaks in the experimental curves which correspond to the range-distribution 
peaks A and B. 

For the most part the breaks in the curves of figure 11 show a regular progres- 
sion in depth with change of the geomagnetic latitude A. An exception is found, 
however, in the Bowen-Millikan curve for A= 42", in which the breaks occur at 
about the same depth as for the three curves obtained in Europe at about A= 49°. 
That this exception is due to the non-uniformity of the earth’s magnetic field 
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es cle 
vee effect as observed respectively in North America and Europe's In both 
cases the intensity is plotted against the geomagnetic latitude” : It will be — 
however that the knee of the curve at which the latitude effect begins 1s at about 51 
in North America, but at 57° in Europe. This is related to the longitude effect 
observed by Clay “*), and is doubtless connected with the fact that the local magnetic 
pole is located in North America”. ike. 
For our purpose it is most convenient to take account of this difference by using 
a corrected magnetic latitude in terms of which the knee of the latitude-etfect curves 
will come at the same place in both hemispheres. This may be done by assigning the 
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Figure 12. Cosmic-ray-intensity at sea-level as a function of geomagnetic latitude 
in North America (above) and Europe (below). 
mean value of 54° to the knee of both curves, and correcting the other geomagnetic 
latitudes by adding three degrees to those in America and subtracting three degrees 
from those in Europe. In this way we obtain the corrected magnetic latitudes shown 
in figure 11 under the heading uw. In terms of this corrected value, it will be seen 
that the humps in figure 11 show a regular progression with latitude. We shall use 
these corrected magnetic latitudes ,« rather than the geomagnetic latitudes A, since 
they are thus found from figure 12 to give better correlation with the cosmic-ray 
intensities. 

Identification of the range-groups. In order to identify the types of particles 
responsible for an observed range-group, we read from figure 9 the minimum ranges 
to be expected at the appropriate latitude, and see which of these ranges, if any, fits 
the minimum range of the observed group, as marked by the sloping part of the 


ar from a consideration of the two curves of figure 12, which show the 
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curve in figure 10. Thus we note from figure g that the preferred estimate of the 
minimum range of an electron at 55° is 0-25 kg./cm? This lies on the upward sloping 
portion of peak B of the 55° curve in figure 10. Since the minimum ranges for the 
other particles do not come in the same region, this would identify peak B as due 
to a group of incoming electrons. In a similar way peak A may be identified with 


_ alpha particles. For the 47° curve as indicated in the figure, the same assignment of 


types of particles works best; but the anticipated minimum ranges do not fit as 
accurately on the upward slopes of the range-distribution curves. The same result 
is obtained on testing every curve of figure 11: peak A corresponds best with alpha- 
particle ranges, and peak B with electron ranges. 

A similar test can be made directly from the sea-level {intensity, latitude} curves 
shown in figure 12. We have seen that the latitude effect begins at about 54°. From 


_ figure 9 we find that at sea-level (1 kg./cm®) the latitude effect should begin at about 


48° for protons and at 40° for electrons, and should not occur at all for alpha 
particles. Considering the uncertainties involved, the agreement is reasonably good 
with protons, but is unsatisfactory for any other kind of particle. Also, if peak B of 
the 55° curve of figure 10 is ascribed to electrons, we cannot explain the beginning 
of the sea-level latitude effect at this latitude by the same kind of particle. In the 
European data of figure 12, which are the more complete, there is an indication 
of a second break in the curve at about 30° latitude, which might be ascribable to the 
electrons “3, An interpolation between the curves of figure 10 shows that at about 
this latitude of 30° the B peak should appear at about sea-level. 

If the 54° knee of the latitude-effect curve is due to protons, it is clear that they 
should not give rise to a break in any of the {altitude, ionization} curves, since none 
of these have data taken at a higher latitude. There are however two other possible 
origins of a latitude effect at a depth too great for the slowest electrons and alpha 
particles to penetrate: (i) Since a large part of electron absorption is due to exci- 
tation of radiation in photons of energy comparable with that of the electron, there 
must occur extensive straggling, approaching the condition of exponential absorp- 
tion. Thus some electrons with the minimum energy should penetrate much farther 
than the average range. (ii) The particles responsible for range-groups A or B may 
excite a secondary radiation more penetrating than the primary particles, which 
would reflect at sea-level the latitude effect on the primary particles at high altitudes. 


' Both of these interpretations should however result in a more gradual onset of the 


latitude effect than the experiments seem to show at about 54°. It would thus seem 
that the sharp beginning of the latitude effect at a latitude too high to be ascribed to 
either group A or B must mean that it is due to a third range-group of rays, which we 
may call C. 

On the basis of our preferred estimates of the ranges of particles of high energies, 
it is thus possible to identify these range-groups A, B and C respectively as alpha 
particles, electrons and protons. 
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§5. SOURCES OF ERROR 


n noted, there are three relationships which must be known in 
order to carry through this analysis of the composition of the primary = = 
These are: (i) the minimum energy of a particle penetrating the earth's mee c 
field as a function of the geographic position ; (ii) the range of the particle as a 
function of its energy; and (iii) the ionization at representative geographic positions 
as a function of depth below the surface of the atmosphere. 

From the discussion of figure 11, it would appear that incomplete as the cosmic- 
ray data may be, definite range limits are identifiable, and the values of the limiting 
ranges calculated from independent faltitude, ionization} measurements differ by 
much less than do the estimated ranges for different types of particles. High- 
altitude measurements, especially at different latitudes and approximately the same 
longitudes, would make our knowledge more complete. Yet errors in the existing 
sonization measurements can hardly be large enough to change the result of the 
analysis of the composition of the cosmic rays. 

In calculating the minimum energy of various types of particles capable of 
traversing the earth’s magnetic field, however, considerable errors may occur. In 
the first place, the theoretical calculations of the orbits for the latitudes under 
consideration are only approximate. For our calculation we have used the value 
of x, at which Lemaitre and Vallarta’s curves give 50-per-cent transmission. Though 
their curves are only approximate, it seems unlikely that a more precise calculation 
could change the result by an amount comparable with the factor of more than 2 
by which the predicted ranges of the various types of particles differ from each other. 
Much more serious is the assumption that the earth acts as a uniformly magnetized 
sphere. The fact that the local magnetic latitude”, which is calculated from the 
dip of the magnetic needle on the assumption of a uniformly magnetized sphere, 
is on the average nearly the same as the geomagnetic latitude, supports the 
approximate correctness of the assumption of uniform magnetization. Attention 
has been called above, however, to notable departures from an exact correlation 
between cosmic-ray-intensity and geomagnetic latitude. Had the above calculations 
been based upon the geomagnetic latitude, the differences between the results from 
the data of Regener and those of Bowen and Millikan would have been so large as to 


As will have bee 


make the identification of the range-groups ambiguous. Our method of correcting 


the latitude on the basis of sea-level cosmic-ray measurements is supported by the 
fact that Fritz’s map“ of the frequency of the occurrence of aurora likewise places 
Pasadena and Stuttgart at nearly the same effective latitude. At best, however, our 
method of finding the effective latitude is only approximate. A more detailed study 
of the theory, taking into account the irregularities in the earth’s field, is needed 
before errors from this source can be considered negligible. 

‘The most important possibility of error however is in the relation between the 
energy and the range for the various types of particles. Unfortunately we do not 
possess direct range-measurements for any kind of particle with an energy of the 
magnitude considered in this discussion. Until such measurements are made our 
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conclusions must be considered tentative. There are nevertheless several guides for 
making estimates of these ranges. 

Up to several million electron-volts, the ranges of electrons, protons and alpha 
particles have been precisely measured, and formulae for their absorption have been 
developed“. These formulae can be applied with confidence also to oxygen nuclei, 
and may be used as a basis for extrapolation to somewhat higher energies. Up to 
about 3 x 108 electron-volts, Anderson has secured data on the absorption of electrons 
in lead. These data have confirmed a theory of Bethe and Heitler“® up to about 
7 x 107 e.V., where the theory ceases to be valid, and indicate the direction in which 
the theoretical predictions are to be modified for still higher energies. 

In the broken lines of figure 8, the ranges have been calculated on the following 
bases: For electrons, an estimate by Bethe of 250 ions per cm. in air has been used 

“as a mean ionization by very high energy electrons, which is equivalent to 
6-2 10° e.V. gm:1 cm? This estimate includes the effect of radiation as well as 
collisions with electrons. For protons, where radiation should theoretically be 
negligible, and the speeds are low enough for relativity electrodynamics to be 
applied with confidence, the formulae applicable to particles with lower energies 
are used. These take into account only collisions with the electrons in the matter 
traversed. The calculations for alpha particles and oxygen nuclei are made on the 
same basis. 

In forming the estimates shown in the solid lines of figure 8, the calculations have 
been refined as follows: For electrons, it is noted, in accord with Bethe and Heitler’s 
theory as modified by Anderson’s experiments 4°) that the rate of energy-loss rises 
to a maximum of perhaps 300 ions per cm. in air, falling to about 200 at the higher 
energies, as provisionally estimated by Bethe. For the heavier particles an attempt 
has been made to take nuclear collisions into account. Assuming the effective 
collision area 4?) of an alpha particle to be about 3 x 10-* cm‘, there should appear an 
exponential type of absorption which should become of importance at about 

-r00 gm. cm? range. Such nuclear collisions have been assumed to become less 
important at very high energies, to be more prominent for oxygen nuclei, and much 
less prominent for protons (4) Tn every case for low energies the ranges are made to 
approach those known from experiments in radioactivity. 

It js difficult to form an estimate of the probable error of these calculated ranges. 

Certainly the estimates are less reliable for the higher energies than for the lower 
ones ; but fortunately, except for protons, the (altitude, ionization} data give informa- 
tion regarding ranges for the lower energies of figure 8. In this region it appears 
improbable that the estimated ranges should be in error by enough to confuse the 
different types of particles. We should hardly ascribe to chance, therefore, the results 
of our analysis. Rather, in spite of the very considerable uncertainties involved, we 
may ascribe to the greatly different limiting ranges anticipated for particles of 
different types the apparent success of the method. 

Conversely, if we are able to identify the particles associated with the various 
range-groups at high altitudes, experiments of the type considered here will give us 
more exact information regarding the ranges or absorption of the particles for greater 
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energies. Thus on the basis of the present experiments, we should conclude that 
electrons of energy greater than 10° e.V. have somewhat shorter ranges and protons 
somewhat longer ranges than are given by the solid curves of figure 8. 


§6. COMPARISON WITH OTHER DATA 


The directional experiments of Johnson”, Alvarez (49) Rossi” and others have 
shown more rays coming from the west than from the east. This is attributed to the 
curvature of the paths of positively charged particles in the earth’s magnetic field. 
Johnson and Street’s observation “*) that even at a geomagnetic latitude of 50° there 
is a slight westward preponderance would seem to mean that range-group C is 
positively charged, since this is the only group of primary rays which should show 
the asymmetry at sea-level at this latitude. This is in agreement with the above 
conclusion that this group consists of protons. 

At the equator, both groups B and C as observed at sea-level must be strongly 
affected by the earth’s magnetic field. Though the directional asymmetry here is 
very marked, this of itself does not necessarily mean that both components are 
positively charged. In fact both Rossi% and Clay‘** infer from analysis of their 
directional experiments near the equator that though positive particles predominate, 
some negatives are also present. Johnson’s earlier analysis 48) seemed to leave little 
room for negative particles; but his more recent studies of the directional effect'*? 
have led him also to infer the existence of some negative particles in the primary 
cosmic rays. Either result would be consistent with the present analysis. We should 
definitely anticipate a predominance of positive particles because of the proton 
component C; but the electron component B might consist of positrons, negatrons, 
or very possibly about equal parts of each. 

Confirming the result that the more penetrating particles observed at sea-level 
consist of protons is Rossi’s observation“ that the coincidence-producing particles _ 
that penetrate 8 cm. of lead show much greater directional asymmetry than do the » 
unfiltered coincidence particles“*. Whether the electron component reaching the 
earth is positive or negative or both, since it must have greater energy to traverse 
the atmosphere than would the proton component, it should be less affected by the 
earth’s field. According to Bethe and Heitler’s theory *®, however, the difference in 
the absorption of electrons and protons, being due chiefly to excitation of radiation, 
should be even greater in lead than in air. Thus the particles transmitted by the 
lead filter should be predominantly protons, and should accordingly exhibit a large 
asymmetry, as Rossi’s experiments show. 

The major characteristics of the shower-producing radiation can on the other 
sy Rao si ae heii Stig pres photons excited by the 
sorbable than the proton ae G Thus f wes a a He outa aa a 
ray effects are due to the combined ict ionization b “ a Gus “ick : tus ti 
ionization by secondary rays from the B particles, at high _ i me 2 a i : 

: gher altitudes this ionization 


by the secondary rays should be relatively more prominent. This would account for 
: J 
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Rossi’s and Johnson’s observations “*’® that at higher altitudes the shower-producing 
radiation is relatively more abundant, and also the fact that at higher altitudes the 
transition effect is more prominent. Moreover, recent studies by Johnson” show 
that at high altitudes near the equator, where range-group B should be relatively 
prominent, the shower-producing rays have very little directional asymmetry. When 
compared with the fact that these rays show a marked latitude effect, this demands 
for their origin primary rays which consist of about equal parts of positive and nega- 
tive particles. This fits exactly with our conclusion that the shower-producing rays 
are connected with the electron component B, but adds the information that these 
electrons are about equally positive and negative. 

Regener and Pfotzer“® have recently shown that the curve of impulses obtained 
with a tube counter at various altitudes up to 28 km. is the same in shape as that 
obtained with the ionization chamber. Their conclusion is that the specific ionizing 
power of the cosmic rays is practically the same for the whole region investigated. 
At first thought this might be taken as evidence that at all altitudes the composition 
of the cosmic rays is the same. These measurements were however made with a 
single unshielded tube which would respond to any ionizing particle capable of 
penetrating the walls. Experiments with Wilson chambers, counter tubes and 
ionization chambers all indicate that at sea-level practically the whole ionization is 
due to high-speed particles of about the specific ionizing power of high-speed 
electrons, most of which particles are secondaries. This should be true whether the 
primary cosmic rays are negatrons, positrons, protons or photons. If they are alpha 
particles, some increase in the specific ionization might have been expected; but a 
low specific ionization is not difficult to explain. The most obvious suggestion is that 
as soon as a nuclear collision, which might well be the most important type of 
absorption, occurs the alpha particle may disintegrate into component protons, 
electrons, and perhaps neutrons. Since the cosmic-ray energies are greatly in excess 
of the packing-effect energy-decrement of the alpha particle, about 3 x 107 e.V., it 
would in fact be remarkable if the alpha particle could survive such a collision. 
After such disintegration, the greater part of the original energy would be spent in 
ionization by the component parts of the nucleus, which would show about the 
normal specific ionization appropriate to an electron. 

In their Wilson-chamber experiments, Blackett, Anderson and others have 
hardly been able to measure energies appropriate to the primary cosmic-ray 
particles, though some of these must show themselves in their photographs. 
Anderson concludes that the large majority of his tracks are secondaries, about 
equally divided between positives and negatives, but that of the particles having 
more than 10° volts energy (which would include most of the primaries) there 
appears to be some excess of positive particles. This result seems rather to confirm 
the deductions drawn above. On the other hand it is rather surprising that these 
experiments have never shown definite evidence of protons, which might be dis- 
tinguished by their relatively high specific ionization if moving slowly enough, 
whereas our analysis assigns protons to the range-group C which is important at 
sea-level. It may be that all of the protons which are able to traverse the earth’s 
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magnetic field have too great a range to be stopped by the atmosphere, and traverse 
the Wilson chambers at a speed so high that their specific ionization is about the 
same as for an electron. Or is it possible merely that the chances are against 
catching a photograph of a proton trail near enough to the end of its range to make 
its greater specific ionization evident? In any case we must at present consider this 
apparent absence of proton trails on the Wilson photographs as a notable difficulty 
in the way of accepting the results of our analysis. If on the other hand cosmic 
alpha particles are to be detected by the Wilson method, the experiment should be 
performed high in the stratosphere, and no existing photographs offer evidence as 
to their existence. 

We should note also the surprising observation, made by Lenz's” by means of 
his new electrical method of deflecting cosmic-ray particles, that most of the very 
high-energy particles are negative. This seems to be in definite disagreement with 
the results of the Wilson photographs in strong magnetic fields which, as we have 
seen, seem to indicate a preponderance of positives. In both cases the particles 
concerned are probably mostly secondaries, whereas the directional experiments, 
which indicate a definite excess of positive particles, refer to primaries before they 
enter the atmosphere. As yet Lenz’s results are of a preliminary character, and we 
shall wait with interest to see whether his further experiments continue to show the 
excess of high-energy negatrons. 


§7. RESULTS OF THE ANALYSIS 


Practically all of the primary cosmic radiation consists of electrically charged | 
particles. This is shown by the fact that measurements of the cosmic rays at very 
high altitudes near the equator show only 1/40 as great an intensity as is observed 
at corresponding altitudes at about 54° magnetic latitude. Apparently this ratio 
would be less than 1/100 at the top of the atmosphere if the intensity at the magnetic 
equator and poles were to be compared. There is thus room for less than 1 per cent. 
of photons or other electrically neutral particles in the primary cosmic rays. 

Counter-tube experiments, as shown by Rossi and others, reveal the presence of 
two distinct types of cosmic radiation which reach the earth at sea-level. One. 
consists of highly penetrating electrical particles, and causes coincident impulses: 
between counters placed in line. The other produces showers of absorbable particles, | 
and apparently consists of photons. Both components show a marked latitude 
effect. ‘The photonic shower-producing radiation is thus considered to be a secondary 
radiation excited by charged particles (probably electrons) as they traverse the atmo- 
sphere. The penetrating coincidence particles, on the other hand, appear to be 
primary protons and electrons. 

The method of analysing the cosmic rays here described indicates the presence 
of three groups of particles, characterized by having at a given latitude three distinct 
minimum ranges. ‘The three range-groups are designated A, B and C in the order of 
their ranges. Best agreement between the minimum energy admitted through the 
earth’s magnetic field and the minimum observed ranges is found if group A is 
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dentified with alpha particles, group B with electrons (either positrons or negatrons 
s far as this analysis goes), and group C with protons. When the evidence from the 
irectional experiments is considered, it appears that group B is probably composed 
bout equally of negatrons and positrons. There is no evidence for particles heavier 
han helium atoms. 

_ Further f{altitude, ionization} measurements should refine the argument, but 
are not expected to alter the identification of the range-groups. It is not impossible, 
however, that uncertainties in the effective value of the earth’s magnetic field and 
especially in the relation between the energy and range of different types of particles 
may be sufficient to lead to false identification of the range-groups. The generally 
satisfactory agreement for observations at different geographic locations, however, 
lends some confidence to the results. 

This analysis of the composition of the primary cosmic rays seems to agree well 
with our information regarding the directional asymmetry of the rays, and with the 
variation of the shower-producing component with altitude. There is some difficulty, 
however, in accounting for the failure of the Wilson photographs of cosmic rays to 
show protons, which our analysis determines as an important component of the rays 
at sea-level. 
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s per cent per degree, as his balloon drifts from one latitude to another. 

(30) Dr Stephenson and I wish to thank Prof. Millikan and Dr Neher for accepting our 
invitation to supply one of the two cosmic-ray meters used on the Century of Progress 
flight, and for calculating and making available to us the results of the ionization 
measurements made with it. In their publication of these data (Phys. Rev. 46, 641 
(1934)) Bowen, Millikan and Neher do not mention that we had any share in ob- 
taining them. It was primarily for securing the stratosphere measurements with a 
shielded and an unshielded ionization chamber that Dr F. R. Moulton and I initiated 
the Century of Progress balloon flight, and it was at the expense of slighting the rest 
of the elaborate scientific programme that Commander Settle, Major Fordney and 
Dr Stephenson were able to make these two experiments successful (cf. A. H. 
Compton, Proc. nat. Acad. Sci., Wash., 20, 79 (1934)). Perhaps its initiation, plan- 
ning, direction and performance, and months of undivided effort toward its succesful 
accomplishment will justify including the names of Dr Stephenson and the writer in 
describing this experiment. 

(31) A. H. Compton and R. J. Stephenson, Phys. Rev. 45, 441 (1934). 

(32) Though the conclusion that primary photons play a negligible role in cosmic-ray 
phenomena undoubtedly reflects the opinion of the large majority of investigators 
in this field, two groups of investigators have recently expressed views differing from 
the conclusions here reached: (i) H. Kulenkampff (Phys. Z. 30, 561 (1929)) and 
Regener, Kramer and Lenz (Z. Phys. 85, 411 and 435 (1933)), have interpreted the 
flattening of the upper part of the {depth, ionization} curve (figure 6) as due to photons 
entering the atmosphere, which produce ionization only after they have transferred 
a part of their energy to recoil electrons. The absence of this flattening in the high- 
altitude measurements taken nearer the magnetic pole shows, however, that the 
effect at lower latitudes is due primarily to the action of the earth’s magnetic field 
on the incoming electrified particles. (ii) Bowen, Millikan and NeherG° conclude 
“that nearly all of the non-field-sensitive part of the ionization of the atmosphere 
above sea-level is due to photons of energy 200 + 170 million electron volts”. They 
estimate that ‘93 per cent of the sea-level ionization is due to non-field-sensitive 
rays”, which seems to imply that much the greater part of the sea-level ionization is 
due to primary photons. In reaching this conclusion these authors have neglected 
entirely the evidence from coincidence experiments, and have overlooked the great 
100: 1 latitude effect at high altitudes. A detailed discussion of their arguments 
would be out of place here. | 

(33) An analysis of the type here presented was made by Compton and Stephenson” on the 


basis of less complete data, leading to similar but less definite results. 
(34) B. Gross, Z. Phys. 88, 217 (1933). 
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(35) C. Eckart, Phys. Rev. 45, 851 (1934). 
(36) If the intensity is the sum of two exponential components, 
ci emir: -tvteg emene 
we have for the curvature of the {log V, 2} curves 
a Ae es 


sa bog Y=" 


erty) ® (uy — pt9)?. 


ne is positive for all real values of p», and Ha unless either ‘t’, or VY’, is negative. 
(37) Gross (34) shows that the number of “‘range particles”’ entering the atmosphere, as mea- 
sured in terms of the ionization at the surface, is 


R, dz= —(d¥/dz) dz. 


Since the total ionization along the path is the ionization per cm. x the range, we 
have for the total ionization by the particles of ranges between zg and z+dz, 


paz eieds 2 (dt id2)id2) a eee nse (3). 


If the observed ionization J is expressed in ions per cm? per sec. in standard air (as 
in figure 5), J,dz is the total number of ions produced per cm? per sec. by cosmic 
rays having ranges between zg and z+dz. It is thus proportional to the intensity, 

2 or energy per cm? per sec., of the rays of these ranges. 

(38) W. Kolhérster, Verh. dtsch. Phys. Ges. 16, 719 (1914). 

(39) Bowen, Millikan and Neher’s curve%° given in their figure 7 was used for this Gross 
transformation. 

(40) Their curves%° in figures 1 and 6 were used. 

(41) For American data, cf. Trans. Amer. geophys. Un. p. 154 (1933). For European data, 

‘ cf. reference ‘24). The data have been multiplied by suitable factors (nearly unity) to 

' make them coincide at A= 40°. 

(42) We follow writers on terrestrial magnetism who distinguish between the “ geomagnetic 
latitude”, referred to the pole of the earth’s uniform magnetization, and the “‘mag- 
netic latitude”, defined by 

tan A= tan 6 


where 5 is the inclination of the magnetic needle. The pole of the earth’s uniform 
magnetization is located at 78° 32’ N., 69° 08’ W.; whereas the north magnetic pole 
(8=90°) is at 70° 30’ N., 95° 30’ W. (cf. Smithsonian Physical Tables, 8th ed., p. 575). 

(43) J. Clay, Physica, ’s Grav., 1, 363 and 829 (1934). Clay notes that this effect ‘“‘may be 

Q completely explained by the fact that the axis of the earth’s magnet is situated at a 
distance of about 300 kilometres from the centre of the earth”. ‘The same phenomenon 
has also been very recently reported by R. A. Millikan and H. V. Neher, Phys. Rev. 
47, 205 (1935). 

(43.1) Similar breaks are present near the same latitude in the just-published data of Millikan 

: and Neher (Phys. Rev. 47, 205 (1935). 

(44) Cf. C. Stérmer, Les Aurores Boreales (Paris, 1925), plate 25, credited to Fritz. 

(45) Cf. Rutherford, Chadwick and Ellis, Radiations from Radioactive Substances (1930), 

pp. Io1 et seq. and 414 et seq. 

(46) H. Bethe and W. Heitler, Proc. roy. Soc. A, 146, 83 (1934). New data by C. D. Ander- 
son, Proc. Lond. Conf. on Nuclear Phys. (1934) have appeared which give Bethe and 
Heitler’s theory a more adequate test than was possible to them. In figure 13 
Anderson’s measurements of the energy loss per cm. in lead, made on nine tracks 
before and after traversing lead plates, are plotted as the solid circles. The open 
circle represents the experimental range of a 3,000,000-volt f particle. The broken 
line represents Bethe and Heitler’s theoretical values, account being taken only of 
electron collisions. The solid line is for their theory, account being taken also of the 
energy spent in exciting radiation (their table II). Bethe and Heitler give 
137mc? =7 x 107 e.V. as about the maximum energy at which their theory should be 
valid. It will be seen that up to this energy the agreement between the experimental 
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The somewhat lower values of the 


71% 
data and the theory is reasonably satisfactory. 
datum points is, as Bethe and Heitler point out, due in part to the method of calcu- 
lating the experimental values, which is valid only for energy-losses small compared 
with the initial value. The large variations in the experimental values also support 
the theory in indicating that if any energy is lost by radiation, it 1s usually a consider- 


able fraction of the energy of the f particle. sae 
For energies greater than 7 x 107 e.V., the data seem to indicate a marked re- 


duction in the rate of energy-loss. On the other hand, the Wilson photographs show 
ionization at approximately the same rate along the path of the electrons, even for the 
highest energies that have been measured, and Bethe and Heitler’s theory indicates 
that for these high energies the radiation processes | should be of relatively great 
importance. On the other hand, for electrons traversing air the radiation should be 
relatively much less prominent than for those traversing lead. 
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Figure 13. Energy loss per cm. by high-energy electrons traversing lead. 
Experiments Anderson, theory Bethe and Heitler. 


We note also Kolhérster and Tuwim’s estimate of 135 ions per cm. in air as the 
average energy loss by the cosmic-ray particles traversing the atmosphere (Z. Phys. 
81, 435 (1933)). This is based on the ratio of the total ionization observed in an 
ionization chamber to the number of particles traversing it as counted with coinci- 

dence tubes. This figure is a mean for all penetrating particles (apparently both 
protons and electrons) which reach the earth, and must be smaller than that for 
primary electrons considered alone. 

(47) Rutherford, Chadwick and Ellis 5) (p. 255) give 35 X 1o077* cm. as the effective combined 
radii of an alpha particle and a proton colliding with energies of the order of 108 
volts. If the nuclei of the atoms in air formed impervious barriers of this radius against 
the high-energy cosmic-ray particles, their absorption coefficient in air should be 
about 16 x 10-3 gm:t cm? Actually the penetrating component in Eckart’s analysis 
(Phys. Rev. 45, 851 (1934)) has an absorption coefficient of about 0°6 x 10% gm cm?, 
ie. about 4 per cent of the calculated value. This must mean that if nuclei are of the 
supposed magnitude, they must be readily penetrable by cosmic-ray particles. For 
protons moving with nearly the speed of light there is no reason to suppose that the 
nuclei should be much less permeable than for electrons. For the heavier and slower 
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alpha particles and oxygen nuclei, however, we may expect such collisions to play a 
more important role. Unfortunately existing data give little basis for calculating its 
importance. 

(48) T. H. Johnson and J. C. Street, Phys. Rev. 43, 381, and T’. H. Johnson, Phys. Rev. 43, 
834 (1933); 44, 856 (1933). 

(49) L. Alvarez and A. H. Compton, Phys. Rev. 48, 835 (1933). 

(50) B. Rossi, R. C. Accad. Lincei, 18, 47 (1931); Ricerca Scient. 4 (1), 365 (1933); 5 (11), 

es 579 (1934). 

(51) B. Rossi and S. de Benedetti, Phys. Rev. 45, 214 (1934). 

(52) T. H. Johnson, Phys. Rev. (in press), MS. kindly shown to the writer. His earlier 
experiments) had shown a greater asymmetry for the shower-producing rays at 
sea-level. 

(53) B. Rossi and S. de Benedetti, Ricerca Scient. 5 (1), 594 (1934). 

(54) The interpretation here given of Rossi’s result and of the origin of the shower-producing 
radiation have been proposed and further elaborated by A. H. Compton and H. A. 
Bethe, Nature, Lond., 134, 734 (1934). 

(55) E. Regener and G. Pfotzer, Nature, Lond., 134, 325 (1934). 

(56) C. D. Anderson, Proc. Lond. Conf. on Nuclear Phys. (1934). 

(57) E. Lenz, Nature, Lond., 134, 809 (1934). 
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REVIEWS OF BOOKS 


An Introduction to Atomic Physics, by J. THOMSON. Pp. x+ 228. (London: 
Methuen and Co., Ltd.) tos. 6d. net. 


This book gives a short, logically arranged outline of atomic physics. It is divided into 
three parts of almost exactly equal lengths, of which the first summarizes the experimental 
basis of the subject. Part II, on the theory of atomic structure, naturally opens with the 
conventional elementary account of Bohr’s treatment of hydrogenic atoms and with a short 
chapter on atoms with many electrons. This is followed by an excellent summary of 
Hamiltonian methods, leading to an account, illustrated by simple applications, of the 
wave mechanics of Schriédinger and de Broglie. Part II contains further applications, 
mainly qualitative, to ‘‘ Molecular, Atomic and Nuclear Radiations”’. 

The number of minor errors and mis-statements is rather large. Some clearly result 
from attempts at a too rigorous compression or simplification of the argument, but some 
must be ascribed to simple carelessness. For instance, we find (p. 3) the not uncommon 
confusion of a gramme with a gramme-equivalent of hydrogen. On p. 18 an intruding 
‘“‘not”? completely stultifies a sentence. In Bucherer’s experiments (p. 19) the apparatus 
was not “placed between the large poles of an electromagnet”; Bucherer used a large 
solenoid—at least, he says he did, and he publishes a photograph of the solenoid at the end 
of his paper. Further, it is not true that in these experiments each £ particle after leaving 
the condenser describes the arc of a circle. The separation of the isotopes of neon was first 
demonstrated by the parabola method, not by the mass spectrograph (p. 28). The atomic 
numbers of the isotopes of copper are mot 63 and 65 (p. 33). The photoelectric work 
function (p. 41) is not “characteristic of the substances composing the cathode and anode”, 
though the measured stopping potential-difference is, There are other errors of a similar 
kind. 

Many of these errors are trivial, but some might well worry the very type of reader for 
whom in other respects the book is so admirably suited—namely, the “‘serious student’ 
of physics, that legendary figure who plays a part in the vocabulary of book-reviewing 
which is closely analogous to that of the magnetic shell in electromagnetism and of 
perfectly reversible processes in thermodynamics. On the other hand, the book has many 
features which are worthy of the highest commendation; it is very well planned as an 
introduction to its subject, and it is written with an unusually clear appreciation of the 
points which require special emphasis and in a manner which is calculated to stimulate 


thought on the part of the reader. H.R.R. 


Données Numériques de Spectroscopie, Spectres d’Emission, by L. BRUNINGHAUS}; 
Spectres d’ Absorption, by V. Henri; Electro-magnéto-optique, by F. WoLrErRs; 
Diffusion de la Lumiere, by P. Aucrr. Pp. xxii + 284. (Extracted from vol. x 


(1930) of Tables Annuelles de Constantes et Données Numériques. Paris: Gauthier- 
Villars, 1932.) 


As most users of the Annual Tables are now aware, after the appearance of each 
volume special sections of it dealing with certain subjects, such as spectroscopy, are 
separately bound and issued as extract volumes, so that specialists who do not have access 
to the complete volumes may obtain collected data in their own subjects. The plan is, of 
course, a great boon and, in the case of spectroscopy at least, would be a still greater if the 
long period between the appearances of the complete volume and the corresponding 
extract volume were considerably reduced. The last volume of spectroscopic data, which 
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appeared in 1932, contained some 1400 pages extracted from volumes 8 and 9 (1927-9) of 
the complete work, and we have had to wait two years for the present one which, being 
extracted from volume x (1930) only, is very much smaller than its predecessor. By far 
the largest of the four sections of the book is that on emission spectra which occupies 
204 pages, the next on absorption spectra having only 42 pages. From the reader’s point 
of view perhaps a better arrangement would be a division of these two sections into three 
dealing with both emission and absorption spectra of (i) atoms, (ii) diatomic molecules and 
(iii) tri- and poly-atomic molecules. With such a rearrangement we should not have, for 
| example, the undesirable separation of twenty pages between the O, emission data 
(pp. 530-2) and the O, absorption data (pp. 552-3); again, the emission data for benzene 
and its derivatives (p. 514) would adjoin the fluorescence data (p. 539) instead of being 
almost lost amongst fifty pages of data for diatomic molecules (pp. 487-536). A curious 
double error Occurs in the note on BeH (p. 554): the paper cited was by Watson, not Berg- 
stein, and the band was observed in emission, not absorption. Fortunately the variety of 
notations used in the papers from which the notes and tables of this volume are taken is 
much less bewildering than it was in the case of the previous extract volume, since the 
now universally adopted notations in some branches of the subject were just coming into 
use in 1930. This collection of data, like its predecessors, will be, of course, a very 
valuable adjunct to the recent books on atomic and molecular spectra. We look forward to 
the appearance, without undue delay, of the spectroscopic extracts from volumes x1 and 


XII. 
W. J. 


Physical and Dynamical Meteorology. By Davin Brunt. Pp. xxii + 411. (Cam- 
bridge University Press.) 25s. net. 


A few months ago David Brunt became Professor of Meteorology in the University of 

London in succession to Sir Gilbert Walker. The excellence of the appointment will be 
appreciated by the readers of the treatise on Physical and Dynamical Meteorology which 
has recently been published. The aim of this book is to give the student of meteorology a 
thorough knowledge of the physics of the atmosphere. The practical application of this 
knowledge to weather problems is not considered until quite a late stage in the work. ‘The 
text covers 403 pages and the first weather map is on p. 315. Before that page is reached 
the author has dealt fully with the thermodynamics of the atmosphere, with radiation, with 
the general equations of motion, with turbulence and with transformations of energy. It is 
to be remarked however that he has forgotten to deal with the nature of condensation. The 
words ‘“‘nucleus”’, ‘‘raindrop” and “‘ice crystal” do not occur in the index of subjects. 
There are other striking omissions, e.g. thunderstorms and fog. 
_ Perhaps the chapter of most general interest is the long one of 53 pages on “The polar 
front and its relation to the development of cyclones.” This chapter is open to one 
criticism. When the polar-front theory was first developed the Norwegian school thought 
of the front as a circle surrounding the pole with east winds on the north of the circle and 
west winds to the south. A cyclone was generated as a disturbance of this system of winds. 
Only the most careful of readers would gather from Brunt’s account of the matter that 
the first diagram which he gives is merely of historical interest. ‘The diagram shows a front 
with cold and warm air flowing along it in opposite directions. ‘There is an approximation 
to such a state of things in the case of a trough of low pressure, but it is not in such troughs 
that cyclones generally originate. The more orthodox treatment of the subject with a 
depression formed on the boundary between two currents in the same direction but of 
different temperatures follows after a few pages, but the inexperienced student is not 
warned as he should be that the earlier diagram is not to be taken seriously.* 


* The reader should be warned that in the most elaborate example of formal analysis in the 
book, figures 82 and 83 have been interchanged by the printer. 
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The last chapter of the book is devoted to “The general circulations of the atmo- 


sphere”. It is strange that whereas the theory of the trade winds used to be regarded as a 
matter to be disposed of in a few lines in an elementary text-book of geography, Brunt has 
to sum up his discussion by saying that “‘it is not possible at present to put forward any 
satisfactory theory of the general circulation”. In fact the mathematician 1s not yet ina 
position to say “this is why the trade winds blow within the tropics, this 1s why we have 
prevailing west winds in middle latitudes and that is the mathematical analysis which 
justifies my statements and is fully supported by observation’’. ' 

There are other big gaps in theoretical meteorology. The most conspicuous 1s the lack 
of an explanation of the fact that the lowest temperatures in the atmosphere occur 1n the 
stratosphere over the equator. The mathematical physicist who takes up the study of 
meteorology under the guidance of Prof. Brunt will realize how much solid work has been 
done, but he will realize also how much scope there is both for more flashes of genius and 
for more patient investigation. F.J.W.W. 


General Astronomy. Second Edition, by H. SPENCER Jones. Pp. viii + 437- 
(Arnold.) 12s. 6d. net. 


The appearance of a new edition of the Astronomer Royal’s General Astronomy is very 
welcome. ‘The book has been reset throughout, and so great has been the progress in the 
last 12 years that it is practically a new work. Everywhere we find evidence that the latest 
papers have been examined and incorporated. The author recalls that in the first edition 
(1922) the discussion of theories of the spiral nebulae was summed up in the words 
‘‘ Although the balance of evidence at present seems opposed to the island-universe theory, 
the question cannot be regarded as yet definitely closed”. To-day this reads like an echo 
of the middle ages. 

To cover satisfactorily the whole of modern astronomy in 430 pages can only be 
accomplished by a miracle of compression. The allotment of space is: atronomical instru- 
ments, methods, etc., 100 pages; solar system, 170 pages; stars and nebulae, 150 pages. In 
no other work is so much information concerning both the facts and theories of astronomy 
set forth in so concise a way. But, although encyclopaedic in character, the book is always 
readable. There is no elaborate attempt at simplified exposition, but the layman should 
have no difficulty in understanding. 

It is as a source of reference that the book is most valuable. One hesitates to use the 
well-worn word “indispensable”. But when the latest information is needed on some 


question of astronomy which stands rather aside from the more popular researches, this is 
the natural work to consult; and it is rarely that we are disappointed. A.S.E 


(1) A five year bibliography of the theory of refrigeration, refrigerants and appliances. 
(2) A five year bibliography of the applications and testing of refrigeration and of tts 
British patents. 'The Science Museum, South Kensington. Compiled by 
H. 'T. PLepce. Published by H.M. Stationery Office. Price: printed on one 


side of the page the cost of each bibliography is 2s. 6d., printed on both sides” 
as, 


__ When the Science Museum organized the special exhibition dealing with refrigeration | 
in 1934 steps were taken to compile bibliographies of the subject extending over the period | 
1929-1933. ‘These volumes should prove of permanent value to those interested in refrigera- 

tion and the Museum authorities are to be congratulated on the enterprise. E.G | 
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HE HEREC OF PRESSURE ON SUPERSONIC 
DISPERSION IN GASES 


By W. RAILSTON anp E. G. RICHARDSON 


Page 533 of this volume 


DISCUSSION 


Prof. E. N. pa C. ANprapE. I am very interested to see that the authors find 
that the velocity of sound for CO, has a minimum in the supersonic region, falling 
as the frequency increases beyond a certain value. This is not in accord with 
Kneser’s theory, but agrees with the results obtained with air in my laboratory 
by Mr E. B. Pearson.* As I pointed out in connexion with Mr Pearson’s paper,f 
the regional absorption for CO, is not consistent with Kneser’s theory and would 
| lead one to expect the kind of variation of velocity which the present authors have 
shown to exist. This experimentally established variation, exhibited by both air 
and CO,, points to some mechanism of resonant absorption, and this, although it 
has not yet been theoretically explained, may exist in addition to the mechanism 
contemplated by Kneser, which is undoubtedly operative as well. 


Autuor’s reply. We are pleased to hear that Prof. Andrade favours our sug- 
gestion that some form of resonant absorption takes place in carbon dioxide at 
100 kc./sec. and that the work of Mr Pearson in his laboratory suggests a similar 
mechanism in air. As a matter of fact, Kneser in his own experiments obtained 
but few results above this frequency, whereas those workers whose results extend 
up to 1000 kc./sec. have mostly found a fall of velocity in carbon dioxide and 
‘nitrous oxide at the highest frequencies, although they have not specially remarked 
upon the fact. Certainly the experimental results are not so simple in explanation 
as the relaxation time theory would have us believe. 


* Proc. phys. Soc. 47, 136 (1935). ap Nae (tis jos Yk: 
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